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Preface  to  the  English  Edition 


The  classical  investigations  of  Fredholm,  Hilbert,  Poincare, 
Muskhelishvili,  Tricomi,  Giraud,  Mikhlin  on  the  theory  of  integral 
equations  (one-dimensional  and  multidimensional,  regular  and  sin¬ 
gular)  determined  the  success  of  their  application  to  the  solution 
of  boundary  value  problems  in  mathematical  physics,  and  in  par¬ 
ticular  in  elasticity. 

As  is  known,  only  in  exceptional  cases  are  the  integral  equations 
amenable  to  analytic  solution,  and  their  use  therefore  became  pos¬ 
sible  only  with  the  advent  of  high-speed  computer  facilities. 

Taking  into  account  the  increasing  interest  of  specialists,  engaged 
in  the  elasticity  theory  and  its  various  applications,  in  the  funda¬ 
mentals  of  the  theory  of  integral  equations  and  in  the  substantiation 
and  implementation  of  particular  computational  algorithms,  the 
authors  have  made  an  attempt  to  present  the  most  important  achieve 
ments  in  a  form  intelligible  to  scientists,  engineers,  postgraduates 
and  undergraduates. 

Compared  to  the  Russian  edition  (1977),  this  edition  has  been 
revised  mainly  to  include Jnew  results.  Sections  17,  25,  33,  37  have 
been  completely  revised,  and  some  alterations  have  been  introduced 
into  others.  Much  valuable  advice  has  been  offered  recently  by 
Prof.  V.  G.  Maz’ya. 

The  authors  consider  it  a  great  honour  to  have  the  book  published 
in  English  and  express  their  sincere  graditude  to  Acad.  0.  M.  Belo- 
tserkovskii,  Acad.  I.  F.  Obraztsov  and  Acad.  L.  I.  Sedov  for  their 
help  in  this. 

V.  Z.  Parton 
P.  I.  Perlin 

Moscow 
July,  1980 


Preface  to  the  Russian  Edition 


The  rapid  development  of  computer  engineering  has  aroused  the 
considerable  interest  of  researchers  for  the  development  of  universal 
numerical  methods  for  the  solution  of  elasticity  problems.  Together 
with  the  generally  accepted  methods  in  continuum  mechanics  and 
engineering  calculations  such  as  the  finite  element  method  and  the 
finite  difference  method,  one  of  the  most  promising  and  efficient 
methods  is  the  potential  method,  which  reduces  boundary  value 
problems  to  corresponding  integral  equations.  The  chief  advantage 
of  this  method  is  that  it  reduces  the  dimensionality  of  problems 
considered. 

This  book  presents  the  fundamentals  of  the  theory  of  regular  and 
singular  integral  equations  in  the  case  of  one  and  two  variables.  The 
general  principles  of  the  theory  of  approximate  methods  are  consid¬ 
ered  as  well  as  their  application  for  the  efficient  solution  of  both 
regular  and  singular  integral  equations.  The  necessary  information 
is  given  on  the  three-dimensional  and  two-dimensional  equations 
of  the  theory  of  elasticity  including  the  formulation  of  boundary 
value  problems.  The  book  contains  the  derivation  and  analysis  of 
various  integral  equations  of  the  plane  problem  for  both  fundamental 
boundary  value  problems  and  mixed  problems,  and  also  for  bodies 
with  cuts.  In  the  three-dimensional  case  the  construction  and  analy¬ 
sis  of  integral  equations  are  carried  out  for  the  first  and  second  fun¬ 
damental  problems. 

Emphasis  is  placed  on  efficient  methods  for  solving  integral  equa¬ 
tions  for  the  plane  and  three-dimensional  problems  of  elasticity. 
Examples  are  given  illustrating  the  advantages  of  a  particular 
approach.  The  book  is  appended  with  an  extensive  list  of  references 
giving  comprehensive  information  of  the  subject  of  investigation. 

The  emphasis  on  numerical  methods  for  the  solution  of  integral 
equations  for  elastostatic  problems  corresponds  to  the  author’s  con¬ 
viction  that  this  approach  has  considerable  promise,  particularly 
with  the  advent  of  the  nearest-generation  computers. 


PREFACE  TO  THE  RUSSIAN  EDITION 


The  scope  of  the  book  is  limited  to  elastostatic  problems  though 
the  extension  of  the  methods  described  to  dynamic  problems  appar¬ 
ently  involves  no  fundamental  difficulties. 

The  interested  reader  can  find  a  more  detailed  mathematical  pre¬ 
sentation  of  the  theory  of  integral  equations  in  the  well-known  books 
by  F.  D.  Gakhov,  V.  D.  Kupradze,  S.  G.  Mikhlin,  and  N.  I.  Muskhe- 
lishvili. 

S.  G.  Mikhlin  and  D.  I.  Sherman  have  rendered  the  authors  great 
assistance  in  preparing  the  book.  I.  I.  Vorovich  and  V.  V.  Panasyuk 
have  given  much  useful  advice. 

The  book  owes  its  appearance  to  a  large  extent  to  the  care  and 
help  in  preparing  the  manuscript  by  T.  A.  Alikhanova. 

The  authors  take  the  opportunity  of  expressing  to  all  these  col¬ 
leagues  their  sincere  gratitude. 

V.  Z.  Parton 
P.  1.  Perlin 


On  the  Formation 
of  Integral  Equation  Methods 
in  the  Theory  of  Elasticity 


The  intensive  development  of  computer  engineering  proceeds 
in  tandom  with  ever  increasing  interaction  and  stimulation,  with 
the  development  of  universal  methods  of  solving  problems  in  mathe¬ 
matical  physics;  among  these  we  should  first  of  all  note  the  finite 
element  method  and  the  finite  difference  method,  which  have  found 
wide  application  in  engineering  calculations.  However,  problems 
of  increased  difficulty,  among  which  are  naturally  the  fundamental 
three-dimensional  problems  of  elasticity  and  also  two-dimensional 
problems  for  regions  of  rather  complex  configuration,  are  often 
almost  impossible  to  solve  at  present  by  the  above  methods  with 
the  required  degree  of  accuracy.  At  the  same  time  these  methods 
must  be  given  full  credit;  because  of  their  simplicity,  they  are 
easy  to  understand  and  intelligible  to  engineers,  and  in  future  the 
development  of  these  methods  will  invariably,  and  to  a  progressively 
larger  extent,  accompany  the  steady  improvement  of  computers. 

At  present,  in  difficult  cases  preference  is  given  to  other  methods, 
and  among  these  is  the  most  generally  used  integral  equation  method 
(both  regular  and  singular  equations). 

We  remember  very  well  the  time  when  almost  every  author  dealing 
with  a  non-trivial  elasticity  problem  considered  it  very  nearly 
a  matter  of  his  honour  to  reduce  it  by  all  means  to  a  Fredholm 
equation  of  the  second  kind.  After  this,  he  was  prone  at  least  to 
think  that  his  investigation  was  completed  theoretically  without 
concerning  himself  with  the  implementation  of  the  solution.  (People 
wonder  at  it  now.) 

In  the  complex,  and  in  general  multistage,  procedure  of  reducing 
various  problems  of  mathematical  physics  to  solvable  Fredholm 
integral  equations  of  the  second  kind,  the  role  of  one  of  the  main 
links  should  be  attributed  to  the  construction  of  the  so-called  funda¬ 
mental  (auxiliary)  solution,  namely  a  function  (or  matrix)  depending 
on  two  points  and  satisfying  the  original  differential  equation  (or 
.system  of  equations)  for  the  co-ordinates  of  at  least  one  of  these 
points. 
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The  technique  of  constructing  fundamental  solutions  is  no  secret 
and  to  a  certain  extent  is  advanced.  Meanwhile,  fundamental  solu¬ 
tions  are  sometimes  (mainly  in  three-dimensional  problems)  so 
lengthy  and  unwieldy  that  there  can  be  no  question  of  using  them 
directly  for  their  proper  purpose.  There  is  an  imperative  need  to 
simplify  the  structure  of  the  fundamental  solution  so  as  to  render 
it  more  or  less  manageable.  In  so  doing,  it  is  necessary  to  keep  care¬ 
fully  its  principal  part  unaltered,  which,  in  fact,  determines  the 
reduction  of  the  problem  in  hand  to  a  Fredholm  equation  of  the 
second  kind.  Naturally,  the  resulting  final  form  (very  curtailed) 
of  the  original  fundamental  solution  is  no  longer  such  in  the  accepted 
sense  of  the  term,  nevertheless  we  will  retain  this  name  for  it. 

One  next  proceeds  to  the  concluding  phase,  i.e.,  to  the  construction 
of  a  proper  representation  for  the  unknown  function  (vector  function); 
it  is  chosen  in  the  form  of  an  integral  taken  over  the  boundary  of 
a  body  and  containing  under  its  sign  the  product  of  the  fundamental 
solution  and  a  certain  function  (not  yet  known)  termed  the  density 
function.  The  representation  thus  constructed  is  commonly  termed 
the  potential. 

As  is  known,  the  simplest  potentials, so-called  simple-layer  and 
double-layer  potentials,  are  quite  often  used  in  many  problems, 
particularly  in  classical  harmonic  problems.  These  potentials  have 
been  thoroughly  and  scrupulously  studied  in  the  fundamental  works 
of  A.  M.  Lyapunov  for  a  very  wide  class  of  surfaces,  known  by  his 
name. 

Having  at  our  disposal  the  expression  for  the  elastic  potential 
thus  developed,  and  proceeding  to  the  boundary  conditions  of  the 
problem,  we  obtain  a  Fredholm  integral  equation  of  the  second  kind 
for  determining  the  density.  The  next,  and  no  less  serious,  concern 
to  come  to  the  forefront  is  the  vital  question  of  the  solvability  of 
the  equation  obtained.  It  is  not  always  possible  to  give  a  definite 
answer  at  once;  this  as  a  rule  involves  specific,  and  sometimes  con¬ 
siderable,  difficulties.  If  contrary  to  expectations  based  on  some, 
not  very  solid,  considerations  it  is  found  that  the  integral  equation 
under  study  is  unsolvable,  then  new  complications  arise;  they  can 
be  eliminated  in  different  ways,  or,  more  precisely,  in  two  ways, 
if  at  all.  On  the  one  hand,  attempts  may  be  made  to  modify  the 
representation  in  such  a  way  to  obtain  a  true  representability  of 
the  desired  solution  by  means  of  the  final  potential.  If  this  route 
is  found  to  be  excessively  difficult  and  ineffectual,  it  might  be  worth¬ 
while  trying  to  modify  the  equation  itself  by  introducing  certain, 
possibly  elementary,  operators  depending  on  the  unknown  density; 
the  operators  must  be  deliberately  chosen  so  that,  without  changing 
the  main  point  (i.e.,  without  deviating  from  the  stated  problem), 
the  eigenfunctions  inherent  in  the  integral  equation  are  eliminated. 
Sometimes  the  investigator  is  compelled  to  resort  to  both  procedures. 
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It  is  precisely  this  approach  that  has  led  to  a  positive  result  in 
discussing  the  first  fundamental  three-dimensional  problem  of  the 
theory  of  elasticity. 

Of  course,  this  kind  of  modernization  of  the  integral  equation 
is  not  at  all  simple  and  often  requires  prolonged  thought  and  repeated 
trials;  this  is  almost  as  difficult  as,  and  sometimes  even  more  dif¬ 
ficult  than,  the  fulfilment  of  the  reconstruction  of  the  fundamental 
solution;  in  general,  neither,  even  with  wide  experience  in  investiga¬ 
tion  of  this  kind,  can  be  realized  without  much  effort;  unfortunately, 
the  efforts  are  not  always  successful. 

Let  us  briefly  consider  the  current  status  of  the  theory  of  integral 
equations  in  reference  to  the  fundamental  three-dimensional  elasto- 
static  problems,  a  subject  of  vital  importance  to  application  and 
covered  in  considerable  detail  in  the  book. 

Soon  after  E.  I.  Fredholm  developed  the  theory  of  integral  equa¬ 
tions  of  the  second  kind,  called  by  his  name,  they  were  applied 
successfully  in  the  investigation  of  the  Dirichlet  and  Neumann 
boundary  value  problems,*  many  attempts  have  been  made  to 
carry  out  a  similar  analysis  in  the  case  of  fundamental  problems 
of  the  theory  of  elasticity.  For  the  first  fundamental  three-dimension¬ 
al  problem  (with  given  displacements),  this  was  done  by  G.  Lau- 
ricella  in  1907  by  choosing  a  suitable  fundamental  solution.  On  the 
face  of  it,  this  choice  seems  to  be  rather  artificial;  actually,  it  is 
made  in  a  more  or  less  natural  way  and  on  the  basis  of  clear  con¬ 
siderations.  As  shown  by  Lauricella  himself,  his  equations  are 
always  solvable  for  any  finite  body  bounded  by  a  single  surface. 
With  a  slight  modification  of  these  equations,  noted  above,  they 
become  solvable  both  for  a  finite  and  an  infinite  body  and  in  the 
case  of  several  bounding  surfaces. 

Unfortunately,  the  construction  of  regular  integral  equations  for 
the  three-dimensional  problem  with  given  external  stresses  is  much 
more  difficult.  In  1915  H.  Weyl  constructed  relatively  simple  Fred¬ 
holm  equations  for  this  problem  in  the  case  of  a  finite  region  bounded 
by  one  closed  convex  surface.  Up  to  now,  however,  they  are  still 
not  well  enough  ordered  to  permit  the  unreserved  application  of  the 
available  computational  algorithms  to  them.  Further  the  same 
author  showed  how  the  resulting  equations  could  be  modified  to 
make  them  suitable,  in  principle,  for  an  arbitrary  three-dimensional 
region.  Unfortunately,  this  method  is  not  simple,  involving  recourse 
to  Green’s  tensor  and  leading  to  unwieldy  equations,  scarcely 
amenable  either  to  direct  examination  or  to  use  for  their  proper 
purpose. 


*  Note  that  for  the  most  general  case  when  bodies  are  bounded  by  several 
Lyapunov  surfaces,  a  profound  and  comprehensive  study  of  such  equations  was 
made  in  the  works  of  N.  M.  Gunter. 
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At  one  time  it  seemed  probable  to  many,  at  least  at  first  sight, 
that  the  reduction  of  boundary  value  problems  of  elasticity  to 
regular  integral  equations  could  be  achieved  in  a  simpler  and  more 
vivid  way  by  taking  for  fundamental  solutions  very  elementary 
formations.  These  were  most  often  taken  as  the  solutions  of  a  three- 
dimensional  problem  involving  a  concentrated  force  and  a  concen¬ 
trated  moment.  However,  starting  from  these  auxiliary  solutions, 
many  were  soon  disappointed  since  the  equations  thus  obtained 
were  irregular  and  fell  out  of  the  Fredholm  equation  class.  This 
circumstance  had  a  frightening  effect  on  the  great  majority  of  initia¬ 
tors,  and  they  soon  retreated.  With  a  considerable  delay  it  must 
now  be  admitted  that,  to  general  satisfaction,  there  were  more 
shrewd  investigators  who  were  not  daunted  by  unknown  difficulties 
and  a  vague  perspective  and  devoted  much  time  to  a  thorough  study 
of  the  equations  in  question.  As  a  result,  a  rigorous  theory  of  so- 
called  singular  integral  equations  of  one  or  more  dimensions  has 
been  developed,  which  has  been  widely  accepted  and  has  crystallized 
into  an  independent  section  of  the  general  theory  of  integral  equa¬ 
tions.  Equations  of  this  kind  have  been  constructed  and  investigated 
scrupulously  in  reference  to  fundamental  problems  of  elasticity. 
The  strictly  established  fact  of  the  applicability  of  the  Fredholm 
alternatives  to  these  equations  has  aided  appreciably  in  gaining 
a  deep  insight  into  their  structure  and,  moreover,  in  revealing 
a  number  of  their  important  spectral  properties.  After  this,  the 
possibility  of  using  these  equations  in  practice  became  quite  obvious. 

It  should  be  noted  that  the  singular  equations  as  such  have  long 
attracted  attention;  these  equations  were  treated  by  such  brilliant 
mathematicians  as  Poincare  and  Hilbert;  they  were  primarily  con¬ 
cerned  with  the  case  when  the  kernel  is  of  the  form  of  the  cotangent 
function.  Later  the  general  theory  of  such  equations  was  constructed 
by  F.  Noether. 

It  might  be  as  well  to  point  out  the  exceptional  role  of  the  excellent 
work  of  T.  Carleman  (1922)  in  the  development  of  the  theory  of 
singular  equations  with  a  Cauchy  kernel.  It  has  won  great  popularity 
among  theorists  and  has  also  found  favour  among  a  wide  circle  of 
engineers.  Carleman  was  the  first  to  give  a  solution  to  an  important 
type  of  singular  integral  equation  in  closed  form  with  wonderful 
elegance  and  simplicity,  and  this  opened  the  way  for  the  efficient 
treatment  of  a  wide  class  of  mixed  problems  of  mathematical  physics. 

N.  I.  Muskhelishvili,  as  well  as  other  prominent  investigators, 
has  made  a  significant  contribution  to  the  development  of  the  theory 
of  one-dimeiLsional  singular  equations  and  its  applications  in  various 
problems  of  mslthematical  physics. 

Nevertheless,  in  the  beginning  the  singular  equations  could  fright¬ 
en  many,  and  particularly,  of  Course,  many  of  the  engineers  who 
first  encountered  them.  However,  by  gradually  appreciating  and 


14 


FORMATION  OF  INTEGRAL  EQUATION  METHODS 


becoming  familiar  with  the  nature  of  their  properties,  they  began 
not  only  to  get  used  to  these  equations,  hut  also  to  realize  how  wide 
a  range  of  questions  of  mathematical  physics  they  covered.  Naturally, 
all  this  was  acquired  and  mastered  not  immediately,  but  only  with 
time,  after  prolonged  and  strenuous  reflections.  It  should  be  empha¬ 
sized  that  an  analysis  of  some  selected  elasticity  problems  by  using 
Fredholm  equations  of  the  second  kind,  even  though  specially  adapt¬ 
ed  and  skilfully  constructed,  may  sometimes  be  technically  a  some¬ 
what  more  difficult  task  than  would  be  the  case  if  singular  equations 
that  suggest  themselves  for  the  same  problems  were  used.  (To  avoid 
misunderstanding,  it  might  be  well  to  point  out  that  examples  can 
easily  be  given  illustrating  the  reverse.) 

We  shall  mention  one  more  circumstance  adding  to  the  incredulity 
(and  not  only  of  engineers)  with  regard  to  singular  integral  equations. 
The  integral  equation  technique  by  its  nature  provides,  as  a  rule, 
an  approximate  numerical  implementation.  However,  the  question 
of  evaluating  singular  integrals,  especially  two-dimensional,  which 
cannot  but  be  decisive  when  applying  certain  algorithms,  was  left 
open  until  recently.  Moreover,  very  serious,  fundamental  corrections 
had  to  be  introduced  into  the  well-known  proofs  of  convergence  for 
particular  methods  of  approximate  solution  previously  applied  to 
regular  equations. 

It  might  be  as  well  to  recall  that  the  incipient  change  in  the 
assessment  of  the  outlook  for  singular  integral  equations  was  prop¬ 
erly  reflected  in  our  review  paper  [see  Trudy  Vsesoyuznogo  S'ezda 
po  Teoreticheskoi  i  Prikladnoi  Mekhanike,  Izd.  Akad.  Nauk  SSSR, 
1962  {Proceedings  of  the  A  ll-Union  Congress  on  Theoretical  and  A pplied 
Mechanics,  USSR  Acad.  Sc.)]. 

As  regards  the  fundamental  two-dimensional  (plane)  problems 
of  the  theory  of  elasticity,  the  situation  was  naturally  much  more 
favourable  here.  In  the  case  of  basic  problems  various  authors 
obtained  regular  integral  equations.  In  due  course  they  were  thor¬ 
oughly  studied  and  still  find  fairly  wide  applications. 

Taking  the  opportunity,  we  emphasize  the  universally  known 
services  of  G.V.  Kolosov  to  the  development  of  the  theory  of  elastic¬ 
ity;  his  works,  as  well  as  those  of  N.  I.  Muskhelishvili,  underlie 
the  specialized  and  ramified  techniques  created  by  many  scientists 
to  treat  various  complex  problems  of  two-dimensional  elasticity. 

Among  the  most  ponderable  achievements  is  the  work  of  V.  A.  Fock 
(1926)  who  first  applied  conformal  mapping  to  reduce  the  plane 
problem  for  a  simply  connected  finite  region  to  a  Fredholm  equation 
of  the  second  kind  (earlier  Lauricella  had  directly  reduced  the  same 
problem  to  a  Fredholm  equation  of  a  different  structure  without 
recourse  to  conformal  mapping). 

Naturally,  the  approaches  developed  for  constructing  singular 
integral  equations  for  three-dimensional  problems  could  be  adopted 
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for  plane  problems,  which  led  to  the  corresponding  one-dimensional 
singular  equations.  Note,  also,  that  singular  integral  equations  are 
constructed  without  much  difficulty  in  the  case  of  problems  with 
mixed  boundary  conditions  and  for  bodies  with  curvilinear  cuts  of 
arbitrary  configuration. 

Concurrent  with  the  investigations  mentioned  above  and  up  to 
the  present  time  studies  have  been  carried  out  intensively  on  special 
classes  of  problems  of  three-dimensional  elasticity;  but  they  are 
also  based  on  the  application  of  integral  equations  in  one  form  or 
another.  By  way  of  example,  one  cannot  but  mention  a  great  many 
works  dealing  with  the  reduction  of  axially  symmetric  problems  of 
elasticity  to  regular  or  singular  integral  equations  by  superimposing 
plane  states;  along  with  the  well-known  propositions  of  the  theory 
of  analytic  functions  use  is  made  of  specialized  ones.  Later  this 
method  made  it  possible  to  proceed  to  the  consideration  of  problems^ 
for  bodies  of  revolution  under  non-axisymmetric  loading  as  well. 
In  a  number  of  problems  for  some  bodies  of  revolution  subjected  to 
loads  of  a  special  type,  it  was  possible  to  obtain  solutions  in  closed 
form  (in  quadratures).  Wider  classes  of  bodies,  namely  those  gener¬ 
ated  by  revolving  a  closed  contour,  were  considered  recently. 
Finally,  it  should  he  noted  that  the  approach  under  discussion,  as 
one  constructed  on  the  basis  of  an  intelligible  and  legitimate  physical 
concept,  by  its  very  nature  must  be  fairly  promising. 

Besides  the  foregoing  method,  there  exist  other,  no  less  interesting,, 
variants,  developed  by  G.  N.  Polozhii,  of  using  functions  of  a  com¬ 
plex  variable  in  the  same  axially  symmetric  problems  of  elasticity. 
The  procedures  of  reducing  them  to  Fredholm  equations  (in  no  way 
based  on  auxiliary  considerations  of  a  mechanical  engineering  kind) 
are  of  a  purely  mathematical  nature  and  use  some  classes  of  gen¬ 
eralized  analytic  functions  as  the  base;  their  properties  have  been 
thoroughly  studied  by  the  author  himself. 

We  shall  also  mention  works  in  which  the  integral  equations  for 
the  axially  symmetric  problem  are  constructed  by  suitably  adapting 
the  integral  equations  for  the  general  (three-dimensional)  problem 
and  also  by  using  specially  introduced  axially  symmetric  potentials. 

The  facts  and  findings  accumulated  throughout  the  strenuous  work 
outlined  above,  successively  analysed  and  then  summed  up  and 
synthesized  are,  taken  together,  a  factor  of  increasing  significance; 
on  the  one  hand  it  will  promote  an  invariable  improvement  and 
renewal  of  numerical  algorithms,  and  on  the  other  hand  it  will  con¬ 
tribute  appreciably  to  the  evolution  of  the  potentialities  of  com¬ 
puters. 

In  the  proposed  book  the  authors  set  forth  the  fundamentals  both 
of  the  general  theory  of  integral  equations,  regular  and  singular,, 
and  of  the  theory  of  approximate  methods  for  their  solution,  then 
proceed  to  the  consideration  of  the  integral  equations  for  the  plane 
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Rnd  three-dimensional  problems  of  the  theory  of  elasticity,  and  com¬ 
plete  the  investigation  by  an  analysis  of  various  efficient  methods 
of  solution. 

It  was  very  sensible  and  far-sighted  of  the  authors  to  propose 
a  considerably  simplified  presentation  of  the  material  (primarily 
concerning  the  theory  of  two-dimensional  singular  integral  equations 
and  its  applications);  at  the  same  time  the  authors  try  to  convey 
information  with  precision  and  clarity  and  are  apparently  very 
•careful  not  to  permit  any  elements  of  vulgarization.  Such  presenta¬ 
tion  is  adopted  in  an  understandable  effort  to  make  the  book  intel¬ 
ligible  to  a  possibly  wider  circle  of  scientists  and  engineers,  and 
thereby  to  promote  more  extensive  use  of  the  potential  method. 
This,  in  turn,  will  probably  have  a  beneficial  effect  on  the  range  of 
applicability  of  the  classical  theory  of  elasticity  in  applied  branches. 
Those  readers  who  upon  acquaintance  with  the  present  book  feel  an 
increased  interest  in  the  subject  under  investigation  and  wish  to 
extend  and  deepen  their  knowledge  on  it  may  refer  to  the  available 
monographs  by  F.  D.  Gakhov,  V.  D.  Kupradze,  S.  G.  Mikhlin, 
N.  I.  Muskhelishvili,  A.  N.  Tikhonov,  and  V.  Ya.  Arsenin;  each 
of  the  books  is  remarkable  in  its  own  way. 

Following  the  adopted  dominating  idea  permeating  through  the 
entire  book,  the  authors,  in  full  accord  with  it,  strictly  and  per¬ 
sistently  orientate  the  reader  towards  advantages  derived  from 
R  rational  use  of  numerical  methods  in  solving  integral  equations 
of  elasticity  for  a  sufficiently  wide  class  of  problems.  This  is  demon¬ 
strated  unambiguously  by  a  thorough  and  purposeful  selection  of  the 
material  included  in  the  book  entirely  relating  to  commentary  on 
a  series  of  classical  problems  of  the  theory  of  elasticity;  the  latter 
appear  as  a  fully  suitable  and  favourable  object  for  demonstrating 
the  efficiency  of  numerical  analysis  (of  course,  using  computers). 
Incidentally,  the  selection  of  material  has  been  made  from  a  great 
variety  of  problems  and  associated  methods,  in  short,  from  all  that 
is  at  the  disposal  of  the  modern  mathematical  theory  of  elasticity. 

It  might  be  well  to  point  out  the  significance  of  the  original  works 
of  the  authors  themselves  represented  in  the  book.  Of  great  impor¬ 
tance  is  direct  recourse  to  regular  representations  of  singular  inte¬ 
grals,  which  now  makes  it  possible  to  use  without  difficulty  the 
well-known  cubature  formulas  established  for  improper  integrals; 
it  is  worth  mentioning  the  advanced  methods  for  the  efficient  solution 
of  a  special  class  of  integral  equations  by  properly  applied  approxi¬ 
mate  factorization.  The  book  strongly  advertises  the  procedure  of 
solving  integral  equations  for  three-dimensional  problems  by  suc¬ 
cessive  approximations  (in  view  of  obvious  advantages  in  the  case 
of  implementation  on  computers).  It  is  established  that  (in  principle) 
this  process  is  always  convergent.  However,  in  solving  the  second 
interior  problem  it  is  shown  that  the  error  in  the  computational 
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scheme  (because  of  the  presence  of  an  eigenvalue)  may,  in  general, 
lead  to  the  divergence  of  the  algorithm.  To  eliminate  this  discrep¬ 
ancy,  it  is  suggested  (as  far  as  we  are  aware,  for  the  first  time)  that 
a  specially  chosen  small  additional  quantity  expressed  in  a  certain 
manner  in  terms  of  the  known  fundamental  functions  of  the  com¬ 
panion  equation  should  be  introduced  into  the  right-hand  side  at 
each  subsequent  iteration.  This  operation  outwardly  appears  to  be 
quite  ordinary;  however,  to  hit  upon  it,  as  is  usually  the  case  under 
such  circumstances,  has  apparently  been  possible  only  after  many 
attempts  and  prolonged  reflections. 

In  our  opinion,  there  is  every  reason  to  believe  that  the  appearance 
of  this  book  will  be  received  with  interest  and  will  evoke  a  warm 
response.  Because  of  the  simplicity  of  presentation,  the  reader  can, 
if  he  wishes,  gain  some  insight  into  the  problems  covered  without 
excessive  loss  of  time.  Moreover,  and  this  is  the  chief  thing,  the 
book  is  a  valuable  aid  for  young  scientific  workers  (including  those 
actively  engaged  in  applications)  on  a  difficult  road  of  gaining 
a  fundamental  understanding  and  a  thorough  mastering  of  various 
computational  algorithms.  This  matter  brooks  no  delay;  otherwise 
these  algorithms  cannot  be  used  to  best  advantage  and  their  further 
development  is  impossible.  All  that  we  have  noted  with  regard  to 
the  distinguishing  features  of  the  book  justifies,  we  believe,  its 
publication. 

The  foregoing  will  be  concluded  by  the  following  remark,  in  our 
opinion  very  timely  and  necessary.  The  scientific  and  technical 
progress  whose  witnesses  we  have  the  good  luck  to  be  involves  nearly 
all  fields  of  knowledge  and  application.  The  necessity  to  keep  abreast 
with  the  times  in  this  situation  considerably  increases  the  sense 
of  responsibility  of  each  scientific  worker.  Every  investigator  in 
the  field  of  the  mathematical  theory  of  elasticity  and,  moreover,  in 
each  section  of  mathematical  physics  must,  in  these  conditions, 
critically  reconsider  his  results,  emphasize  the  aspects  of  his  investi¬ 
gations  that,  as  before,  need  be  promoted  intensively  and  reject 
boldly,  without  hesitation  the  part  that  has  lost  its  effectiveness  and 
cannot  be  compared  with  newly  developed  works.  Few  people  can 
carry  out  such  an  act  painlessly;  it  is  usually  preceded  by  agonizing 
doubts  and  prolonged  thought.  Of  course,  here  it  is  a  matter  not  of  the 
sense  of  false  pride  that  is  hard  to  overcome,  but  of  other,  much  more 
important  and  quite  understandable  reasons.  After  all,  the  question 
we  have  touched  upon,  painful  as  it  is,  is  sometimes  virtually  insep¬ 
arable  from  the  appraisal  of  the  total  work  of  a  scientist.  In  this 
case  it  at  times  acquires  a  special  acuteness  and  an  undisguised 
dramatic  nature.  The  same  question  does  not  become  any  simpler 
in  a  less  radical  formulation.  Psychologically  it  is  incredibly  difficult 
to  renounce  even  partial  results  that  have  taken  much  intellectual 
effort  during  a  more  or  less  long  period  of  time.  Flowever,  obeying 
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the  call  of  time,  an  investigator  must  be  able  to  muster  sufficient 
strength  to  fulfil  the  demands  of  the  times  by  overcoming  the  habitual 
predilections  and  inclinations,  which,  it  would  seem,  cannot  bo 
given  up.  The  dialectics  of  life  is  inexorable. 

Incidentally,  one  must  not  linger  and  see  when  somebody  else, 
on  his  own  initiative,  undertakes  the  realization  of  the  urgent  task 
(in  respect  to  one  of  us)  and,  in  all  probability,  does  it  without  the 
proper  discretion  and  thoughtfulness  necessary  in  such  delicate 
circumstances;  it  is  quite  possible  that  the  excessive  zeal  in  ful¬ 
filling  the  mission  assigned  to  himself  of  his  own  free  will  may  lead 
him  inadvertently  to  the  belittling  of  even  the  positive  part  of  the 
work  being  revised. 

In  this  connection  a  question  naturally  arises  as  to  whether  there 
is  sufficient  reason  for  sentiments  of  gloom  and  disappointment 
ostensibly  generated  by  the  present  situation.  In  our  opinion,  there 
is  as  a  rule  no  valid  reason  for  this.  Of  course,  few  people  can  boast 
of  the  abundance  of  brilliant  ideas  visiting  them.  This  is  the  lot  of 
the  minions  of  fortune  generously  endowed  by  nature.  For  the  rest 
useful  notions  occur  to  zealous  workers  constantly  engrossed  in 
thought  and  selflessly  devoted  to  work.  Such  people  constitute  the 
overwhelming  majority.  A  guess  once  made,  subsequently  developed 
and  clearly  formulated  is  hardly  ever  completely  transient;  along 
with  other  similar  guesses  it  makes  a  feasible  contribution  to  the 
fund  of  gradually  accumulated  partial  results  and  information  paving 
the  way  for  a  long-expected  decisive  qualitative  leap. 

All  that  was  done  in  the  past  and  the  present  will  continue  to  live 
in  one  way  or  another  (and  possibly  in  a  modified  form).  The  threads 
of  the  past  rarely  break,  they  almost  invariably  extend  into  the 
future.  The  immutability  of  this  self-apparent  statement  is  usually 
confirmed  by  the  course  of  the  development  of  scientific  thought. 
It  is  in  this  that  each  of  us  must  and  has  the  right  to  derive  satis¬ 
faction  and  a  moral  stimulus  for  his  own  work. 


D.  1.  Sherman 


Notation 


Matrices,  vectors,  and  operators  are  given  in  bold-faced  type. 


X  and 
E  =  - 

V  =  - 


^4"M' 

X 

2(l  +  ii) 


=  X  +  iy 

q' 

t,  T 

^yi  ^z) 

*  (P) 

H  (P) 

(p.  q) 
n  (P.  q) 
r”  (p.  q) 

Ti  (p,  q) 

<P  iq)  (cPl  (9).  <P2  (9).  93  (9)) 
V{p)  =  V  (p,  <p) 


Lame’s  coefficients 
elastic  modulus 

Poisson’s  ratio 

region  (three-dimensional  or  plane) 

surface 

contour 

point  of  a  (three-dimensional  or 

plane)  region 

point  of  a  region  (plane) 

points  of  a  surface 

points  of  a  contour 

unit  normal  to  a  surface,  usually 

outward  (if  the  surface  is  closed) 

stress  operator 

iV-operator 

Kelvin-Somigliana  matrix  (kernel 
of  a  simple-layer  potential) 
matrix  (kernel  of  a  double-layer 
potential  of  the  first  kind) 
matrix  (kernel  of  a  double-layer 
potential  of  the  second  kind) 
matrix  (the  result  of  the  action  of 
the  stress  operator  on  the  matrix 
r  (p,  q),  i.e.,  Ti  (p,  q)  = 

~  (p)  ^  (P>  9) 

density  of  potentials 
symbolic  form  of  writing  a  simple- 
layer  potential  with  density  q) 
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NOTATION 


W{p)  =  W  {p,  (p) 

/  (9.  't) 

O  (q,  X) 

K,  k,  A 

Z  =  CO  (C) 

Pn{x) 

P)  {X) 

K  (x,  y),  Ti  (g,  g').  ^2  (?.  ?') 
r  (x,  y,  %) 


symbolic  form  of  writing  a  double¬ 
layer  potential  with  density  q) 
characteristic  of  a  singular  integral 
symbol  of  a  singular  operator 
general  form  of  writing  operators 
function  effecting  conformal  map¬ 
ping 

Legendre  polynomial  of  order  n 
Jacobi  polynomial  of  order  n 
kernels  of  integral  equations 
resolvent  of  an  integral  equation 


Three-dimensional  problem 


Xi,  Xa,  Xs  (i/i,  ^2 
^i} 

n  (ui,  Ug,  W3) 

.  Vz) 

co-ordinates  in  a  Cartesian  system 
components  of  the  stress  tensor 
displacement  vector 
components  of  the  strain  tensor 

Two-dimensional  problem 

X,  y,  z 

'^xy^ 

w,  y,  W 

'^xz^  '^yz 

co-ordinates  in  a  Cartesian  system 
components  of  the  stress  tensor 
components  of  the  displacement  vec- 

tor 


Chapter  I 

ELEMENTS  OF  THE  THEORY 
OF  ONE-DIMENSIONAL 
AND  MULTIDIMENSIONAL  INTEGRAL 
EQUATIONS 


1.  Analytic  Theory  of  a  Resolvent 

Consider  a  Fredholm  integral  equation  of  the  second  kind.  For 
simplicity  of  presentation,  we  restrict  our  study  to  the  case  of  one 
dimension; 

b 

if  (x)  {x,  y)  if  {y)  dy  +  F  (x).  (1.1) 

a 

The  kernel  K  {x^  y)  is  assumed  to  be  an  integrable  function  of  x 
and  y  (a  ^  a:  ^  fo,  a  ^  y  ^  b)  and  the  solution  of  Eq.  (1.1)  is 
sought  in  the  form  of  a  series: 

cp  (x)  =  (Po  (x)  +  >.cpj  (a:)  +  K^if^  ix)+  ...  (1.2) 

If  the  series  converges  uniformly  for  someTvalues  of  the  param¬ 
eter  X,  it  may  be  substituted  in  Eq.  (1.1);  by  equating  the  coef¬ 
ficients  of  like  powers  of  X,  we  obtain  the  recurrence  relations 

b 

ift(x)  =  ^  K(x,y)  if  i_Ay)dy  (i=l,2,  ...),  (1.3) 

a 

fpo  (x)  -=  F  (x). 

Suppose  that  the  kernel  K  {x,  y)  and  the  function  F  (x)  are  bound¬ 
ed  (|  X  (a:,  y)  I  <  I  ^  (^)  I  <  It  follows  from  relations  (1.3) 
that  the  unknown  solution  (1.2)  is  majorized  by  the  series 

oo 

M  I X I” (6 -a)”  A", 

n=0 

Consequently,  series  (1.2)  converges  if 


1 

A(b  —  a)  • 


(1.4) 
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By  using  relations  (1.3),  we  obtain  a  different  representation  of 
series  (1.2): 

b  b 

(p(a:)  =  /?’(a:)  +  x|j  Ki{x,  y)F{y)dy  +  k  j  K^ix,  y)  F  {y)  dy  +  . . 

o  a 

(1.5) 

The  kernels  Kn  {x,  y)  are  related  by  the  equations 

b 

Kn(x,  £/)=  j  F:{x,  t)Kn-i{t,  y)dt  (n=2,  3,  ...), 

K^{x,  y)=K{x,  y).  (1.6) 

The  same  condition  (1.4)  implies  that  the  following  series  con¬ 
verges: 

(^?  y)  +  ^-^2  (^»  y)  +  ^^^3  y)  •  (i  •^) 

It  is  therefore  permissible  to  interchange  the  order  of  integration 
and  summation  in  representation  (1.5).  We  introduce  the  notation 
r  (x,  y,  K)  for  series  (1.7);  the  function  T  (x,  y,  X)  is  called  the 
resolvent  of  Eq,  (1.1).  The  unknown  representation  of  the  solution 
of  Eq.  (1.1)  is  of  the  form 

h 

(p  (x)  =  F  (x)  +  A,  j  r  {x,  y,  K)  F{y)dy.  (1.8) 

a 

Thus,  knowing  the  resolvent,  we  at  once  obtain  the  solution  of 
the  original  equation  with  an  arbitrary  right-hand  side  (for  a  suf¬ 
ficiently  small  X), 

Note  that  inequality  (1.4)  is  required  for  the  convergence  of  the 
resulting  series;  the  construction  of  the  coefficients  themselves  only 
demands  the  integrabilityjof  the  kernel  K  {x,  y). 

Ifj[all  coefficients  Kn  {x,  y)  are  now  expressed  in  terms  of  the  kernel 
K  {Xy  y)  of  the  original  equation,  it  is  easy  to  obtain  the  following 
equalities: 

h  b  b 

■K’n  (X,  y)  =  j  j  ...  \K{x,  tn-i)  K  {tn-u  tn-2)  ■  ■  ■ 

a  a  a 

. . .  K{ti,  y)dtidt2  . . .  dt„.i,  (1.9) 

b 

Kp+q(o^ ,  y)=  j  Kp  (x,  t)  Kq  (t,  y)  dt.  (1.10) 

a 

In  the  special  case  of  /?  =  72  —  1,  g  =  1  we  obtain 

b 

K„{x,y)=^K„-i{x,t)K{t,y)dt  (n  =  2,  3,  ...).  (1.11) 
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We  return  to  the  representation  of  resolvent  (1.7)  and,  assuming 
K  to  be  sufficiently  small,  consider  a  chain  of  equalities: 

r  {xy  y,  X)  =  {x,  y)  +  {x^  y)  +  {x^  y)  = 

b  b 

=  K{x,y)  +  %^  K  (x,  t)  Ki  {t,  y)dt  +  'k  ^  K  {x,  t)  (t,y)  dt-\- . . .  ^ 

a  a 

b 

~  K  (x^  y)  4“  ^  ^  K.  {x^  t)  [K^  (tj  y)  +  XK2  (t,  y)  dt  = 

a 

h 

=  K{x,  y)  +  X^K{x,  t)r{t,  y,  X)dt.  (1.12) 

a 

This  relation  may  be  regarded  as  a  functional  equation  for  the  resol¬ 
vent.  Proceeding  from  formula  (1.11),  we  obtain  a  different  functional 
equation  for  the  resolvent: 

h 

T{x,  y,  X)=K{x,  y)-\-X  j  K{t,  y)V{x,  t,  X)dt.  (1.13) 

a 

Note  that  if  condition  (1.4)  is  fulfilled,  the  resolvent  is  an  analytic 
function  of  the  parameter  X  in  the  circle  |  A.  |  <  ^  (b  —  a)  ‘ 

under  this  restriction  on  the  parameter  X  that  the  resolvent  has  been 
defined  in  the  above  discussion.  Relations  (1.12)  and  (1.13)  allow 
the  resolvent  to  be  determined  in  the  whole  plane  of  the  complex 
variable,  with  the  exception  of  some  values. 

Suppose  that  a  function  P  (x,  y,  X)  exists  in  the  square  a  ^ 
prescribed  for  a  certain  value  of  X  and  satis¬ 
fying  relations  (1.12)  and  (1.13).  We  shall  show  that  Eq.  (1.1)  has 
a  solution  representable  in  the  form  of  (1.8).  We  multiply  both 
sides  of  Eq.  (1.1)  by  XT  (y,  x,  X)  and  integrate  with  respect  to  x. 
By  transforming  the  resulting  expression  with  the  use  of  relation 
(1.13),  we  arrive  at  the  equality 

b  b 

j  F  (x)  r  (y,  X,  X)dx  —  X^  K  (x,  y)  cp  (y)  dy  =  0, 

a  a 

which,  with  (1.1),  leads  to  the  required  representation: 

b 

9  (y)  =  ^4  ^  ^  dx+F  (y). 

a 

It  remains  to  show  that  a  function  representable  by  expression 
(1.8)  is  a  solution  of  Eq.  (1.1).  Indeed,  by  substituting  (1.8)  in 
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Eq.  (1.1),  we  arrive  at  an  identity  [naturally,  taking  into  account 
relation  (1.12)]. 

We  further  prove  that  the  resolvent  is  the  ratio  of  two  integral 
functions,  analytic  in  the  whole  plane  of  the  complex  variable  X. 
We  introduce  into  consideration  the  determinant 


K 


(Xj^,  Xo,  .  .  Xf^ 

Vi.  ^2.  •  •  •.  ^/n 


^  (^i»  ^/i)  (^1?  .  .  .  K  (.T|, 

K  (xo,  ^i)  K  {x^,  y^)  ...  K  (xo,  yn) 

^  JJ l)  ^  ip^n^  1/2)  •  •  •  K.  {Xfi^  y n) 


By  Hadamard’s  theorem  (see  E.  Goursat  [1]),*  we  obtain  the  follow¬ 
ing  estimate: 


/  X^ ,  X.2 ,  •  •  •  ,  X^n 

Ui.  ---.yn 


(1.15) 


since  the  sum  of  the  squares  of  the  elements  of  each  row  is  less  than 

nA^. 

We  form  the  function 


h  b 


a  Vl/  a  a 


—  1 - Cj  +  -2]-C2  —...+(  —1)”  +  •  •  •  (1.16) 


By  using  inequality  (1.15),  we  obtain  an  estimate  of  each  term 
of  series  (1.16)  from  which  it  follows  that  this  series  converges  for 
all  values  of  X,  and  hence  is  an  integral  function  called  the  Fredholm 
determinant  for  the  kernel  K  {x,  y). 

We  introduce  a  new  function  Z)  |  assuming 


r  {x,  y,  X)  = 


D(X) 


(1.17) 


*  If  in  an  ?ith  order  determinant  the  sums  of  the  squares  of  the  elements  of 
its  rows  are  given,  the  determinant  itself  is  less  than  the  square  root  of  the  product 
of  these  sums. 
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From  relations  (1.12)  we  obtain  an  equation  for  determining  the 
function  Z)  |  j : 

D  ^  I  ^  j  ^  I  /iC  (x,  «)  D  I  di  +  Z)  (K)  K  {x,  y).  [(1 .18) 

We  seek  the  solution  of  this  equation  in  the  form  of  a  power  series 
in  X  by  writing,  for  convenience,  the  function  D  (^|  ^  ) 

^1  =90  (a:,  9)— y)  —  •  •  •  + 

+  (-l)”^9„(^,y)+...  (1.19) 

We  next  substitute  series  (1.16)  and  (1.17)  [with  (1.19)]  in  Eq. 
(1.18),  and  equate  the  coefficients  of  like  powers  of 

9o  (a;,  y)  =  TsT  (x,  y),  (1.20> 

b 

cjn  (X,  y)  =  C,K  {X,  y)  -  (  - 1)”-‘  n^K  (x,  t)  {t,  y)  dt.  (1.21) 

a 

These  equalities  enable  us  to  calculate  all  coefficients  (x,  y) 
in  succession,  and  obtain  a  general  expression  for  them  by  introduc¬ 
ing  into  consideration  the  function  Lj^  {x,  y): 

b  b 

L„(x,  p)==(  \  kI""'  (n=l,2,  ...). 

(1.22) 

It  is  obvious  that  Lq  {x,  y)  =  K  (x,  y).  It  can  also  be  shown  by 
direct  calculation  that  Li  (x,  y)  =  qi  (x,  y);  we  shall  prove  that, 
in  general,  the  following  law  holds: 

Ln  {x,  y)  =  9n  {x,  y)  (n  =  2,  3,  .  .  .).  (1.23) 

We  shall  first  show  that  the  functions  (x,  y)  satisfy  a  relation 
coincident  with  (1.21): 

b 

Lnix,  y)  =  CnK(x,y)-{-ir-^n^  K(x,  t)  y)dt.  (1.24) 

a 

From  this  and  from  the  equality  of  the  functions  Lq  and  go? 
and  gi  we  obtain  the  general  law  (1.23). 

Note  that  if  two  letters  Xi  or  two  letters  yt  are  transposed,  the 

symbol  K  ‘  only  changes  sign.  We  expand  the  de- 

V  y^i  •  •  • »  Vnf 
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terminant  K  by  the  elements  of  the  first  row  remem- 

\y.  ii,  tn) 

bering  the  above  remark: 


-K(x,  U)  K  (^*’  {X,  tn)  K  (J*’  ■ 

Vi/?  i'2»  •  •  •!  ^n/  V^li  • 


By  integrating  both  sides  of  this  relation  with  respect  to  all  vari¬ 
ables  ti,  and  interchanging  the  appropriate  elements  in  each  term,* 
we  arrive  at  the  required  relation  (1.24). 

Referring  again  to  Hadamard’s  theorem, we  obtain  the  estimate 


I  (^.  y)  I  <  («  + 1 )  a)», 


from  which  it  follows  that  series  (1.19)  is  an  integral  function. 

Thus,  it  is  proved  that  the  resolvent  is  a  meromorphic  function 
•of  a  complex  variable.  Since  the  resolvent  T  {x,  y,  X)  exists  for 
sufficiently  small  X  [inequality  (1.4)1  and  its  meromorphicity  in  the 
whole  plane  X  has  been  proved  above, we  conclude  from  the  gener¬ 
alized  Liouville  theorem  that  the  resolvent  exists  for  all  X  [except 
the  values  for  which  D  (A,)  =  0].  Consequently,  the  Fredholm  equa¬ 
tion  (1.1)  is  uniquely  solvable  for  any  X  different  from  the  zeros  of 
the  determinant  D  (A,). 

Let  us  now  direct  our  attention  to  the  values  ol  X  (X  =  A^q)  that 
make  the  Fredholm  determinant  zero  and  are  called  the  eigenvalues 
of  an  integral  equation.  Since  the  determinant  D  (A,)  is  an  integral 
function,  there  can  be  only  a  finite  number  of  eigenvalues  in  a  lim¬ 
ited  part  of  the  plane  A..  It  may  happen  that  the  same  number  Xq 

makes  the  function  D  )  zero  (for  all  values  of  x  and  y).  Let  us 

•show  that  the  multiplicity  of  the  root  in  the  numerator  is  less  than 
it  is  in  the  denominator.  Assume  the  representations 


D{X)^{X-Xoy^Do(X),  D 

where  Dq  (^ |  ^  )  is  a  series  in  terms  of  positive  powers  of  X.,  whose 

free  term  is  different  from  zero  for  some  values  of  x  and  y.  It  is 
obvious  that  D'  (X)  has  a  zero  of  order  X  —  1  at  the  point  Xq. 


0  (^o)  ^  O’ 

l‘) 


♦  In  the  iih  term  ti  and  are  interchanged. 
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We  set  1/  =  a:  on  both  sides  of  formula  (1.19)  and  integrate  with 
respect  to  x: 

b  oo  b 

dx=  ^K{x,x)dx+  2  {-'^T^\Ln{x,x)dx  = 


...dt,dx=c,+  ^  (_l)n^c„+,=  -D'{X).  (1.26) 

n=l 

For  the  case  under  consideration  this  equality  may  be  rewritten 
in  an  alternate  form: 


D'  = 

a  \  ^  1  / 


(1.27) 


It  may  happen  that  the  integration  will  yield  one  more  power  of 
the  factor  (^  —  Xq),  from  which  it  follows  that  /c  —  1  ^  Z  and 
k>  1.  Thus,  the  poles  of  the  resolvent  must  necessarily  coincide  with 
the  zeros  of  the  Fredholm  determinant. 

Suppose  that  Xq  is  a  pole  of  multiplicity  r  of  the  resolvent.  We 
then  have  the  expansion* 


(  1/  I  y)  ,  a-r+l(^.  I/)  .  .  ^-i  //) 

I)(X)  (X-XoV  ‘  (X-XoV-'^  (X^Xo) 


+  2  y)  —  ^o)^*  (1-28) 

i=0 

Substituting  series  (1.28)  in  the  functional  equation  (1.12),  mul¬ 
tiplying  it  successively  by  the  factors  {X  —  Xq)^  {n  =  r,r  —  1,  ...), 
and  then  setting  X  =  we  obtain  the  relations 

b 

a-r(^.  i/)  =  ^o  j  K{x,  t)a.r{t,  y)dt,  (1-29) 

a 

b 

«-r+i  {X,  y) - j  K  (X,  t)  (i,  y)  dt,  (1.30) 

a 

*  The  parameter  X  in  the  coefhcieiits  (rr,  y)  is  omitted. 
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etc.  It  follows  from  relation  (1.29)  that  the  coefficient  {x,  y) 
as  a  function  of  x  with  an  arbitrary  fixed  value  of  y  (regarded  as 
a  parameter)  is  the  solution  of  the  homogeneous  equation 

h 

(p  (x)  =  Xo  j  {x,  y)  cp  {y)  dy. 

a 

The  non-trivial  solutions  of  a  homogeneous  equation  are  called 
the  eigenfunctions  (or  zeros)  corresponding  to  the  eigenvalue 

Repeating  the  above  reasoning  with  reference  to  Eq.  (1.13),  we 
obtain  relations  similar  to  (1.29)  and  (1.30).  In  particular,  the 
coefficient  a-r  {x,  y)  as  a  function  of  y  with  a  fixed  value  of  x  is  the 
eigenfunction  of  the  homogeneous  equation 

b 

\1)  (x)  =  Jio  j /i:  (y,  ar)  \13  (j/)  d//,  (1.31) 

a 

called  the  companion  (or  transposed)  equation  to  (1.1) 

To  construct  the  complete  theory,  it  is  necessary  to  study  the 
question  of  the  solvability  of  integral  equations  on  the  eigenvalues. 
It  is  obvious  that  the  resolvent  of  the  companion  equation  is  obtained 
from  the  resolvent  of  the  original  equation  by  transposing  the  vari¬ 
ables.  Consequently,  the  Fredholm  determinants  of  the  original 
and  companion  equations  are  identical,  and  so  are  the  eigenvalues. 

Let  us  prove  that  the  number  of  eigenfunctions  corresponding 
to  the  same  value  Xq  is  finite  (implying  linearly  independent  solu¬ 
tions).  Let  (p*  (a:),(p2  (x),  .  .  .,  cp*i  (x)  be  orthonormal  eigenfunctions 
corresponding  to  the  number  Xq.  Consider  the  equalities  that  are 
satisfied  by  these  functions: 

=  {  K  (X,  y)  (pr  (y)  dy.  (1 .32) 

a 

It  is  obvious  that  the  right-hand  side  is  the  Fourier  coefficient  of 
the  function  K  {x,  y)  (as  a  function  of  the  argument  y)  in  the  ortho¬ 
normal  system  of  functions  cp*  (y).  From  Bessel’s  inequality  {m  is 
the  number  of  eigenfunctions)  it  follows  that 

y)dy. 

i=l  (I 

Remembering  that  the  eigenfunctions  are  normalized,  and  inte¬ 
grating  both  sides  of  the  last  inequality  with  respect  to  x,  we  obtain 

b  b 

j  y)dxdy<oo. 
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It  follows  from  this  estimate  that  the  number  of  eigenfunctions  is 
finite. 

Let  us  prove  that  the  numbers  of  eigenfunctions  of  the  original 
and  companion  equations  (of  course,  for  the  same  eigenvalue)  are 
equal.  Suppose  that  there  are  m  orthonormal  eigenfunctions  (p*  (x) 
of  the  original  equation  and  n  functions  of  the  companion  equation 
denoted  by  if)*  (a:).  Assume  that  m  <Z  n,  and  consider  two  companion 
equations 

b  m 

fp  (x)  =  lo  j  [k  {x,  i/)  —  2  (^)  fpl  (*/)]  (p  {y)  dy,  (1.33) 

a  i=l 

h  m 

^  (^)  =  ^0  j  [k  {y,  a:)—  2  (y)  9;*  (a;)]  ^  (y)  dy.  (1.34) 

a  j=i 

Let  us  prove  that  Eq.  (1.33)  has  no  eigenfunctions.  Multiply  this 
equation  by  any  one  of  the  functions  yp*  (x)  (/  ^  m)  and  integrate 

with  respect  to  x.  By  interchanging  the  order  of  integration  in  the 
double  integral  [keeping  in  mind  the  orthonormality  of  the  functions 
a|)j  (a:)]  we  arrive  at  the  equality 

b 

J  (^)  cp  (a;)  =  (1.35) 

a 

which  is  fulfilled  for  all  j  if  /  ^  m.  Consequently,  every  solution  of 
Eq.  (1.33)  satisfies  Eq.  (1.1)  with  the  zero  right-hand  side,  i.e.,  it 
is  an  eigenfunction.  This  solution  must  therefore  be  represented  as 
a  sum: 

m 

(p  (a;)  =  2  (a;)* 

j=i 

Multiply  both  sides  of  this  equality  by  any  function  cp*  (x)  and  inte¬ 
grate  with  respect  to  x: 

b  in  b 

^  (p  (x)  (pi  (x)  (/x=  2  O'  j  (a:)  (p*  (x)  dx. 

a  j=i  CL 

It  follows  that  Cft  =  0,  and  hence  Eq.  (1.33)  has  no  eigenfunctions. 
Direct  substitution  proves  that  the  functions  'i|)f(  x)  {j  >  m)  are 
the  solutions  of  Eq.  (1.34).  Equations  (1.33)  and  (1.34)  are  companion 
and,  as  proved  above,  their  eigenvalues  must  coincide.  But  Eq.  (1.33) 
does  not  have  as  an  eigenvalue,  whereas  (1.34)  does.  We  thus  come 
to  a  contradiction. 
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We  now  turn  to  a  direct  investigation  of  the  solvability  of  the 
integral  equation  (1.1).  Consider  the  equation 

b  m 

(p(x)  =  Xo  j  [A:(a:,  I/)— 2  'li  W'l ?(</)]  + ^(2:),  (1-36) 

a  j=l 

which,  as  follows  from  the  above  discussion,  is  solvable  with  any 
right-hand  side.  Proceeding  as  before,  i.e.,  multiplying  both  sides 
by  any  function  of?  (x),  and  integrating,  we  arrive  at  the  equality 

h  b 

K  j  (^)  9  (^)  dx  =  J  \|)*  (x)  F  (x)  dx,  (1-37) 

a  a 

If  we  require  the  fulfilment  of  the  conditions 

b 

J  i|:J(x)f  (x)f/x=0,  (1.38) 

a 

Eq.  (1.36)  merely  transforms  into  the  original  equation  (1.1)  (since 
there  are  m  such  equalities),  which  is  thus  solvable.  We  shall  also 
prove  that  conditions  (1.38)  are  necessary  conditions  for  the  solv¬ 
ability  of  the  original  equation  (1.1). To  do  this,  we  multiply  (1.1) 
by  any  function  {x)  and  integrate  with  respect  to  x.  By  interchang¬ 
ing  the  order  of  integration  in  the  double  integral,  we  obtain,  after 
appropriate  cancellation,  the  same  relations  (1.38). 

Thus,  conditions  (1.38)  are  necessary  and  sufficient  conditions 
for  the  existence  of  the  solution  of  an  integral  equation  on  the  eigen¬ 
values.  The  solution  of  such  equations  cannot  be  unique;  it  is  repre¬ 
sented  to  within  a  sum  of  the  form 

m 

S  CftCf  ft  (x). 

ft=l 

In  conclusion  we  shall  prove  inequalities  which  will  be  needed 
in  what  follows.  Let  Xq  be  an  eigenvalue  and  let,  naturally,  con¬ 
ditions  (1.38)  be  fulfilled.  Then  the  following  equalities  hold: 

b 

j  (x)f/x  =  0  i^izl’2  ’”)• 

here’(pft  (x)  are  the  terms  of  series  (1.2). 

Let  us  show  the  validity  of  these  equalities  for  the  function  (pj  (x): 

b  b  b 

f  (pi  (x)  (x)  dx  =  X  ^  j  (y)  K  (x,  y)  ipj*  (x)  dy  dx  = 

a  a  a 

b 

=  J  ^  iy)  ’I’t  (.</)  dy. 
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The  transition  to  the  other  functions  (x)  is  obvious  and  is  made 
by  induction. 

Note  that  Eqs.  (1.29),  (1.30)  and  similar  ones  make  it  possible- 
to  establish  the  relation  between  the  coefficients  (x,  y)  (for 

negative  values  of  the  subscript)  in  the  expansion  of  the  resolvent 
in  the  neighbourhood  of  a  pole  and  the  corresponding  eigenfunctions 
of  the  original  and  companion  equations.  Below  is  the  final  expres¬ 
sion  for  the  irregular  part: 

(j)  gjv  (.7) 

(X-KV 

XqX  I (p,  (x)  \\:o  iy)  -f  (po  (J-)  \|?3  (//)  -f  . .  .  -f  cpr-i  (j-)  (//)]  , 

ia-Xo)2  ^ 

.  ^0  l<P.  {  r)  ipi  (//)+.  .  .  -f-cpr  (x)  ^pr  (u)]  /  i  qov 

where  cp;  (x)  and  4';  (x)  are  the  systems  of  eigenfunctions  related  by 
the  equalities 

b  h 

>■0  j  T;  (^) '( ft  (•i)  =  6jft-  ^0  j  (''■)  tft  {^)  =  fi^ft- 

n  n 

b 

^  (^)  H'ft  (^)  d.r  =0  (A;  ^  7  —  1 ,  ;), 

a 

b 

h  j  (P7  i^)  'l^’ft  (•>-')  dx=  l,  (A:  =  /—  1 ,  /). 

a 

This  expression  shows  in  a  vivid  way  the  meaning  of  the  foregoing 
conditions  (1.38)  for  the  solvability  of  an  integral  equation  on  the 
eigenvalue.  Indeed,  we  refer  to  the  representation  of  the  solution 
by  means  of  resolvent  (1.8).  It  follows  from  the  orthogonality  con¬ 
ditions  that  the  solution  is  an  analytic  function  of  the  parameter  X. 
In  the  case  when  is  the  numerically  smallest  pole  of  the  resolvent, 
the  solution  can  therefore  be  obtained  directly  by  thejmethod  of 
successive  approximations. 

It  was  assumed  above  that  the  kernel  of  the  integral  equation  was 
bounded,  and  hence  by  using  rather  crude  estimates  we  determined 
a  sufficiently  small  value  of  X  for  which  the  representation  of  the 
solution  in  the  form  of  a  series  was  convergent,  and  this  was  a  pre¬ 
requisite  in  the  further  development  of  j  the  whole  theory.  It  appears 
to  be  possible,  however,  to  extend  the  theory  of  the  resolvent  to 
integral  equations  with  less  severe  restrictions  on  the  kernels.  Sup¬ 
pose  that  a  kernel  has  a  weak  singularity.  We  transform  Eq.  (1.1) 
by  replacing  the  function  q)  {y)  on  the  right-hand 'side  by  its  integral 
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representation  following  from  the  equation  itself: 


b 

(p  (.r)  =  F  {x)  +  j 

a 


h 

K-z  {x,  y)f^{y)dy-{-X^  K  {x,  y)  F  {y)  dy. 

(I 


(1.40) 


b 

Since  F  (x)  and  j  K  {x,  y)  F  {y)  dy  are  the  first  terms  in  the  series 

(I 

expansion  of  the  solution  (1.2),  we  conclude  that  the  unknown  func¬ 
tion  (p  (a:)  also  satisfies  the  equation 

b 

(f  (x)  =-  j  {x,  y)  (p  (y)  dy  +  (po  (a:)  =  ^Kp,  (x). 

a 

It  is  not  difficult  to  show  that  the  following  general  formula  for 
any  integer  n  holds  true: 

b 

cp  (x)  =  /”  j  Kn  (x,  y)  (p  {y)  dy  +  Sn  (x),  (1.41) 

a 

Sji  (^)  =  9o  {^)  +  (^)  +  •  •  •  +  (^)‘ 

Let  the  number  n  be  such  that  the  kernel  (x,  y)  is  bounded. 
In  the  region  of  sufficiently  small  X,  we  can  construct  the  resolvent 
of  this  equation,  which  will  be  denoted  by  (x,  y,  It  is  obvious 
that  every  solution  of  Eq.  (1.1)  satisfies  Eq.  (1.41).  We  shall  also 
prove  the  converse,  i.e.,  that  the  solution  of  Eq.  (1.41)  satisfies 
Eq.  (1.1).  Assume 

b 

(o(x)  =  (p(x)  — ^  K{x,  y)(p(y)dy  —  F  (x),  (1-42) 

a 

where  9  (x)  is  the  solution  of  Eq.  (1.41). 

Let  us  show  that  this  function  satisfies  the  homogeneous  integral 
equation  (1.41)  and  hence  is  zero  (since  is  assumed  to  be  different 
from  the  eigenvalue).  We  first  obtain  the  required  representation 
for  the  integral: 

b  h 

^  \  K(X,  y)  s„{y)  dy  =  K  j  K{x,  y)q>o{y)dy  + 

o  a 

h 

+  .  . .  +  A,"  [  ^  (x,  i/)  (p„_i  {y)  dy  -=  (x)  —  cp^o  (x)  = 

a 

b 

=  S„(x)  +  k^  (  K{x,  y)F{y)dy-F{x).  (1.43) 
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Further  we  transform  (1.42)  substituting  equality  (1.41)  in  the 
integral  term  and  using  (1.43).  Below  are  given  the  necessary  trans¬ 
formations: 

b 

<iy{x)  —  k  j  if  {x,  y)  (p  (y)  dy—F  {x)  == 

a 

b  b 

=  cp  (x)  —  f;(x)  —X^K{x,y)  1^"  j  Kn  {y,  t)  cp  (t)  dt  +  (i/)}  dy  = 

a  a 

h 

=  cp(x)  — 5„(x)  — X”  j  Kn  (x,  y)F{y)dy  — 

a 

b  b 

—  j  9  (<)  j  K.n  (y,  t)  K  (x,  y)  dy  dt  = 

a  a 

b  b 

=  A"  J  Kn  {X,  y)  q)  {y)  dy-X^j  Kn  {x,  y)  F  (y)  dy  - 

a  a 

b  b 

— j  *p  (^)  j  (^’  y)  ^  (y^  <^y  = 

a  a 

b  b 

=  r  j  Kn  {X,  y)  {(p  (y)  -  (y)  J  /i:  {y,  t)  (p  {t)  dt]  dy  = 

a  a 

b 

=  j  Kn  (x,  y)  (0  {y)  dy.  (1.44) 

a 

In  the  last  equality  use  has  been  made  of  the  relation  following 
from  (1.10): 

b  b 

j  Kn^  (x,  y)  Kn  {y,  t)dy=  ^  K„,  {y,  t)  Kn  {x,  y)  dy. 

a  a 

Let  us  establish  the  relation  between  the  resolvent  of  Eqs.  (1.1) 
and  (1.41).  Let  r„  (x,  y,  X”)  be  the  resolvent  of  the  iterated  kernel 
Kn  (x,  y): 

Tn  {x,  y,  X^)  =  Kn  {x,  y)-\-XK2n  {x,  y)-\- {x,  y)-\- . . . 

(1.45) 

It  is  clear  that  this  function  is  expressible  in  terms  of  F  (x,  y,  X). 
Of  greater  interest  to  us  is,  on  the  contrary,  the  representation  of  the 
resolvent  F  (x,  y,  A.)  in  terms  of  F„  (x,  y,  ;X"),.Jiye  hjave  the  obvious 
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equality 

h 


j  Ki  {x,  t)Tn  {tj  y,  dt  —  Kn+i  {x^  y)  +  {x^  y)  +  . . .  (1 .46) 

a 

By  rearranging  the  terms  in  formula  (1.12),  we  obtain 

r  (x,  y,  X)  =K  (x,  y)  -f-  XK^  {x^  ^/)  +  •  •  •  +  ^””“^71-1  (^1  V)  4“ 

b 

+  r-ir„  (X,  y,  %”) + X"  J  ^  (X,  t)  r„  {t,  y,  x^)  dt + 

a 

b 

+  . . .  +  J  K„-i  (X,  t)  r„  {t,  y,  /.”)  dt. 


It  follows  from  this  equality  that  in  a  sufficiently  small  neigh¬ 
bourhood  of  X  the  representation  of  the  resolvent  is  a  convergent 
series.  The  meromorphicity  of  the  resolvent  then  implies  its  existence 
everywhere  except  for  the  zeros  of  the  Fredholm  determinant. 

The  foregoing  theory  can  also  be  applied  to  the  case  when  the 
kernels  are  of  the  form 


K  (x,  y)  = 


H(x,  y) 
(x-c)^  ’ 


where  the  function  H  (x,  y)  is  bounded  and  a  <  1.  In  contrast  to 
the  case  studied  above,  it  is  impossible  to  obtain  a  bounded  kernel 
by  a  finite  number  of  iterations. 

Consider  a  sequence  of  function  (x,  y)  obtained  by  the  recur¬ 
rence  formula 

i 

(n  =  l,  2,  ...),  (x,  y)  =  H  (x,  y). 

It  is  not  difficult  to  show  that  |  |  <  where  h  = 

=  M  =  max  I  ^  (x,  y)  |. 

We  define  the  function  F  (x,  y,  X)  hy  the  expression 

r  {x,y,  X)=  V  ■  {H  (X,  y)  -  xm^^  {x,y) (1 .47) 
lx— cr 

The  numerator  on  the  right-hand  side  converges  uniformly  for 
a  sufficiently  small  ^  (|  A,  |  <;  i/Mh).  By  direct  substitution  we  verify 
that  the  function  defined  by  (1.47)  satisfies  Eqs.  (1.12)  and’(1.13) 
and  hence  is  the  resolvent. 


2] 


CAUCHY-TYPE  INTEGRAL 


35 


The  above  results  are  obtained  by  studying  directly  the  integral 
equation.  It  is  sometimes  advisable,  however,  to  draw  on  the  orig¬ 
inal  differential  equations  to  investigate  the  properties  of  the  resol¬ 
vent  (if  the  integral  equation  arose  from  the  solution  of  a  boundary 
value  problem).  For  example,  this  combination  made  it  possible  to 
carry  out  a  comprehensive  analysis  of  the  integral  equations  of 
potential  theory  (see  N.  M.  Gunter  [1]).  In  Secs.  29,  31  it  is  in  this 
way  that  we  study  the  integral  equations  for  the  three-dimensional 
problem  of  the  theory  of  elasticity. 


2.  Cauchy-typc  Integral 


Denote  by  L  a  smooth  closed  contour  in  the  plane  of  the  complex 
variable  z.  The  inner  region  bounded  by  the  contour  L  is  denoted 
by  D+,  and  the  outer  region  by  /)".  Let  /  (t)  be  the  boundary  value 
on  the  contour  L  of  a  function  analytic  inside  or  outside  the  contour. 
We  first  assume  that  the  function  /  (t)  is  continuous.  It  follows  from 
Cauchy’s  integral  theorem  that  in  the  first  case  the  integral 


7. 


(2.1^ 


called  Cauchy's  integral,  for  z  ^  L  is  equal  to  the  above  analytic 
function  when  z  and  vanishes  when  z  ^  D~,  In  the  second  case 
Cauchy’s  integral  is  zero  when  z  ^  and  restores  the  function  when 
z  ^  D-  with  opposite  sign  (if  it  vanishes  at  infinit^^).* 

We  further  reject  the  assumption  that  the  continuous  functidti 
(density  function  of  the  integral)  is  the  boundary  value  (from  the 
inside  or  outside)  of  an  analytic  function.  In  this  case  an  integral 
of  the  form  of  (2.1)  is  called  a  Cauchy-type  integral.  Let  us  show  that 
the  Cauchy-type  integral  represents  functions  analytic  in  the  region 
and  D~  and  denoted  by  (z)  and  O"  (z),  respectively.  The 
functions  thus  constructed  may  be  designated  by  a  single  piecewise 
analytic  function  O  (z). 

We  form  the  difference  ®  (z  +  Az)  —  ®  (z),  the  points  z  -f  Az 
and  z  both  belonging  to  or  D~.  Consider  the  difference 


O  (z  |-Az)  -  (I)(z)  _  C  f  (x) 

Az  .)  (t  — z)2 

L 


n  1 

1  ■) 

fit)  _ 

/(T)  1 

< 

1 

1 

T  — Z  J 

Az 

(T-Z)2  J 

1 

Since  the  kernel  -  is  analytic  in  z  (when  z  ^L),  the  bracketed 

expression  can  be  made  arbitrarily  small  if  Az  is  sufficiently  small. 
By  applying  a  limiting  process,  we  ascertain  the  existence  of  the 


*  The  sense  of  description  is  chosen  counterclockwise  throughout. 
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limit  of  [O  {z  +  Az)  —  O  (z)]/Az,  equal  to  the  derivative  of  the 
function.  From  the  differentiability  of  a  function  of  a  complex  vari¬ 
able  it  follows,  as  is  known,  that  the  function  is  analytic. 

Cauchy-type  integrals  can  be  studied  assuming  the  functions 
/  (t)  to  belong  to  one  class  or  another.  We  shall  restrict  our  study  to 
the  case  when  the  density  functions  of  Cauchy-type  integrals  belong 
to  the  Holder-Lipschitz  class  (the  class  H-L).  Their  modulus  of 
continuity  co  (6)  is  a  power-law  function: 

(0  (6)  =  sup  I  /  (Ta)  — /  (t,)  I  1  Ta  — Tj  i^, 

6=|t2-Ti|  (4>0,  0<>,<1). 

The  choice  of  this  class  of  functions  is  justified  by  the  possibility 
of  constructing  a  comprehensive  mathematical  theory  in  this  case 
and  also  by  the  possibility  of  describing  a  number  of  applied  prob¬ 
lems  of  mathematical  physics. 

It  is  obvious  that  the  sum,  product  and  quotient  (if  the  denomi¬ 
nator  is  not  zero)  of  two  functions  also  belong  to  the  class  H-L 
with  the  smallest  index.  Note  that  differentiable  functions  belong 
to  the  class  H-L  with  the  index  X  =  I, 

The  property  of  a  function  to  belong  to  the  class  H-L  is  a  local 
property.  It  may  be  fulfilled  in  the  neighbourhood  of  one  point 
of  the  contour  and  may  not  be  fulfilled  in  the  neighbourhood  of 
another.  In  the  following  discussion  we  shall  only  consider  functions 
that  belong  to  the  class  H-L  on  the  entire  contour.  The  non-fulfil¬ 
ment  of  this  condition  at  particular  points  will  be  specially  noted. 
The  belonging  of  a  given  [function  cp  (t)  to  the  class  H-L  will  be 
further  designated  as  cp  (t)  ^  JT  (^4 ,  X)  or  (p  (t)  ^  H. 

In  defining  the  Cauchy-type  integral  it  was  assumed  that  the  point 
z  ^  L.  Consider,  now,  the  integral 

(2.2) 

L 


Integral  (2.2)  does  not  exist  in  the  ordinary  sense  (as  an  improper 
integral)  since  the  singularity  of  the  integrand  is  unity. 

Let  us  define  integral  (2.2)  as  follows.  From  the  point  f  as  a  centre 
we  draw  a  circle  of  sufficiently  small  radius  6.  The  value  of  6  is 
chosen  from  the  condition  that  a  circle  of  any  radius  p  <  8  centred 
at  the  point  t  should  have  only  two  points  of  intersection  with  the 
contour  L.  The  points  of  intersection  of  the  circle  of  radius  6  and 
the  curve  L  are  denoted  by  and  the  counterclockwise  sense  of 
description)  and  denotes  the  minor  arc  joining  the  points 
imd  ^2  (Fig-  1)-  th®  integral 


1  f  9  W 
2ni  J  x  —  t 

L-L^ 


dx 


(2.3) 
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the  integrand  is  bounded  and  hence  the  integral  itself  exists  for  all 
values  of  6  (6  =7^  0).  If  a  limiting  process  is  applied  by  allowing  6 
to  tend  to  zero,  the  limit  thus  obtained  is  called  the  singular  value 
of  the  Cauchy-type  integral  or  the  Cauchy  principal  value.  Note  that 
the  difference  between  the  singular  value  of  the  integral  and  the 


Fig.  1.  Positions  of  points  on  the  contour  of 
integration 


improper  value  is  that  in  the  first  case  the  ratio  of  the  arc  lengths, 
(^2,  t)  and  (^1,  t),  is  not  arbitrary,  but  must  tend  to  unity  in  the 
limit. 

Let  us  now  direct  our  attention  to  the  simplest  singular  integral 
[qp  (t)  =  1]: 


J  — ^  6-^0  ,  J  6-0 


By  allowing  6  to  tend  to  zero,  and  taking  into  account  the  smooth¬ 
ness  of  the  contour  L,  we  obtain  the  final  expression  for  the  singular 
integral  in  question: 


1  f  dx  _  1 

2ni  ]  x  —  t  2  ' 
L 


(2.4) 


We  now  turn  to  the  general  case.  The  singular  integral  (2.2)  may 
be  represented  as 


L  L 


q)(T)-(p(t)  I  <p(«)  f  dx 

2jii  ,1  x-t  ~ 

L 

_  t  f  (p(T:)-<P(t)  ,  9(0 

x-t  “  2 

L 


(2.5) 


The  first  integral  is  improper  since  (p{t)^H  {Ay  the  second 
integral  has  been  considered  above. 
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Consider,  now,  the  limiting  values  of  the  functions  (z)  and 
C>~  (z)  as  the  points  z  tend  to  the  points  t  of  the  contour  L  (from  the 
inside  and  outside,  respectively)  and  denote  these  limiting  values 
by  (t).  Let  us  fix  a  point  t  on  the  contour  L  and  consider  the 
integral 

J (2.6) 

L 

Consider  this  function  at  points  z  situated  on  a  line  intersecting 
the  contour  L  at  the  point  L  Let  us  prove  that  there  exist  limiting 


Fig.  2.  Positions  of  points  in  a  plane 
and  on  the  contour  of  integration 

values  (0  anid  (0  and  also  a  direct  value  (^).  We  form  the 
following  difference: 

J  (2-0 

L 

The  contour  L  is  divided  into  parts  L  —  Lq  and  (the  arc 
is  defined  as  before)  and  accordingly  the  integral  is  represented  as 
the  sum  of  two  terms:  /i,  along  the  arc  Z/5,  and  1 2^  along  the 
arc  L  —  Lfi.  For  simplicity,  we  restrict  ourselves  to  the  case  when 
the  points  z  approach  along  a  non-tangential  path.  In  this  case 
the  angle  co  (Fig.  2)  is  always  greater  than  a  certain  angle  coq  >  0, 
and  the  following  inequality  is  obvious: 

1^^  — =^K. 

I  T  — z  ^  smcoo 

From  the  H-L  condition  it  follows  that 

r  =  \x-t\. 

Since  the  contour  L  is  smooth,  there  exists  a  constant  m  greater 
than  1-^1  .  We  apply  the  foregoing  inequalities  to  estimate  the 


2] 


GAUGHY-TYPE  INTEGRAL 


39 


integral  I{: 


|dx|< 


u 

:  KAm  j  r^- 1 1  dr  (  =  2KAm  j  r^-  ^  dr 


2KAmb'^ 

X 


By  assigning  a  sufficiently  small  value  of  6,  we  can  make  the 
integral  less  than  any  preassigned  number  e.  To  estimate  /g, 
we  choose  z  sufficiently  close  to  the  point  t  so  that  |  1 2  |  will  be  less 
than  e,  which  is  possible  because  of  the  continuity  of  the  integrand. 
We  have  the  estimate 


I  /i  I  +  I  /2  I  <  2e, 

from  which  it  follows  that  the  function  (z)  is  continuous. 

Thus,  it  may  be  considered  that  the  following  equalities  are  proved: 

lim  }\)^{z)=  lim  i|?7  (z)  =  (f).  (2.7) 

zeD+  z-^t^zED- 


Hereij)^  (t)  is  the  direct  value  of  integral  (2.6),  i.e.,  the  value  obtained 
by  substituting  z  =  t.  Since  the  integral 


L 


dx  _  / 

\  0, 


2 

z^D-, 


and,  according  to  (2.4),  its  singular  value  is  1/2,  it  follows  from 
equality  (2.7)  that 


(D+  (t)  -  (p  (f)  =  O-  {t)  =  (^)  =  O  (f)  -1  cp  (f).  (2.8) 


By  eliminating  the  auxiliary  continuous  function  (t)  from  these 
equalities,  we  arrive  at  the  Sokhotskii-Plemelj  formulas  playing 
a  very  important  part  in  the  following  discussion: 


L 


or  in  an  alternate  form 

<p(t)=0+(t)-0-(t),  (D(t)=~l(I>Ut)  +  <I>-(t)].  (2.9') 


It  follows  directly  from  the  Sokhotskii-Plemelj  formulas  that 
the  limiting  values  {t)  are  continuous  functions.  It  appears, 
however,  that  these  functions  belong  to  the  class  H-L  with  the  same 
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index  X  if  A,  <  1  or  with  the  index  1  —  e  (e  >  0)  if  A,  =  1.  This 
result  is  called  the  Plemelj-Privalov  theorem. 

Obviously,  it  is  sufficient  to  prove  this  theorem  for  function  (2.6). 
Let  us  estimate  the  difference  for  two  points,  and  a  sufficiently 
small  distance  apart: 


Since  the  contour  L  is  assumed  to  be  smooth,  we  have  the  estimate 
^  ^2)  ^  ^  I  ^2  ■“  It  where  s  (^i,  is  the  length  of  the  minor 

arc  of  the  contour  between  the  points  and  ^2•  Let  us  isolate  an 
arc  Li  on  the  contour  L  by  laying  off,  on  both  sides  of  the  point 
arcs  whose  lengths  are  equal  to  25  ^2)*  We  have  then 

Li  Lt 

,  1  f  <P(*i)  — 9(^2)  ,  1  f  [q)(t)  — <p(«2)](ta-«i) 

2n(  J  x-ti  J  (t-ti)  (T-f^)  “ 

L-Li  L-Li 

“  + -^2  +  A  +  A* 

We  estimate  the  integral 

,, It' !■->-< 

Li  ,  ,  Li  '  2  ' 

I  t2-ti  I 

<^2  j 


The  meaning  of  the  constants  introduced  is  obvious.  The  estimate 
for  the  integral  is  constructed  in  a  similar  way.  We  estimate 
the  integral  Ig: 

I  r  I  ^  I  ^2  1^  I  f 

2H  I  J  • 

L  — Li 

Since  the  last  integral  is  bounded,  we  arrive  at  the  required  estimate: 

I -^3 1  ^-^3 1  ^2  —  ^il^*  ^ 

We  form  a  chain  of  inequalities  for  the  integral 


I'  I  ^2 - ^1  I  j 


r  _ ds 

Jli 

_ ds _ 

^  (^1»  T)*S^  ^  (^2»  *^) 


L  sU„t)  j 
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From  the  method  of  constructing  the  arc  it  follows  that 
s  (^2,  t)/5  (^1,  t)  ^Jl/2;  hence, 


\h\<A 


I  ^2  I  \ 

•/ 

L-Li 


^2  ^  (ii,  t) 


Thus,  if  Ar  <  1,  we  have  the  inequality  |  /4  |  ^  -^4  |  ^2  ““  1^* 
If  A  =  1,  then  |  74  |  ^  I  ^2  —  h  I  ^2  ““  II*  This  ine¬ 
quality  can  he  weakened:*  1  74  |  ^  U2  —  l^“®  >  0)* 

The  Plemelj-Privalov  theorem  follows  from  all  the  estimates^ 
obtained  above. 

Consider,  further,  the  case  when  the  Cauchy-type  integral  is^ 
taken  along  an  unbounded  curve.  By  way  of  example  we  choose  the 
real  axis.  We  require  that  the  density  function  (p(^)f7r(i4.  A) 
at  all  interior  points,  and  that  the  following  condition  should  be 
fulfilled  at  infinity: 

|(p(f)-(p(oo)|<-^  (Jt>0).  (2.11) 


If  q)  (00)  ^  0,  the  question  arises  as  to  the  existence  of  the  Cauchy- 
type  integral 


00 


00 


(2.12) 


since  it  does  not  exist  as  an  improper  integral  because  of  the  un¬ 
boundedness  of  the  limits  of  integration.  We  agree  to  understand  hy 
integral  (2.12)  the  following  limit: 


lim 

N-*oo 


1 

2ni 


N 

f  <P(T^) 

J  T  — Z 


dx. 


Below  is  a  regular  representation  for  integral  (2.12): 

4r  1 


where  the  plus  sign  is  taken  when  Im  2  >  0,  and  the  minus  sign 
when  Im  z  <  0. 

The  foregoing  results  pertaining  to  Cauchy-type  integrals  and 
singular  integrals  for  closed  contours  are  completely  extended  to 
the  case  of  unbounded  contours  subject  to  the  restrictions  specified 
above. 

Let  us  now  examine  the  question  of  interchanging  the  order  of 
integration  in  iterated  integrals;  we  first  consider  the  case  when  one 


♦  To  obtain  an  estimate  in  the  class  of  functions  satisfying  the  H-L  condition. 
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P 


integral  is  ordinary: 

/(z)=  j  (0(t,  z)dT  j  (2.13) 

L  L  ^ 


Let  the  function  cp  (t,  Ti)  ^  H  {A  ^  %)  with  respect  to  each  vari¬ 
able,  and  let  the  function  co  (x,  z)  be  integrable  with  respect  to  x 
for  values  of  z  from  a  certain  set.  Consider  an  integral  (z)  obtained 
from  (2.13)  by  interchanging  the  order  of  integration: 


(2)=  jdx, 


(2.14) 


For  clarity,  we  shall  define  the  position  of  the  points  x  and  Xi 
on  the  arc  by  arc  abscissas  s  and  measured  from  some  fixed  point 


Fig.  3.  Region  of  integration  in  a  double 
integral 


(Fig.  3).  We  cut  out  from  the  region  of  integration  (square  of  side  Z) 
a  strip  whose  mean  line  coincides  with  a  diagonal,  and  the  width 
(in  the  direction  of  either  side  of  the  square)  is  6  (8  is  a  small  quan¬ 
tity).  Denote  the  strip  by 

Represent  each  of  the  integrals,  (2.13)  and  (2.14),  in  the  form 


^  +  A  =  + 

where  Iq  =  /lo*,  because  of  the  possibility  of  interchanging  in  regular 
integrals  the  subscript  6  indicates  that  the  region  of  integration  is 
and  the  subscript  zero  denotes  the  remainder.  We  further  have 


/fi=  J  0)  (x,  z)  dx  J  dXi, 

^  'e(T)  V 

the  meaning  of  the  symbol  li^x)  is  obvious.  Consider  the  second 
integral: 


<P(X,  Xi) 

Xi—X 


dx 


=  J 


<p(t,  Xi)  — q)(T,  T) 


dxi  +  (p(x,  x)  j 


‘6(t) 


'6(t) 


dXi 

Xi  — T  • 


Xi - X 
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Since  the  first  integral  is  improper,  it  can  be  made  arbitrarily  small 
if  6  is  sufficiently  small;  the  second  integral  also  tends  to  zero  because 
of  the  smoothness  of  the  contour.  From  the  integrability  of  the  func¬ 
tion  CO  (t,  z)]it  follows  that  |  /5  |  <  e,  where  e  is  an  arbitrary  small 
number.  A'Jsimilar  estimate  holds  for  the  integral  /jo.  The  modulus 
of  the  difference 

can  be  made  arbitrarily  small,  which  leads  to  the  equality 

/  =  /i.  (2.15) 

We  now  turn  to  the  consideration  of  the  case  when  both  integrals 
are  singular: 

L  L 

It  should  be  noted  that  both  integrals  have  sense.  To  verify  this, 
we  introduce  the  auxiliary  function 


^  ni  }  Ti  — T  ^ 


By  the  Plemelj-Privalov  theorem,*  this  function  belongs  to  the 
class  H-L,  and  hence  its  Cauchy-type  integral  exists.  We  next 
rearrange  the  integrand  in  the  second  integral  in  the  form 


(T-  t)  (Ti-T) 


^  1  r  1 

Ti  — ^  L  T  — 


and  introduce  the  auxiliary  function 


<P(T,  Tj) 


By  means  of  this  function  the  integral  Ii  (t)  is  represented  as  an 
improper  integral. 

Let  us  extend  the  integrals  I  (t)  and  Ii  (t)  to  the  plane  of  the  vari¬ 
able  Tz  (by  *a  change  from  t  to  z).  Denote  these  integrals  by  I  (z) 
and  /j  (z).  It  appears  from  what  has  been  proved  before  that  I  (z)  = 
=  /i  (z).  The  following  equalities  are  then  obvious: 

*  Assuming  (p  to  be  a  function  of  two  arguments. 
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By  applying  the  Sokhotskii-Plemelj  formulas,*  we  obtain 

W+/IW]. 

We  form  the  auxiliary  function 

L  L 

With  its  help  we  obtain 

L 

Let  us  now  determine  the  limiting  values  (t)  and  7“  (t)  noting 
that  the  limiting  value  of  the  density  function  ^  (2,  ti)  is  different 
on  the  different  sides  of  the  contour;  by  adding  them  together,  we 
obtain 

«)]  + 

I  1  f  '!>*(<.  T,)  J_ 

+'2Hr  j 

L 

We  transform  the  right-hand  side  of  this  expression  by  using  the 
Sokhotskii-Plemelj  formulas: 

i)  — 0]  =  <p(^.  t)> 

4ir«,  ^,)+r«.  ^.)i=i!r 

L  L 

f-T,  f  ViX,  T.) 

Jli  J  (T-t){T-Ti) 

L 

We  thus  arrive  at  the  required  formula,  the  Poincar^-Bertrand 
formula, 

I I «  + 

+  J  1  (2-<6> 

L  L 

Let  us  consider  a  special  case  when  the  density  function  cp  is  a 
function  of  only  one  argument  Tj.  It  can  be  shown  that  the  integral 
on  the  right-hand  side  of  formula  (2.16)  vanishes.  Then 


*  Assuming  q)  to  be  a  function  of  two  arguments. 
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We  now  turn  to  the  discussion  of  the  Cauchy-type  integral  for  an 
unclosed  contour.  Let  L  be  a  smooth  unclosed  contour  with  its  ends 
at  points  a  and  b.  We  fix  the  sense  of  description,  say  from  the 
point  a  to  the  point  6,  and  consider  the  integral 


0(z)  = 


L 


(2.17) 


Here  the  function  (p  (t)  belongs  to  the  class  H  {A,  X)  at  all  points 
of  the  contour  L  including  the  ends.  Integral  (2.17)  will  also  be 
termed  Cauchy’s  integral.  This  integral,  in  contrast  to  integral  (2.2), 
is  not  a  piecewise  analytic  but  an  analytic  function  in  the  whole 
plane,  with  the  exception  of  the  contour  L.  By  analogy  with  the 
Cauchy-type  integral  for  a  closed  contour,  in  the  case  under  con¬ 
sideration  we  also  introduce  the  concept  of  a  singular  value  and  the 
concepts  of  the  limiting  values  from  the  left  and  right,  O'*’  (t)  and 
<D“  (^),  in  relation  to  the  sense  of  integration. 

Since  integral  (2.17)  remains  unaltered  if  the  contour  of  integration 
is  complemented  in  some  way  to  form  a  closed  contour  and  if  the 
function  cp  (r)  is  set  equal  to  zero,  it  becomes  evident  that  all  the 
foregoing  results,  which  are  of  a  local  nature,  hold  at  the  interior 
points  of  the  contour  L.  Let  us  study  the  behaviour  of  Cauchy’s 
integrals  in  the  neighbourhood  of  the  ends.  By  transforming  expres¬ 
sion  (2.17),  we  obtain 


<D(z) 


<PW  f  dx  .  1  r  q)(T)  — <p  (f) 

2jii  J  x  —  z  2jci  J  T  —  z 

L  L 


<P  (<)  Jjj  b  —  z 


2ni 


2nl 


j  (2.18) 


The  integral  in  this  equality  exists  as  an  improper  integral  when 
the  points  z  tend  to  the  points  of  the  contour  L  (including  the  ends) 
and  when  the  points  of  the  contour  are  directly  substituted  for  z. 
The  singularity  for  the  function  O  (z)  is  determined  only  by  the 
first  term.  By  setting  z  =  a  and  z  =  b  successively,  we  obtain  the 
following  representations: 

(z  — a)  +  Oi(z), 

(2-19) 

+  **^2  (z)- 


Here  (I)i  (z)  and  Oj  (z)  are  analytic  functions  bounded  in  the  neigh¬ 
bourhood  of  the  corresponding  ends  and  tending  to  definite  limits 
as  the  point  z  tends  to  a  or  b. 

The  result  obtained  immediately  provides  the  answer  to  the  ques¬ 
tion  of  the  behaviour  of  the  Cauchy-type  integral  at  a  point  where 
the  density  function  has  a  discontinuity  of  the  first  kind.  Denote 


46 


ELEMENTS  OF  THE  THEORY  OF  INTEGRAL  EQUATIONS 


[I 


this  point  by  c,  and  the  corresponding  limiting  values  of  the  density 
function  from  the  left  and  right  by  (p  (c  —  0)  and  cp  (c  +  0).  By 
using  the  previous  results,  we  obtain 


(1)  (2)  _^P(£^oyp(c^  In  (2 -  c)  +  cDo  (2).  (2.20) 

Here  Oq  (2)  is  an  analytic  function  bounded  in  the  neighbourhood 
of  the  point  c  and  tending  to  a  definite  limit  as  z  tends  to  the  point  c. 
We  now  turn  to  the  consideration  of  a  more  complex  case  when 
the  density  function  of  the  Cauchy-type  integral  has  a  singularity 
at  one  of  the  ends  of  the  contour  (for  definiteness,  at  the  point  a): 


cp(f) 


<p*  (<) 
(t-a)V 


(p**  (0 

U-ar 


(2.21) 


Here  the  function  9*  {i)  satisfies  the  H-L  condition  everywhere  on 
the  contour  including  the  point  a,  cp**  {t)  is  a  bounded  function 
everywhere,  7  =  a  -f-  ip,  0  ^  a  <  1.  By  the  radical  (t  —  a)"^ 
is  understood  the  boundary  value  from  the  left  of  either  branch 
of  the  function  (z  —  in  the  plane  cut  along  the  contour  L  from 
the  point  a  to  the  point  b  and  further  to  infinity  along  an  arbitrary 
arc  not  intersecting  the  contour  L,  The  limiting  value  from  the  right 
[{z  —  a)“Y]-  is  then  equal  to 

Let  us  show  that  in  the  neighbourhood  of  the  point  a  the  following 
estimate  holds: 

l<l>(z)l<  ,  ^  ,v  (a<V<l)-  (2.22) 

U— 


We  begin  with  the  consideration  of  the  special  case  when  cp  (^)  =  1. 
On  the  basis  of  the  Sokhotskii-Plemelj  formulas,  valid,  as  noted 
above,  at  all  interior  points  of  the  contour  L,  we  state  that 


.D.  (,) -  ®- 4-  j  ■  (2.23) 

We  introduce  the  auxiliary  function 

"’(»)-  ■  (2.24) 

This  function  is  single  valued  in  the  plane  cut  as  indicated  above. 
Either  of  its  branches  satisfies  the  equality 

w*  {t)  —  w- .  (2.25) 

Based  on  the  foregoing,  we  may  write  the  following  relation: 

[(D  (2)  -  w  (2)]+  =  [(D  (2)  -  w  (2)]-,  (2.26) 

which  is  fulfilled  everywhere  on  L  except  at  the  point  a.  At  the  same 
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time,  since  we  have  the  estimate 

|(D(z)-u>(z)|<  (2.27> 

|z— flr 

the  possible  singularity  at  the  point  a  is  removable. 

From  the  above  discussion  it  follows  that 


2/sinTn  + 

=  21SW  (^  -«)■"  +  ‘I’o  it),  (2-28) 

where  Oq  (z)  is  an  analytic  function  bounded  in  the  neighbourhood 
of  the  point  a.  For  the  singular  value,  we  have  the  representa¬ 
tion 

a)(f)=4  (2.29) 


We  now  turn  to  the  consideration  of  the  general  case.  After  simple 
manipulation,  we  obtain  an  expression  for  the  function  O  (z)  in 
the  form  of  a  sum  of  two  integrals: 


(D(z)  = 


1  r  (p*  (t)  dx 
]  (x  — a)Y(x  — z) 


1 


2ni 


q)* 


dx 

(X_fl)Y  (x_z) 


1  r  [cp* 

2jii  2  —  fl)^  (t  —  z) 


(2.30) 


The  first  integral  has  been  investigated  above.  It  can  be  shown  that 

the  second  integral  is  less  in  modulus  than  the  function - (a  — 

I  z  —  a  1°^® 

—  ^  <  ao  <C  a),  where  %  is  the  index  of  the  class  H-L  for  the  func¬ 
tion  cp*  (t). 

We  state  the  final  results  as  follows.  The  Cauchy-type  integral 
with  the  density  function  (2.21)  in  the  neighbourhood  of  the  point  a 
is  representable  in  the  form 


®w=4i-J 

L 


(p*  (t)  dx 

(T  — a)V(T— z) 


(p*  (g) 

2i  sin  yn 


(z  —  a)  ^+a)o(z). 


(2.31) 


If  a  =  0,  the  function  Oq  (z)  is  holomorphic  in  the  neighbourhood 
of  the  point  a  in  the  plane  cut  as  indicated  above  and  tends  to  a 
definite  limit  when  z  tends  to  the  point  a.  In  the  general  case  when 
a  >  0,  we  have  the  estimate 


C 


i^o  (2)1  < 


|z— al°^o 


(a  — >.<ao<a). 


(2.32) 
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3.  Riemann  Boundary  Value  Problem 

Let  L  denote,  as  before,  a  smooth  closed  contour  and  let  G  (t) 
be  a  given  continuous  function  not  vanishing  on  it.  The  index  x 
of  the  function  G  (t)  on  the  contour  L  is  defined  as  the  increment  of  the 
argument  of  the  function  G  (^)  on  passing  once  round  the  contour 
counterclockwise  divided  by  2ji: 

K  =  IndG(f)  =  -^[argG  =  ^  [InG(f)].  (3.1) 

'The  index  may  also  be  represented  in  the  obvious  integral  form: 

>c  =  ^  JdargG(f)  =  4rJ^lnG(0.  (3.1') 

L  L 

Since  the  function  G  (t)  is  continuous,  the  increment  of  its  argu¬ 
ment  must  be  a  multiple  of  2n,  and  in  consequence  the  index  is 
always  an  integer.  It  follows  from  the  above  formulas  that  the  index 
of  the  product  of  two  functions  is  equal  to  the  sum  of  the  indices 
of  the  factors,  and  the  index  of  the  quotient  (provided  the  deno¬ 
minator  is  not  zero)  is  equal  to  the  difference  of  the  indices  of  the 
divident  and  divisor. 

In  the  case  when  the  function  G  (t)  is  differentiable  and  is  the 
boundary  value  from  the  outside  or  inside  of  an  analytic  function, 
it  may  be  stated,  on  the  basis  of  the  equalities 

L  L 

that  the  index  is  numerically  equal  to  the  number  of  zeros  of  the 
function  whose  boundary  value  is  the  function  G  (t).*  In  the  cas  ‘ 
when  the  function  G  (t)  is  the  boundary  value  from  the  inside  of  an 
analytic  function  the  sign  of  the  index  is  positive,  otherwise  it  is 
negative. 

We  introduce  into  consideration  functions  G  (t)  and  g  (t)  [G  (t)  ^  0] 
satisfying  the  H-L  condition  and  given  on  a  closed  smooth  contour  L. 
The  Riemann  problem  consists  in  finding  a  piecewise  analytic  function 
O  (z)  (the  line  of  discontinuity  is  the  contour  L)  satisfying  the 
limiting  relation 

(l>^{t)  =  G{t)0-{t)  +  g{t).  (3.2) 

The  function  G  (t)  is  called  the  coefficient  and  g  (^)  the  free  term 
of  the  Riemann  problem.  The  index  of  the  function  G  {t)  is  called 
the  index  of  the  corresponding  Riemann  problem.  If  g  (t)  =  0,  the 
Riemann  problem  is  said  to  be  homogeneous. 


Since  the  last  integral  is  the  logarithmic  residue  (A.  I.  Markushevich 

[1]). 
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Consider  the  simplest  case  when  G  (t)  =  1.  The  solution  of  the 
Riemann  problem  is  at  once  representable  by  the  Cauchy-type  inte¬ 
gral: 

<3-3) 

L 

theTproof  can  be  obtained  directly  from  the  Sokhotskii-Plemelj  for¬ 
mulas  (2.9). 

We  now  turn  to  the  consideration  of  the  homogeneous  problem 
and  assume  that  it  is  solvable,  i.e.,  there  is  a  solution  O  (z)  that 
is  not  identically  zero.  Denote  by  N'^  the  number  of  zeros  of  the 
function  (z),  and  by  accordingly  the  number  of  zeros  of 
0“  (z).  Let  us  calculate  the  index  for  the  functions  entering  into  the 
limiting  relation 

=  (3.4) 

We  obtain 

-1-  W-  =  X.  (3.5) 

Since  the  left-hand  side  of  (3.5)  is  a  non-negative  number,  this 
equality  at  once  enables  us  to  draw  the  following  conclusions  regard¬ 
ing  the  solvability  of  the  homogeneous  Riemann  problem. 

(1)  For  the  homogeneous  Riemann  problem  to  be  solvable,  the 
index  x  must  be  non-negative. 

(2)  If  X  >  0,  the  functions  (z)  and  cD-  (z)  have  altogether 
X  zeros. 

(3)  If  X  =  0,  In  G  (0  is  a  single-valued  function,  and  the  func¬ 
tions  In  (z)  and  In  0“  (z)  are  analytic  in  /)■*■  and  D”,  respectively. 
By  taking  the  logarithm  of  the  boundary  condition  (3.4)  [choosing 
either  branch  for  the  function  In  G  (^)],  we  arrive  at  the  relation 

In  (D+  (t)  =  In  0-  (t)  +  \nG  (t) .  (3.6) 

We  thus  obtain  a  non-homogeneous  Riemann  problem  for  the 
function  In  O  (z)  with  the  coefficient  Gi  (t)  =  1.  Its  solution  is 
representable  by  means  of  formula  (3.3): 

L 

The  required  solution  is  of  the  form 

(D+(z)  =  C’er+U),  0-(z)  =  (7er-W.  (3.7) 

Thus,  if  we  strictly  follow  the  restrictions  introduced  above  [the 
analyticity  of  the  function  O  (z)  in  the  entire  region  D~  including 
infinity],  we  find,  on  the  basis  of  formulas  (3.7)  [provided  F"  (oo)  = 
=  0],  that  the  solution  of  the  homogeneous  problem  is  always  zero 
since  the  non-trivial  solution  furnished  by  formulas  (3.7)  is  equal 
to  C  at  infinity. 


4-01554 
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The  foregoing  enables  us  to  obtain  the  following  result.  Let  (p  (t) 
be  a  given  function  on  a  closed  contour  belonging  to  the  class  H-L 
and  not  vanishing  on  it  (if  x  =  0).  It  may  be  represented  as  the 
quotient  of  functions  that  are  the  boundary  values  of  analytic 
functions,  respectively,  in  and  D”  (with  the  exception  of  the 
point  at  infinity),  not  vanishing  in  these  regions.  The  indicated 
functions  are  determined  by  formulas  (3.7). 

(4)  If  X  >  0,  we  rewrite  the  boundary  condition  (3.4)  as 

(D+  (t)  =  [r^G  (t)]  (L-  (t)  =  (t)  0)-  {t). 


For  definiteness,  we  assume  that  zero  belongs  to  the  region  Z)'^. 
Since  the  index  of  the  function  Gj  (^)  is  zero,  it  may  be  represented, 
on  the  basis  of  the  foregoing,  in  the  form  of  a  quotient: 


G,{t) 


’ 


L 


In  [X  ''G  (t)] 

T—  Z 


The  boundary  condition  is  therefore  rewritten  as 

0+  (t)  X  O-  (t) 

^T+(t)  ^  gT-{i)  • 


(3.8) 


The  left-hand  side  of  equality  (3.8)  is  the  boundary  value  of  a 
function  analytic  in  D*^,  and  the  right-hand  side  of  a  function  ana¬ 
lytic  in  D”,  with  the  exception  of  the  point  at  infinity  where  it  has 
a  pole  of  order  not  higher  than  x.  Based  on  the  generalized  Liouville 
theorem,  we  conclude  that  the  general  solution  of  the  boundary 
value  problem  (3.8)  is  representable  by  the  following  formulas: 

(!)■*■  (z)  =  (2),  0"(z)==  (2).  (3.9) 

Here  jPx-i  (2)  is  an  arbitrary  polynomial  of  degree  not  higher  than 
X  —  1. 

The  solution  furnished  by  formulas  (3.9)  is  called  the  general 
solution  of  the  homogeneous  Riemann  problem.  If  it  is  assumed  that 
O”  (00)  =7^  0,  the  polynomial  P  (z)  in  (3.9)  must  be  of  degree  x.* 

Thus,  if  X  >  0,  the  homogeneous  Riemann  problem  admits  x 
(or  correspondingly  x  +  1)  linearly  independent  solutions:** 

Oft  (z)  =  (J3-  (2)  =  (3.9') 

We  introduce  the  concept  of  a  canonical  function  of  the  Riemann 
problem.  A  piecewise  analytic  function  X  (z)  representable  in  the 
form 

_  (z)  =  ^r+(z)^  X-  (z)  = 

*  This  assumption  will  be  further  considered  fulfilled. 

**  In  solving  boundary  value  problems  having  a  definite  physical  meaning, 
there  arise  as  a  rule  certain  considerations  permitting  a  unique  determination 
of  the  polynomial  (z). 
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will  be  termed  a  canonical  function  of  the  Riemann  problem.  When 
X  ^  0,  the  canonical  function  is  a  particular  solution  of  the  homo¬ 
geneous  problem  and  the  general  solution  may  be  written  as 

^{z)  =  X{z)  P^{z). 

When  X  <<  0,  the  canonical  function  also  satisfies  the  boundary 
relation  (3.4),  but  it  has  a  pole  of  order  — x  at  infinity. 

The  introduction  of  a  canonical  function  makes  it  possible  to 
extend  the  foregoing  result  (p.  49)  to  functions  of  arbitrary  index. 
It  can  be  shown  that  every  function  belonging  to  the  class  H-L 
and  not  vanishing  on  a  closed  contour  may  he  represented  as 


cp  (t) 


(t) 

X-(t)  • 


(3.10) 


Here  X  (z)  is  the  canonical  function  of  the  Riemann  problem  0+  (^)  = 
=  cp  (t)  (D-  (t). 

We  proceed  to  the  solution  of  the  non-homogeneous  problem.  It 
will  be  recalled  that  the  Riemann  problem  in  this  case  consists  in 
constructing  a  piecewise  analytic  function  cj)  (z)  satisfying  relation 
(3.2). 

Let  X  be  the  index  of  the  function  G  (t)  and  let  X  (z)  be  the  canon*? 
ical  function  of  the  stated  problem  [when  g  (t)  ==  01.  We  then  have 
the  equality 

The  limiting  relation  (3.2)  may  be  represented  as 


0)^  (t)  _  U)-  (t)  g  {t) 

X+(0  X-{t)  X*(t)  * 

Consider  the  auxiliary  Riemann  problem 

whose  solution  is  given  by  the  formula 


(3.12) 

(3.13) 


1  r  di 

2ni  ,1  X+(t)  t  — z  ■ 
/, 


(3.14) 


We  rearrange  the  boundary  condition  (3.12)  taking  into  account 
(3.14): 

^-^-(«)  =  ^-¥-(^).  (3.15) 

The  left-hand  side  of  equality  (3.15)  is  the  boundary  value  of 
a  function  analytic  in  D*,  and  the  right-hand  side  of  a  function 
analytic  in  D~,  with  the  possible  exception  of  the  point  at  infinity. 
In  the  case  when  x  <;  0,  the  quotient  O”  {z)IX~  (z)  vanishes  at 
infinity.  Since  the  function  ¥"  (z)  also  vanishes  at  infinity,  we  con- 
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elude,  on  the  basis  of  Liouville’s  theorem,  that  the  expressions  on 
both  sides  of  equality  (3.15)  are  identically  zero,  from  which  it  fol¬ 
lows  that 

(D  (i)  =  X  (z)  Y  (z).  (3.16) 

If,  however,  x  ^  0,  the  quotient  {z)1X~  (z)  is  the  boundary 
value  of  a  function  analytic  everywhere  in  Z)“  except  at  the  point 
at  infinity,  where  it  has  a  pole  of  order  x.  We  therefore  conclude 
from  the  generalized  Liouville  theorem  that  the  expressions  on  both 
sides  of  equality  (3.15)  are  identically  equal  to  a  certain  polynomial 
of  degree  x.  The  solution  in  this  case  is  of  the  form 

0(z)  =  X(z)[Y(z)  +  P,(z)].  (3.17) 

Solutions  (3.16)  and  (3.17)  may  be  represented  analytically  by 
the  single  expression  (3.17)  implying  that  the  polynomial  is  absent 
when  X  <  0. 

It  is  necessary  to  make  an  additional  analysis  of  the  solution  when 
X  <  0.  The  function  X  (z)  has  a  pole  of  order  — x  at  infinity,  and 
the  function  Y  (z)  has,  in  general,  a  zero  of  order  unity.  Hence,  the 
product  X  (z)  Y  (z)  [equal  to  the  function  O  (z)]  has  a  pole  of  order 
— X  —  1  at  infinity.  Consequently,  the  non-;homogeneous  Riemann 
problem  is  unsolvable  when  x  +  1  <  0.  It  is  solvable  only  when 
the  free  term  satisfies  certain  conditions  ensuring  the  analyticity 
of  the  function  O  (z)  at  the  point  at  infinity.  We  expand  the  function 
Y  (z)  in  a  series: 

(z)  =  E  ^kz-\  =  -  4r  J  dx. 

k=\  L 

It  is  obvious  that  the  function  O  (z)  is  analytic  at  infinity  if  =0 
(/c  =  1,  2,  .  .  .,  —X  —  1). 

By  summing  up  the  foregoing,  we  obtain  the  following  theorem. 
The  non-homogeneous  Riemann  problem  (if  it  is  solvable)  has  a  solu¬ 
tion  representable  by  formula  (3.17).  When  x^  0,  the  Riemann 
problem  is  always  solvable,  and  when  x  <  0  it  is  solvable  only  if 
the  following  conditions  are  fulfilled: 

(  =  0  (A:  =  l,  2,  ....  -X  — 1).  (3.18) 

L 

4.  Singular  Integral  Equations 

A  singular  integral  equation  is  an  integral  equation  of  the  form 
K(()  =  a{t)(p{t)+^  ^  ^^^^^({>xdx=f{t).  (4.1) 

L 

Here  L  is  a  smooth  closed  contour  containing,  for  definiteness,  zero, 
and  the  functions  a  (t),  M  (^,  r),  and  /  (t)  belong  to  the  class  H-L; 
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the  function  M  (t,  t)  belongs  to  this  class  with  respect  to  both  argu¬ 
ments.  We  introduce  the  following  notation: 


b{t)  =  M{t,  t), 


ni  x—t  ^  ' 


It  is  obvious  that  the  function  b  (^)  also  belongs  to  the  class  H-L 
and  we  have  the  estimate 

A 


\k(t,  t)|  <- 


\%  —  t\ 


i-X 


(0<X<1). 


Equation  (4.1)  is  rewritten  as 

iiCcp  =  a(f)cp(f)-f-^  J  J  k{t,  T)(p(T)dT  =  /(f).  (4.1') 


Equation  (4.1')  is  called  the  complete  singular  equation  represented 
in  standard  form.  The  equation  is  said  to  be  homogeneous  if  /  (t)  =  0. 
The  operator 


K\=a(i)(p(o-i  4rr  J 


<P(t) 

T—t 


dx 


L 


is  called  the  characteristic  part  of  the  singular  equation,  and  the 
operator 

fccp  ==  j  (i,  t)  (p  (t)  dx 

L 


is  the  regular  part  of  the  singular  equation. 

In  the  notation  adopted  Eq.  (4.1)  is  written  as 

(4.1-) 

A  companion  {transposed)  or  adjoint  equation  to  Eq.  (4.1)  is  an 
equation  of  the  form 

=  —  \  k(x,  t)}p{x)dT  =  0.  (4.2) 

Til  J  X  t  j 

L  L 


It  should  be  noted  that  the  companion  equation  to  the  charac¬ 
teristic  one  is  not,  in  general,  a  characteristic  equation  since  it 
involves  an  additional  regular  term. 

Let  K  he  R  singular  integral  operator  of  the  form  of  (4.1')  and 
let  K'  be  the  corresponding  companion  operator  (4.2).  By  direct 
substitution  (using,  as  proved  in  Sec.  2,  the  possibility  of  inter¬ 
changing  the  order  of  integration  in  the  case  when  one  of  the  inte¬ 
grals  is  regular)  we  ascertain  that  the  following  equality  is  fulfilled 
identically: 

^  }\)K(pdx=  j  (pK'ypdx. 

L  L 


(4.3) 
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Let  and  be  singular  operators  of  the  form  of  (4.1')  with 
coefficients  in  the  characteristic  part,  respectively,  equal  to  aj  (i), 
fei  (0  and  a2  (t)y  {t).  By  using  the  Poincare-Bertrand  interchange 
formulas  (2.16'),  it  can  be  shown  that  the  composition  of  singular 
operators  K  =  is  also  a  singular  operator  with  the  following 

coefficients  in  the  characteristic  part: 


{t)  =  Oi  {t)  tta  (0  +  (t)  62  {t)^ 
it)  =  ai  {t)  62  (t)  +  ^2  (0  61  b) 


It  follows  from  formulas  (4.4)  that  the  characteristic  part  of  a  com¬ 
position  of  singular  operators  is  independent  of  the  regular  parts  of 
each  of  them  and  is  determined  only  by  their  characteristic  parts. 
It  should  be  noted  that  the  characteristic  part  of  a  composition 
of  singular  operators  is  independent  of  its  order. 

Direct  substitution  proves  the  equality 


{K2K,y-^K[-K',.  (4.5) 


Consider  the  simplest  singular  equation,  viz.  the  characteristic 
equation 


JfOq)  =  a  (f)  (p  («)  + -^  (  =  /(«).  (4.6) 

L 

We  introduce  a  piecewise  analytic  function: 

h 

Substituting  the  expressions  for  q)  (t)  and  <1>  (t),  according  to  (2.9'), 
in  Eq.  (4.6),  we  arrive  at  the  auxiliary  Riemann  problem: 


G{t) 


O-  (0  =  G(0 

a(t)  —  b{t)  r(t\-: 

■  a  (0  +  i>  W  ’  ®  ^  ^  a{t)^b  (t)  • 


(4.7) 


The  index  of  this  problem  will  be  termed  the  index  of  the  integral 
equation  (4.6). 

In  the  following  discussion  we  shall  only  consider  so-called  nor¬ 
mal  equations  assuming  that  the  inequality  a  (t)  ±  b  (t)  ^  0 
holds  everywhere  on  the  contour  L. 
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Oq  the  basis  of  (2.9')  aad  (3.17)  we  obtain  the  solution  of  the  aux¬ 
iliary  Riemann  problem,  fromVhich  we  have  the  required  function: 

6  (t)  Z  (f)  j  ^  j  2  it)  P,.,  (f), 

(4.8) 


<p  {t)  =  a(t)f{t)- 


ni 


Z(-z) 


Z  {t)  =  [a  (t)  +  b  (01  (t)  =  [a  (t)  -  b  (f)I  X-  (t)  =  ■ 

-  a(T)-6(T)  1 


,r(() 


In 


fl  (t)  -J-  6  (t) 


x  —  t 


■dx. 


Thus,  the  answer  to  the  question  of  the  existence  of  the  solution 
for  the  characteristic  singular  integral  equation  and  its  construction 
follow  from  the  corresponding  Riemann  problem. 

We  now  turn  to  the  solution  of  the  companion  equation  to  the 
characteristic  one: 

K°'ySf  =  a  {t)  i);  (f)  —  ^  j  ^ =  0:  (4-9) 

L 


By  using  the  substitution  co  (i)  =  6  (i)  ij)  (^),  we  transform  it  to 
the  characteristic  equation  in  the  auxiliary  function  co  (t): 


L 

by  means  of  the  piecewise  analytic  function 


we  transform  to  the  auxiliary  Riemann  problem.  Its  index  x'  is 
equal  to  the  negative  of  the  index  x  of  the  original  problem  since 
the  coefficient  of  the  Riemann  problem  for  the  function  Q  (z)  is 

Comparison  between  the  solutions  of  the  Riemann 

problem  for  the  original  (characteristic)  and  the  adjoint  equation 
enables  us  to  formulate  some  statements  concerning  their  solvability 
in  the  form  accepted  in  the  theory  of  Fredholm  integral  equations. 

The  homogeneous  singular  characteristic  equation  and  the  com¬ 
panion  equation  are  never  solvable  simultaneously;  either  they  are 
both  iinsolvable  (x  =  0)  or  the  one  for  which  the  index  is  positive 
is  solvable.  The  difference  between  the  numbers  of  their  linearly 
independent  solutions  is  equal  to  |  x  |. 

The  non-homogeneous  characteristic  equation  (4.6)  is  always  solv¬ 
able  whatever  the  right-hand  side  if  x  ^  0.  If  x  <  0,  the  auxiliary 
Riemann  problem  is  solvable  only  when  the  special  conditions 
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(3.18)  are  fulfilled.  It  can  be  shown  that  these  conditions  transform  to 
J  i|),(0/Wd^  =  0  (i  =  l,  2,  -x). 

L 

Here  'll),-  (^)  is  the  complete  system  of  eigenfunctions  of  the  homoge¬ 
neous  companion  equation. 

We  now  direct  our  attention  to  the  question  of  the  regularization 
of  singular  operators.  Let  and  be  singular  operators  of  the 
form  of  (4.1').  If  the  operator  is  such  that  the  composition  K2K1 
is  a  regular  operator  (i.e.  ,it  involves  no  singular  integral),  the  oper¬ 
ator  K2  is  called  the  regularizator  of  the  operator  It  is  obvious 
that  if  the  operator  K2  is  the  regularizator  of  the  operator  then 
the  operator  is  the  regularizator  of  the  operator  Kg*  If  follows 
from  formulas  (4.4)  that  the  characteristic  part  of  the  regularizing 
operator  must  be  of  the  form 

=  a  («)  q)  {t)  — ^  j  d%, 

L 

where  a  (i)  and  b  {t)  are  the  coefficients  in  the  characteristic  part  of 
the  operator  being  regularized.  The  regularizing  operator  will 
be  denoted  by  K. 

Consider  an  equation  of  the  form  of  (4.1"),  Kcp  =  /.  By  applying 
the  operator  K  to  both  sides  of  the  equation,  we  obtain  the  equation 

KKi^  =  Kf,  (4.10) 

which  is  regular.  Thus,  the  function  (p  {t)  satisfies  both  the  singular 
and  the  regular  equation.  The  foregoing  procedure  is  called  left- 
hand  regularization. 

If,  instead  of  the  unknown  function  co  {t)  ,we  introduce  an  auxil¬ 
iary  function  (p  (t)  defined  by  the  relation  (p  (t)  =  Kco  into  Eq. 
(4.1"),  we  also  arrive  at  a  regular  equation,  namely 

KK(d  =  f.  (4.11) 

In  this  case,  instead  of  the  singular  equation  for  the  unknown 
function  we  have  obtained  a  regular  equation  for  the  auxiliary  func¬ 
tion  CO  (t).  By  solving  this  equation,  we  obtain  the  unknown  func¬ 
tion  by  means  of  the  operator  If  (cp  =  Ifco).  This  procedure  is  called 
right-hand  regularization. 

Since  the  theory  of  regular  (Fredholm)  equations  is  thoroughly 
developed  (see  Sec.  1),  the  relation  between  the  solutions  of  Eqs. 
(4.10),  (4.11)  and  the  original  complete  singular  equation  (4.1) 
enables  one  to  construct  the  theory  of  singular  integral  equations 
(Noether’s  theorems). 
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In  the  process  of  passing  from  the  singular  to  the  regular  equation 
(whether  by  left-hand  or  right-hand  regularization)  it  is  possible 
that  certain  solutions  may  be  lost  and  that  functions  may  appear 
which  are  a  solution  of  the  regular  equation,  but  are  not  a  solution 
of  the  singular  equation.  In  other  words,  the  resulting  regular  equa¬ 
tion  may  not  be  equivalent  to  the  original  one. 

We  first  consider  this  question  in  reference  to  left-hand  regulari¬ 
zation.  Equation  (4.10)  may  be  represented  in  the  form 

K{Kip^f)=^0.  (4.12) 

Since  the  operator  K  is  homogeneous,  every  solution  of  Eq.  (4.1) 
satisfies  Eq.  (4.12).  Left-hand  regularization  therefore  involves  no 
loss  of  solutions.  In  the  case  when  the  operator  K*  has  no  eigen¬ 
functions  (x  >>  0),  left-hand  regularization  is  obviously  equivalent. 
The  presence  of  eigenfunctions  of  the  operator  K  makes  possible  the 
appearance  of  additional  solutions,  which  are,  in  general,  solutions 
of  the  equation 

where  coy  are  the  eigenfunctions  and  aj  are  arbitrary  constants. 

In  right-hand  regularization  (in  contrast  to  left-hand  regulariza¬ 
tion)  there  may  be  a  loss  of  solutions  since  the  equation  A^co  = 
=  9o  1^0  (0  is  a  solution  of  Eq.  (4.1)]  is  not  always  solvable. Regu¬ 
larization  is  therefore  equivalent  when  this  equation  is  solvable 
with  any  right-hand  side,  which  happens  when  x  ^  0. 

The  foregoing  results  enable  us  to  prove  the  basic  alternatives  of 
the  theory  of  singular  integral  equations. 

(1)  The  number  of  linearly  independent  solutions  of  a  singular 
equation  is  finite.  The  proof  follow's  from  the  fact  that  no  loss  of 
solutions  occurs  in  left-hand  regularization,  and  the  number^ of  solu¬ 
tions  of  the  resulting  Fredholm  equation  is  finite. 

(2)  A  necessary  and  sufficient  condition  for  the  solvability  of 
Eq.  (4.1)  is  the  fulfilment  of  the  following  equalities: 


=  0  (7  =  1,  2,  (4.13) 

L 

Here  11)^  (t)  is  the  set  of  linearly  independent  solutions  of  the  equa¬ 
tion  A'-iji  =  0. 

The  necessity  of  conditions  (4.13)  follows  immediately  from 
identity  (4.3).  Indeed, 


L 


(t)  (t)  dt  =  {t)  ‘^j{t)dt=  j  cpiiC'ifj-df  =  0  (7  =  1,  2, 


. . n). 


*  In  the  following  discussion  only  the  simplest  (characteristic)  operators,. 
K.  =K^  ,j  are  used  as  regularizing  operators. 
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The  proof  of  sufficiency  is  carried  out  in  different  ways  depending 
on  the  sign  of  the  index.  We  first  consider  the  case  when  x  ^  0.  The 
regularizing  operator  K  has  the  index  — x  ^  0,  and  hence  has  no 
eigenfunctions.  Equation  (4.11)  is  therefore  equivalent  to  the  original 
one,  and  Eqs.  (4.11)  and  (4.1)  are  both  solvable  or  unsolvable. Accord¬ 
ing  to  the  Fredholm  alternative,  Eq.  (4.11)  is  solvable  if  the  follow¬ 
ing  conditions  are  fulfilled: 

\yjKfdt  =  0.  (4.14) 

L 

Here  X/  (0  ^^e  the  solutions  of  the  equation  K'K'x  ==  0,  companion 
to  Eq.  (4.11).  We  transform  Eq.  (4.14): 

XjKf  dt=^fK'xjdt  =  0. 

L 

Let  us  consider  the  equation  K'K'x  =  0  as  an  equation  with  the 
operator  K'  and  the  unknown  function  K' .  The  function  K'x  Is 
then  the  eigenfunction  of  the  operator  /f';  denoting  it  by  \pj  {t),  we 
arrive  at  condition  (4.13). 

When  X  <<  0,  we  apply  right-hand  regularization.  By  substituting 
(P  =  if  CO,  we  arrive  at  a  Fredholm  equation 

KK(i)=f,  (4.15) 

equivalent  to  the  original  equation  (4.1).  The  conditions  for  the 
solvability  of  Eq.  (4.15)  are  of  the  form 

j  dt  =  0, 

L 

where  Xj  (0  is  any  one  of  the  solutions  of  the  equation  K' K'x  =  0, 
companion  to  Eq.  (4.15).  By  considering  it  as  an  equation  with  the 
operator  K'  and  the  unknown  function  K'Xi  and  noting  that  K'  is 
an  operator  with  negative  index  (no  eigenfunctions),  we  arrive  at 
the  equation  K'x  =  0.  Consequently,  Xj  (0  is  the  eigenfunction  of 
the  operator  K',  Denoting  it,  as  before,  by  ypj  (t),  we  arrive  at  the 
required  orthogonality  relation. 

The  difference  between  the  number  of  linearly  independent  solu¬ 
tions  (n)  of  the  singular  equation  K(p  —  0  and  the  number  of  linearly 
independent  solutions  {n')  of  the  companion  equation  K'^p  =  0  is 
equal  to  the  index  of  the  equation: 

n  —  n*  =  X.  (4.16) 

Assume  x  ^  0.  The  regularizing  operator  is  taken  to  be  The 
-Fredholm  equation  =  0  is  then  equivalent  to  the  original  one 

and  so  also  has  n  solutions.  Accordingly,  the  companion  equation 
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=  0  also  has  exactly  n  solutions.  The  resulting  equation  is 
equivalent  to  the  equation 

+  . . .  +  an4n*, 

where  {t)  are  the  eigenfunctions  of  the  operator  K'  and  aj  are 
arbitrary  constants.  Since  x  ^  0,  the  last  equation  is  solvable  with 
any  right-hand  side,  and  its  solution  is  of  the  form 

n'  X 

j=l  j=l 

where  R  is  the  symbolic  form  of  writing  the  solution  of  the  singular 
equation  with  the  appropriate  right-hand  side.  Let  us  prove  that  all 
functions  appearing  on  the  right-hand  side  are  linearly  independent. 
Assume  that  the  relation 

n'  y. 

ajR\pji-  y,  Cj(pj{t)  =  0, 
i=i  }=i 

is  fulfilled  if  only  for  one  aj  =7^  0.  Operating  on  this  equality  with 

n' 

K®,  we  find  that  2  which  is  impossible  because  of  the 

j—i 

linear  independence  of  the  functions  ypj  (t).  The  case  when  all  aj  =  0 
leads  to  a  linear  dependence  of  the  functions  cp/  (i),  which  is  also 
excluded. 

Thus,  the  integral  equation  =  0  has  n  yi  solutions, 

and  hence  n  =  n  k. 

The  consideration  of  the  case  x<<0  is  not  required  since  the  prop¬ 
erty  of  operators  to  be  companion  is  reciprocal,  and  the  companion 
operator  must  be  taken  as  the  original  one  since  its  index  is  x'  = 

=  —X  >  0. 

It  should  be  noted  that  in  constructing  the  theory  of  singular  inte¬ 
gral  equations  much  use  has  been  made  of  specific  properties  of  spe¬ 
cial  singular  operators.  Below  we  shall  consider  the  question  in  gen¬ 
eral  terms  within  the  framework  of  functional  analysis,  and  a  number 
of  new  results  will  be  obtained  in  the  course  of  the  discussion.  The 
advantage  of  this  approach  will  come  to  light  in  studying  two-dimen¬ 
sional  singular  operators  (Secs.  7,  8). 

The  study  will  be  carried  out  in  Banach  space  denoted  by  H  (see 
L.  A.  Lyusternik,  V.  I.  Sobolev  [1]).  We  give  some  definitions.  An 
operator  is  said  to  be  bounded  if  it  transforms  any  bounded  sequence 
into  a  bounded  one.  An  operator  is  called  completely  continuous  if  it 
transforms  any  bounded  sequence  into  a  compact  one  (i.e.,  a  se¬ 
quence  from  which  a  convergent  subsequence  can  be  chosen). 
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It  can  be  shown  (N.  I.  Muskhelishvili  [4])  that  singular  integrals 
are  operators  bounded  in  space  with  the  norm 

II  cp  II  =max  jcp  (f)|  +max  j  , 

U2  — 

where  |li  is  the  index  of  the  class  H-L  for  the  density  function.  Regu¬ 
lar  integrals  are  completely  continuous  operators. 

Within  the  framework  of  functional  analysis  it  is  possible  to  give 
a  general  formulation  of  the  problem  of  regularizing  an  operator 
equation  (when  the  operator  itself  is  bounded) 

Acp  =  /.  (4.17) 

A  bounded  operator  B  is  called  a  regularizator  for  the  operator  A 

if,  by  applying  it  to  both  sides  of  Eq.  (4.17),  we  arrive  at  the  equa¬ 

tion 

BAcp  =  (1+  T)cp  =  Bf,  (4.18) 

where  I  is  the  identity  operator,  T  is  a  completely  continuous  opera¬ 
tor.  The  equation  thus  obtained  is  called  a  Fredholm  equation. 
The  non-trivial  solutions  of  homogeneous  operator  equations  will  be 
further  called  the  zeros  of  the  corresponding  operators.  The  index 
of  an  operator  equation  is  the  difference  in  the  number  of  zeros  of  the 
basic  and  adjoint  equations. 

Below  are  given  some  of  the  results  following  directly  from  the 
above  discussion.  The  number  of  zeros  of  Eq.  (4.17)  admitting  regu¬ 
larization  is  bounded  since  no  loss  of  solutions  may  occur  and  the 
number  of  zeros  of  the  Fredholm  operator  is  finite  (in  accordance 
with  the  terminology  adopted  previously  the  proposed  regulariza¬ 
tion  is  left-hand  regularization).  The  use  of  the  concept  of  an  adjoint 
operator  enables  us  to  obtain  necessary  conditions  for  the  solvability 
of  Eq.  (4.17).  We  have 

(/,  i|)j-)  =  (A(p,  \l);)  =  ((p,  T/)  =  0,  (7  =  1,  2,  ...,n*),  (4.19) 

where  ypj  is  the  complete  set  of  zeros  of  the  adjoint  equation. 

It  is  more  difficult  to  prove  that  conditions  (4.19)  are  also  sufficient 
conditions  for  solvability,  this  being  the  case  when  the  regularizing 
operator  exists.  Denote  by  Hq  the  set  of  zeros  of  the  operator  A. 
We  shall  shov?^  that  this  set  is  a  subspace.  Let  {k  =  I,  2,  .  .  .,  n) 

n 

be  the  elements  of  the  set  Hq.  It  is  obvious  that  6  Hq.  Let 

k=i 

the  elements  (p^  (cp^  6  ^0)  to  cpo.  By  virtue  of  the  boundedness 
of  the  operator  A,  we  have  Acpo  =  lim  Acp^  =  0,  i.e.,  q)o  6  ^o- 
exactly  the  same  way  it  can  be  shown  that  the  set  of  zeros  of  the 
operator  A*  (which  will  be  denoted  by  H*)  is  a  subspace. 

Let  subspaces  Hi  and  H*  be  now  defined  as  the  orthogonal  comple¬ 
ments  of  the  subspaces  Hq  and  JT*,  respectively.  We  now  consider 
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Eq.  (4.17)  only  on  the  elements  of  the  subspace  assuming  the 
right-hand  side  to  belong  to  the  subspace  H\.  Let  us  prove  that  in 
this  case  the  equation  has  a  solution  (i.e.,  that  there  exists  an  inverse 
operator).  First,  we  shall  show  that  Eq.  (4.17)  has  no  more  than  one 
solution  in  Suppose  that  it  has  solutions  cpi  and  92-  The  element 
cpi  —  92  then  belongs  to  but,  on  the  other  hand,  A  (9^  —  92)  = 
=  0,  and  hence  (91  —  92)  6  Since  Hq  and  are  orthogonal,  it 
follows  that  9i  —  92  =  0*  Consequently,  there  exists  an  inverse 
operator  on  some  set  We  first  prove  that  this  set  is  compact  in 
H\  (that  is,  its  closure  coincides  with  ff*).  Otherwise,  there  is  an 
element  co  ^  ^ *  such  that  (/,  o))=  0  if  /  g  H\  Let  9  =  A~^i.  We 
then  arrive  at  the  equality  (^9,  co)  =  0.  This  equality  must  hold 
for  any  9  6  1  (since  /  may  be  an  arbitrary  element  from  the  set 

H').  On  the  other  hand,  this  equality  is  obvious  when  9  ^  Hq. 
Consequently,  we  have  (^9,  co)  =  0  for  any  9  6  Further  (^49, 
=  (9»  ^*co),  and  since  9  may  be  arbitrary  we  obtain  ^*co  =  0, 
which  means  co  ^  Since  co  belongs  to  at  the  same  time,  we 
obtain  co  =  0. 

We  further  prove  that  the  operator  A^^  is  bounded  in  Other¬ 
wise,  there  must  exist  elements  9^  6  ^1  such  that  ||  9^^  ||  =  1  and 
0-  By  applying  the  regularizing  operator,  we  obtain 

B49„  =  9„  +  r9„-)-0. 

We  choose  a  subsequence  9^^  so  that  ^9^^  tends  to  some  limit 
9o.  Then  9^^  ^  9o.  From  the  boundedness  of  the  operator  A  it 
follows  that  Acpo  =  lim  A(pnj^  =  0.  Hence,  90  6  ^o*  On  the  other 
hand,  since  Hi  is  a  closed  subspace,  90  6  which  leads  to  the  equ¬ 
ality  9o  =  0,  and  this  is  impossible  as  we  have  previously  assumed 

II  q>o  II  =  1. 

It  is  now  possible  to  prove  that  the  set  W  coincides  with  H*. 
Let  /  be  an  arbitrary  element  from  AT*.  Since  H'  is  compact,  we  can 
construct  a  sequence  of  elements  fn  converging  to  /.  Let  9^  = 
=  (^9n  =  /)•  From  the  boundedness  of  the  operator  A'~^  it 

follows  that  there  exists  a  limit  of  the  sequence  9^  (9).  Further, 
from  the  boundedness  of  the  operator  A  we  obtain  ^9  =  lim  ^9^  = 
=  lim  =  /.  Then  f  ^  H',  which  completes  the  proof.  The  fore¬ 
going  shows  that  Eq.  (4.17)  is  solvable  when  conditions  (4.19)  are 
fulfilled  if  there  exists  a  bounded  regularizator. 

In  addition  to  the  ordinary  regularization,  there  is  a  so-called 
equivalent  regularization  for  which  Eqs.  (4.17)  and  (4.18)  have  the 
same  solution.  Let  us  show,  for  example,  that  the  equations  ^9  =  / 
and  A*A(p  =  A*f  are  equivalent  if  the  original  equation  is  solvable. 
Assume  the  contrary.  Besides  the  function  90  (A90  =  /),  there  exists 
then  a  function  91  (A*A9i  =  A*f  and  A(pi=  /).  Consider  the  differ- 
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ence  A*A  (cp^  —  (po)  =  0  and  multiply  it  by  cpi  —  cpo-  We  obtain 

(A*A(cp^—(po,  (pi  —  (Po))  =  (A((Pi  —  (i  o),  A  ((p^  —  cpo)). 

Consequently,  A  (cpi  —  (po)  =  0,  Acpi  =  ^cpo^  which  leads  to  con¬ 
tradiction. 

We  next  consider  the  question  of  the  influence  of  the  completely 
continuous  operator  T,  additionally  introduced  into  the  equation, 
on  the  value  of  the  index.  It  will  be  proved  that  the  index  remains 
unchanged,  i.e.,  Ind  {A  +  T)  =  Ind^. 

Note  that  the  operators  A  and  A  +  T  have  the  same  regularizing 
operator,  B.  The  equations  BA(p  =  0  and  A^B'^yp  =  0  have  an  equal 
number  of  zeros,  which  will  be  denoted  by  r.  Denote  further  by 
n,  M*,  m,  and  m*  the  number  of  zeros  of  the  operators  A,  A*,  B, 
and  B*  respectively.  Let  cpj-  (/  =  1,  2,  .  .  .,  n)  and  yj  (/  =  1,  2,  ... 
.  .  .,  m)he  the  zeros  of  the  operators^  and  B.  It  is  obvious  that  the 
equation  BAcp  =  0  is  equivalent  to  the  equation 

m 

^9=  r  (4.20) 

k=i 

where  Cj^  are  arbitrary  constants.  For  the  solvability  of  Eq.  (4.20), 
it  is  necessary,  as  has  been  shown  above,  that  the  following  condi¬ 
tions  should  be  fulfilled: 

m 

r  CkiXk,  (7=1,  2,  (4.21) 

h=i 

Assume  that  the  rank  of  the  matrix  ||  ypj)  ||  is  s.  The  solution 
of  Eq.  (4.20)  then  contains  m  —  s  constants  plus  the  number  of 
zeros  (n)  of  the  operator  A.  We  obtain  r  —  n  -r  m  —  s.  Let  us  now 
calculate  this  number  proceeding  from  the  equation  =  0. 

Consider  the  equation 

n* 

E  (4.22) 

h=\ 

where  7,^  are  constants.  Since  this  operator  has  a  regularizator  fA*), 
the  solvability  requires  the  fulfilment  of  the  conditions 

n* 

S  Tft('l’h.  X7)=0  (7  =  1,  2,  . . .,  m). 

k=i 

The  matrix  ||  Xj)  II  Is  adjoint  to  the  matrix  \\{%ky  '^j)ll» 
hence  it  is  of  the  same  rank  s.  Thus,  we  also  arrive  at  the  equality 
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r  =  —  s.  We  finally  obtain 

n  —  =  m*  —  m  (Ind  A  =  — Ind  B),  (4.23)* 

Since  the  intiodiiction  of  an  additional  completely  continuous  opera¬ 
tor  leaves  the  right-hand  side  of  equality  (4.23)  unaltered,  we  arrive* 
at  the  required  result.* 

Let  us  strengthen  the  result  obtained.  It  will  be  shown  that  a  moro 
general  equality  holds,  namely  Ind  {A  +  C)  =  Ind^,  where  C  is  a 
bounded  operator  whose  norm  is  less  than  ||  B  ||"^  {B  is,  as  before, 
the  regularizator  of  the  operator  A),  We  have  BA  =  /  +  T.  Then 

B{A  +  C)  =  I  +  BC+T  = 

=  (/  +  BC)  [/+  (/  -f  BCy^  T\  =  {I  +  BC)  (/  4-  T,),  (4.24) 

where  T  and  are  appropriate  completely  continuous  operators.  It 
follows  from  (4.24)  that  the  operator  A  ^  C  has  the  regularizator 
(/  +  BCy^B.  Because  of  the  restriction  (||  JB  ||  ||  C  ||  <  1)  the  num¬ 
ber  of  zeros  of  the  latter  coincides  with  that  of  the  operator  B.  It  is 
also  obvious  that  the  operators  B*  and  fi*  (/  +  C*fi*)"^  have  the- 
same  number  of  zeros.  Thus,  we  arrive  at  the  equalities 

-Ind^  =  Ind  B  =  Ind  B  (/  +  BC)-^  =  -Ind  {A  -f-  C). 

Note  that  if  the  condition  ||  C  ||  <  1  is  fulfilled,  the  equation 
(/  -f  C)  q)  =  /  can  be  solved  by  the  method  of  successive  approxi¬ 
mations. 

The  foregoing  shows  that  the  question  of  the  solvability  of  an 
operator  equation  (with  a  bounded  operator)  reduces  to  establish¬ 
ing  the  possibility  of  its  regularization  and  determining  all  zeros 
of  the  companion  equation.  To  construct  the  complete  solution,  how¬ 
ever,  it  is  necessary  to'find  all  zeros  of  the  operator,  and  this  requires, 
in  the  first  place,  the  determination  of  their  number.lt  is  therefore 
important  to  find  the  value  of  the  index  of  the  equation  (since  the 
number  of  zeros  of  the  companion  equation  must  be  known  when 
establishing  the  conditions  for  solvability).  It  is  for  this  purpose 
that  the  possibility  of  equivalent  regularization  is  examined. 

It  may  happen  [it  is  precisely  this  case  that  is  encountered  for 
some  problems  of  the  theory  of  elasticity  (see  Sec.  29)1  that  the 
investigation  of  the  equations  is  completed  just  by  establishing  the 
eigenfunctions  of  the  companion  operator,  which  are  necessary  for 
the  solvability  conditions,  and  the  finding  of  the  eigenfunctions  of 
the  original  equation  is  unnecessary  since  they  have  no  influence  on 
the  solution  of  the  original  boundary  value  problem. 


*  In  the  course  of  the  discussion  we  have  omitted  the  proof  that  the  opera¬ 
tors  A*  and  .4*  •+-  T*  have  a  finite  number  of  zeros. 
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5.  Riemann  Boundary  Value  Problem  in  the  Case 
of  Discontinuous  Coefficients  and  Unclosed  Contours 

In  the  preceding  sections  we  have  considered  boundary  value 
problems  where  the  coefficients  G  (^)  and  g  {t)  are  continuous  func¬ 
tions  and  the  corresponding  contours  L  are  closed.  The  resulting 
solution  (picewise  analytic  function)  is  automatically  continuously 
extendible  to  the  contour.  By  extending  the  formulation  of  boundary 
value  problems  to  unclosed  contours,  and  permitting  discontinuities 
of  the  first  kind  for  the  coefficients  G  (t)  and  g  (t),  we  have  to  intro¬ 
duce,  as  permissible  functions,  those  having  integrable  singularities 
at  the  points  of  discontinuity  in  the  coefficients  and  at  the  ends  of 
the  contours.  The  necessity  of  this  kind  of  limitation  is  associated 
with  considerations  of  both  mathematical  and  physical  (in  appli¬ 
cations)  order.  The  limitation  introduced  ensures  the  uniqueness  of 
solution  and  the  boundedness  of  energy  in  boundary  value  problems 
having  a  definite  physical  meaning. 

A  problem  for  an  unclosed  contour  can  be  reduced  to  that  for  a 
closed  contour  by  a  very  simple  procedure  introducing  appropriate 
discontinuities  at  the  ends  of  arcs.  To  do  this,  the  ends  of  arcs  must 
be  joined  together  by  some  non-intersecting  lines  so  that  the  result¬ 
ing  system  is  a  single  closed  contour.  It  must  be  assumed  that 
G  (t)  =  i  and  ^  (^)  =  0  on  the  auxiliary  lines.  We  thus  arrive  at  a 
problem  for  a  solid  contour  with  discontinuities  in  the  coefficients 
at  given  points.  In  the  following  discussion  the  case  of  unclosed 
contours,  as  a  particular  case  of  the  general  solution,  will  be  the 
subject  of  special  analysis  on  account  of  its  exceptional  importance 
in  applications. 

We  now  turn  to  the  solution  of  the  Riemann  problem  for  one  closed 
contour  when  the  functions  G  (t)  and  g  (t)  have  points  of  discon¬ 
tinuity  of  the  first  kind,  and  the  function  g  (t)  has,  in  addition,  sin¬ 
gularities  of  the  form 

where  a  <  1  and  g*  (t)  belongs  to  the  class  H-L. 

The  solution  of  the  Riemann  problem  may  be  sought  among  func¬ 
tions  belonging  to  different  classes.  Thus,  we  may  seek  solutions 
bounded  at  Jail  points  of  discontinuity  in  the  coefficients  or  we  may 
seek  solutions  that  are  unbounded  but  integrable  at  all  points  of 
discontinuity  in  the  coefficients.  Finally,  we  may  seek  solutions 
bounded  in  the  neighbourhood  of  some  ends  and  unbounded  in  the 
neighbourhood  of  others.  By  an  unbounded  but  integrable  solution 
is  meant  one  with  singularities  of  the  form 


(»<'). 
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At  points  where  the  coefficient  g  (t)  has  a  singularity  of  the  form  of 
(5.1)  the  functions  0=t(^)  have  a  singularity  of  the  same  kind  as 
(2.28). 

Let  us  pass  to  the  Riemann  problem  with  a  continuous  coefficient 
G  (t).  We  first  consider  the  case  when  the  coefficient  G  (t)  undergoes  a 
jump  at  a  single  point  of  the  contour,  We  introduce  two  auxiliary 
functions,  (z  —  where  Zq  ^  D'^,  y  =  a  ^(5  is  some 

complex  number.  The  branch  points  of  the  first  function  are  the 
points  Zq  and  oo,  and  the  branch  points  of  the  second  function  are 
and  oo.  In  the  plane  cut  along  a  line  joining  the  points  Zq  and 
and  extending  to  infinity,  the  above  functions  are  single  valued. 
We  form  a  piecewise  analytic  function  w  (z)  defined  by  the  relations 

C0+ (z)=  (z  — (0~(z)= 

The  single-valuedness  of  these  functions  in  the  corresponding 
regions  is  ensured  by  the  proper  cuts.  These  functions  are  continuous 
everywhere  on  the  contour  L,  with  the  exception  of  the  point 
We  introduce  a  new  function 

from  which 

0)  _  2jriv 
^^^1+0) 

Let  us  investigate  the  behaviour  of  the  function  co  (z)  in  the  neigh¬ 
bourhood  of  the  point  and  introduce  a  local  polar  co-ordinate  sys¬ 
tem  centred  at  this  point: 

(z)  ~  (z —  ^i)"^  =  In  (z-fi)  _  In  r+a0)^ 

z — 


Consequently,  when  a  0,  the  function  co'*’  (z)  has  a  zero  of  order 
a  at  the  point  when  a  <  0,  a  pole  of  order  — a  (the  condition  for 
integrability  leads  to  the  condition  — 1  <  a).  Finally,  when  a  =  0, 
the  function  o)^  (z)  remains  bounded,  but  does  not  tend  to  a  definite 
limit  as  the  point  z  tends  to  the  point  The  function  co"  (z)  has 
similar  properties  in  the  neighbourhood  of  the  point 

We  now  turn  to  the  direct  solution  of  the  homogeneous  Riemann 
problem  (3.4). It  will  be  recalled  that  for  the  present  we  are  consid¬ 
ering  the  case  when  the  function  G  (t)  has  just  one  point  of  discon¬ 
tinuity.  We  now  define  y  as  follows: 


g(^i-O) 

G(ii-rO) 


(5.2) 


We  next  form  the  functions  co'*'  (z)  and  w"  (z)  corresponding  to  the 
given  value  of  y.  Let  us  introduce  a  new  piecewise  analytic  function, 


5  —  015  f)  A 
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Oi  (z),  setting  O  (z)  =  co  (z)  Oj  (z).  The  boundary  condition  (3.4) 
then  becomes 


0)1  {t)  =  G,  {t)  0)1  it),  G,  {t)  =  Q{t)G  (t) .  (5.3) 


The  coefficient  Gi  (t)  of  the  auxiliary  Riemann  problem  is  now  a 
continuous  function  on  the  entire  contour  L,  including  the  point 
Since  the  piecewise  analytic  function  0)i  (z)  is  continuous,  the  singu¬ 
larities  of  the  function  0)  (z)  are  determined  only  by  the  behaviour 
of  the  function  co  (z)  near  the  point  of  discontinuity.  The  latter  is 
governed  by  formula  (5.2)  and  depends  only  on  the  choice  of  the 
branch  of  the  logarithm.  If  only  bounded  solutions  are  permitted^ 
the  inequality  0  ^  Re  y  <  1  must  be  fulfilled.  If  unbounded  solu¬ 
tions  are  allowed,  the  inequality  — 1  ^  Re  y  <  0  must  hold.  In  the 
latter  inequality  the  left  bound  is  associated  with  the  integrability 
condition. 

Of  some  interest  is  the  construction  of  similar  estimates  directly 
for  the  coefficient  G  {t).  Denote  by  0  the  increment  of  either  branch 
of  the  argument  of  G  (t)  on  passing  once  round  the  contour  L.  It  is 
obvious  that  6  is  the  jump  in  the  argument  of  G  (t)  at  the  point  of 
discontinuity;  hence, 


G(h-^0) 


=  pe 


id 


and  so 


1  — 0)  0  _  ..  In  p 

2jii  G(ti  +  0)  ~  2n  2n  ’ 

where  the  integer  x  must  be  chosen  in  accordance  with  the  foregoing 
inequalities,  which  now  take  the  form 


-i<4— «o. 

Thus,  for  the  class  of  bounded  solutions  x  =  l0/2jt],*  and  for  the 
class  of  unbounded  solutions  x  =  [0/2jtl  -f-  1.  If  0/2ji  is  an  integer, 
only  the  first  condition  can  be  fulfilled  because  of  the  restrictions  on 
Re  y.  The  solution,  remaining  bounded  in  the  neighbourhood  of 
the  point  does  not  tend  to  any  limit  as  is  approached.  The  point 
of  discontinuity  in  this  case  is  termed  the  point  of  automatic  bound¬ 
edness  . 

Let  us  now  calculate  the  index  of  the  auxiliary  Riemann  problem, 
i.e.,  the  index  of  the  function  Gi  (t): 

ind  G, «) = 4r  1-  -sr - 

This  quantity  will  be  called  the  index  of  the  original  Riemann 
problem.  Thus,  when  there  is  a  discontinuity  in  the  coefficient 
G  (t),  the  value  of  the  index  depends  on  the  chosen  class  of  solutions. 


♦  The  symbol  [  ]  denotes  the  integral  part  of  a  number. 
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We  now  extend  the  results  obtained  to  the  case  when  the  coef^ 
ficient  G  (t)  has  discontinuities  of  the  first  kind  at  a  set  of  points^ 
ti,  t2,  .  .  tn-  We  can  arbitrarily  assign  a  branch  for  the  function 
In  G  (t)  on  each  of  the  arcs  (without  allowing  the  transition  from  ono 
branch  to  the  other  at  the  interior  points  of  these  arcs).  Similarly 
to  the  foregoing  we  introduce  a  change  0^  in  argument  of  the  function 
G  (t)  at  each  point  We  obtain 


Let  us  now 


G(tk-0) 

G{tk-^0) 

assume 


{k=i,  2, 


n). 


G(tft-O) 

G(<h+0) 


In  pft 
2ji  * 


where  the  numbers  are  determined  as  before,  depending  on  the 
singularity  permitted  at  the  corresponding  point.  We  introduce  a  new 
piecewise  analytic  function 

n 

(D(z)=  11  a)ft(z)(Di(z), 


where  the  subscript  k  on  the  function  co  (z)  indicates  that  this  func¬ 
tion  is  determined  by  the  point  Naturally,  to  each  function 
03  ft  (z)  there  corresponds  its  particular  system  of  cuts  (with  the  same 
choice  of  the  point  Zq). 

For  the  function  (z),  we  obtain  a  boundary  value  problem  with  a 
continuous  coefficient: 

01W=  f] 

k=i 

Similarly  to  the  foregoing  it  can  be  shown  that  the  index  of  the 
auxiliary  Riemann  problem,  which  will  also  be  called  the  index 
of  the  original  problem,  is  determined  as 


X  =  K|  -f-  Kz-f*  •••  “h 

The  construction  of  the  final  solution  presents  no  difficulties. 

We  now  turn  to  the  consideration  of  the  non-homogeneous  Rie¬ 
mann  problem  (3.2).  Suppose,  for  the  present,  that  the  function 
g  (t)  satisfies  the  H-L  condition.  In  conformity  with  the  foregoing, 
we  proceed  to  the  solution  of  an  auxiliary  boundary  value  problem 
with  a  continuous  coefficient: 


ot(f)=  n  it-zo)  n 

h=\  k=\ 

•"'Y 

By  replacing  the  coefficient  fj  {t  —  Zq)  ^G  (t)  by  the  quotient 

k=i 

of  the  canonical  functions  (3.11),  we  arrive  at  a  boundary  condition 


5* 
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in  the  form 


(DfW  orw  ft=i 

xt(t)  xrw  xt(t) 

The  solution  of  this  problem  is  of  the  form  of  (3.17)  and  is  written  as 

^|=¥(2)  +  P«_,(2),  (5.4) 

where  (z)  is  a  polynomial  of  degree  x  —  1  when  x  >  1;  when 
X  <  1,  the  polynomial  is  absent. 

Below  are  the  expressions  for  the  unknown  function: 

0+(z)=  jj  (2-fft)'^'*Xt(2)[¥+(2)  +  ^’x-l(z)], 

ft  =  l 

n  (5.5) 

h=i  ° 

Here  we  have  used  the  notation 

XX  (z)  =  XX  (2)  =  (2  -z„)->‘/'(2), 

InLx— zo)"**  |]  (T— Zo)“'’'‘G(t)  I 

r  (2)  =  ^  t  ^ 

’  2jtl  J  T  — z  ’ 


{T—tk) 


(Z)  ^  _L_  [  _ 

^  ^  2jij  J  X+W('T  — : 


The  necessity  of  the  restriction  Re  <  1  introduced  above 
{without  proper  justification)  follows  from  the  structure  of  the 
expression  for  the  function  T*  (z). 

When  X  <  0,  the  boundary  value  problem  is  solvable  if  conditions 
similar  to  (3.18)  are  fulfilled: 


n  (T— ^^g(T) 


/% 


■T^'“*dT  =  0  (/=1,2,..., — X — 1). 


Suppose  that  the  function  g  (t)  has  the  following  representation  a 
points  t[,  t'r’. 

— css^. 


5]  RIEMANN  BOUNDARY  VALUE  PROBLEM  FOR  UNCLOSED  CONTOURS  69 


Here  yh  =  oc'k  +  (0  ^  <  1)»  the  function  g*  (t)  satisfies  the 

H-L  condition  everywhere  except  at  points  f's  where  it 

has  discontinuities  of  the  first  kind. 

We  first  assume  that  the  points  t'[,  tl  are  different  from 

the  points  of  discontinuity  in  the  coefficient  G  (t).  In  this  case  solu¬ 
tion  (5.4)  remains  valid.  True,  by  virtue  of  formulas  (2.31)  the  func¬ 
tion  (z)  has  a  singularity  of  the  form  (z  —  in  the  neighbour¬ 

hood  of  the  points  tk,  and  a  logarithmic  singularity  in  the  neighbour¬ 
hood  of  the  points  The  coincidence  of  any  one  of  the  points 
with  a  point  of  discontinuity  in  the  coefficient  G  (t)  introduces  no 
change  in  the  behaviour  of  the  function 

I!  (t  — g(T) 

ft=l 

Xt  (T) 


The  coincidence  of  any  one  of  the  points  with  a  point  may 
lead  to  adding  up  of  singularities.  If  <;  1,  the  theory  consid¬ 

ered  is  applicable  only  for  an  unbounded  solution  at  the  point 
(excluding  =  0). 

By  way  of  illustration  we  shall  study  the  Riemann  problem  for  a 
system  of  unclosed  contours  Lj,  L2,  .  .  .,  Z/„  (whose  set  will  be 
further  denoted  by  L)  when  the  coefficient  G  (t)  is  identically  equal 
to  a  certain  constant  c  <  0.  This  case  has  important  applications  in 
the  theory  of  elasticity  (see  Secs.  26  and  27).  The  ends  of  the  arcs 
are  denoted  by  and  {a^  is  the  beginning  of  description,  is 
the  end).  In  conformity  with  the  foregoing, we  construct  a  sufficient¬ 
ly  arbitrary  system  of  arcs  L;'  joining  the  ends  b^  and  (this 
system  of  arcs  will  be  denoted  by  L').  The  set  of  contours  L  and  L' 
forms  a  closed  contour. 

Thus,  we  again  arrive  at  the  Riemann  boundary  value  problem 
(3.2);  the  coefficient  G  (t)  =  c  <  0  on  the  arcs  L/^,  and  G  (t)  =  I  on 
the  arcs  L^.  The  coefficient  g  (t)  is  zero  on  the  arcs  L^.  Let  us  deter¬ 
mine,  at  all  points  and  6^,  the  quotients* 


G  (flfe  — 0) 
G(au  +  0) 


Yft=  —-5 — Xft  +  'P. 


G(bk-0) 
G  (&/i 


ce^ 


Yft  =  -o - Jift  — P  = 


Ip  I  g  I 

2ji 


The  absence  or  presence  of  a  prime  in  the  expressions  for  indi¬ 
cates  that  the  quantity  is  taken,  respectively,  at  the  ends  or 
We  first  seek  a  solution  that  becomes  infinite  at  all  ends;  hence, 
the  integers  and  defined  by  the  preceding  formulas  are  respec- 

*  The  choice  of  values  of  0  introduced  here  is  somewhat  different  from  that 
suggested  previously  (see  p.  66),  which  is  reflected  in  another  choice  of  numbers  x 
(see  F.  D.  Gakhov  [1]). 
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lively  equal  to  x  =  0  and  x'  =  1,  from  which  Vft  =  ~  "2  + 

7ft  =  —y  —  ip.  Thus,  the  index  of  the  Riemann  problem  is  found 

to  be  equal  to  the  number  of  arcs  w,  and  the  final  expression  for  the 
coefficient  of  the  auxiliary  Riemann  problem  is  of  a  very  simple 
form,  namely  Gi  (t)  =  {t  —  Zq)”-  The  canonical  function  is  found 
in  an  elementary  way:  X\  (z)  =  1,  X~  (z)  =  (z  —  Zq)"^. 

Thus,  the  final  solution  following  from  formulas  (5.5)  is  repre¬ 
sented  as 


=  - \  - dT  + 

,  ftlii  ’ 


■Pn-i  (Z), 


11  /(z  — aft)(z— frft) 

A=1 


(5.6) 


where  Pn-i  (z)  is  a  polynomial  of  degree  —  1.  It  should  be  empha¬ 
sized  that  the  radicals  appearing  in  the  integrand  are  not  multiple¬ 
valued  functions  since  the  chosen  system  of  cuts  (zq  —  aft  —  oo, 
^0  &A  —  oo)  introduces  single- valued  ness  into  their  determination. 
In  other  words,  by  the  radical  must  be  understood  either  branch 
of  the  multiple- valued  function  in  the  plane  cut  along  the  arcs  L^- 
We  now  proceed  to  a  solution  bounded  at  all  points  aft,  but  un¬ 
bounded,  as  before,  at  the  ends  b^.  In  this  case  we  have  the  equalities 

Xft  =  — 1  and  Yft  =  -^  +  ^p.  The  index  of  the  Riemann  problem  is 
zero,  and  the  solution  is,  by  (5.5), 


(D(z) 


z  —  bk 
z  — aft  ) 


[]  V(z  —  ak) 

h=i 


n  V(2—bh) 

h=i 


X 


X 


1 


11  V(T-bk)g(T) 

A=1 


dx 

(v— z)‘ 


(5.7) 
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In  the  case  when  the  solution  being  determined  is  bounded  at  all 
ends,  the  index  is  equal  to  — n,  and  the  solution  is  of  the  form 

®  w = n  X 

X  (  - - - - dz.  (5.8) 

k=i 

Expression  (5.8)  satisfies  the  condition  at  infinity  (and  hence  is  the 
solution  of  the  Riemann  problem)  if  the  following  relations  are 
fulfilled: 

j-;; - — - z^~*dT  =  0  (;  =  1,  2.  n  — 1). 

k=i 

(5.9) 

Analysis  of  solutions  (5.6)  to  (5.8)  shows  that,  according  to  the 
restrictions  imposed  at  the  ends  and  6^,  the  corresponding  radi¬ 
cals  must  be  transferred  from  the  numerator  to  the  denominator  and 
vice  versa.  The  index  is  always  equal  to  the  number  of  arcs  minus 
the  number  of  ends  at  which  the  solution  is  bounded. 

It  should  be  noted  that  the  integrals  appearing  in  solutions  (5.6) 
to  (5.8)  are  evaluated  in  closed  form  if  the]  function  g  (t)  is  a  poly¬ 
nomial  (see  N.  I.  Muskhelishvili  [4]). 

6.  Singular  Integral  Equations  in  the  Case 

of  Discontinuous  Coefficients  and  Unclosed  Contours 

Just  as  in  Sec.  4  the  theory  of  singular  integral  equations  is  con¬ 
structed  on  the  basis  of  the  theory  of  the  Riemann  boundary  value 
problem  for  closed  contours,  so  the  corresponding  theory  of  singular 
equations  is  constructed  on  the  basis  of  the  boundary  value  problem 
for  unclosed  contours. 

The  integral  equation  for  the  case  under  consideration  is  identical 
in  appearance  with  Eq.  (4.1)  or  (4.1')  provided  that  the  integration 
is  extended  over  the  whole  set  of  unclosed  contours  Lj  (7  =  1,2,  .  .  . 
.  .  .,  n)  symbolically  denoted,  as  in  Sec.  5,  by  L.  We  thus  consider 
integral  equations  of  the  form 

K(p  =  a{i)(p(t)+-^^-^^dx  +  ^k{t,  x)  (f  (x)  dx  =  f  {t) ,  (6.1) 

L  L 

a{t),  b{t),  k). 

By  the  companion  equation  is  meant,  as  before,  Eq.  (4.2). 
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From  an  analysis  of  the  expressions  for  the  solutions  of  singular 
integral  equations  for  closed  contours  it  may  be  established  that  the 
unknown  function  belongs  to  the  same  class  H-L  as  the  right-hand 
side.  It  is  obvious  that  in  the  case  under  consideration  this  result  no 
longer  holds.  Moreover,  in  constructing  the  solution  it  is  necessary 
to  preassign,  from  some  additional  (possibly  physical)  considera¬ 
tions,  the  order  of  singularity  at  the  end  points  (as  in  considering 
the  boundary  value  problem). 

It  is  convenient  for  further  considerations  to  introduce  a  new  index¬ 
ing  of  the  ends  of  the  contours  L^.  Denote  them  all  by  the  same 
letter  c  with  a  subscript  such  that  the  solution  is  bounded  at  the 
ends  (/c  —  1,  2,  .  .  .,  q)  and  unbounded,  but,  of  course,  inte- 
grable  at  the  remaining  ends  C/,  (/i  ==  g  +  I ,  g  +  2,  .  .  .,  2n),  The 
solution  of  a  singular  integral  equation  will  be  said  to  belong  to  the 
class  fe  (Cj ,  Cg,  .  .  . ,  Cq)  if  it  is  bounded  at  the  points  (A:  =  1 ,  2,  ... 

.  .  .,  q)  and  unbounded  at  the  points (/c  =  g  -f  1,  g  +  2,  .  .  .,  2n). 
By  the  companion  solution  of  the  companion  equation  is  meant  the 
solution  in  the  class  h  (c,y+i,  ^2n)i  called  the  companion 

class.  As  in  the  case  of  closed  contours,  we  require  the  fulfilment  of 
the  condition  (t)  —  (t)  ^  0. 

We  begin  with  the  consideration  of  the  characteristic  equation 

KV  =  a  (t)  c|.  (t)  +  J  =  /  (0.  (6.2) 

L 

By  means  of  the  Cauchy-type  integral 


we  pass  to  the  auxiliary  Riemann  problem 

la{t)  +  b(t)]  (D+  (t)  =  [a  (t)  -  b  (t)]  O-  (t)  +  f{t),  (6.3) 

The  general  solution  of  this  problem  is  written  down  with  the  aid  of 
(5.4),  where  by  X  (t)  is  meant  a  canonical  function  bounded  at  the 
same  points  C2,  ...»  Cq,  or,  in  the  terminology  introduced, 

a  function  of  the  class  h  (c^  ...»  c<^).  The  solution  of  Eq.  (6.1) 

is  then  represented  as 

cp  (t)  =  a  (f)  /  it)  - J  ^^+bit)  Z  it)  it),  (6.4) 

L 

where 

Z  it)  =  la  it)  +  6(0]  X+  it)  =  [a  it)  -  b  (01  X-  (0  = 

=  fl  {t-c,)-^^e^^\ 

ft=l 

r  (0  j  ■"  <1-  M+MOI) 

fe=l 
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The  constants  are  determined  in  accordance’ with  the  nature  of 
singularities  at  the  ends  (p.  06),  the  polynomial  is  of  degree  x  —  1 
since  O  (cx))  is  automatically  zero.  If  the  index  x  5^  0,  the  polynomial 
is  absent.  When  x  <;  0,  the  solution  of  a  problem  of  the  class  in 
question  exists  if  and  only  if  the  following  conditions  are  fulfilled: 

(/=!,  2,  -X).  (6.5) 

L 


Consider  now  an  equation  companion  to  the  characteristic  one: 


^  a  (i)  4'  (t) 


TLi 


.( 


b  (T)  ^  (T) 
T—t 


(6.6) 


By  means  of  the  Cauchy-type  integral 

'  '  Izli  J  T — z 


dx 


we  pass  to  the  boundary  value  problem 

[a  {t)  —  6(01  ^2+  (0  =  [a  (i)  +  b  (01  ^2'  (i)  +  /i  (0- 


(6.7). 


From  the  foregoing  it  follows  immediately  that  the  function 
X'  (z)  =  i/X  (z)  is  the  canonical  function  of  problem  (6.7)  in  the 
companion  class.  Consequently,  the  index  of  the  companion  problem 
in  the  companion  class  is  equal  to  the  negative  of  the  index  of  the 
basic  problem. 

The  general  solution  of  Eq.  (6.6)  in  the  class  h  {cq+i,  .  •  . 

.  .  .,  c^n)  is  written  as 


^{t)=a{t)  /i(0  4 


_J _  r  z  (T)  b  (T)  /,  (T) 

TliZit)  j  T—t 

L 


dT-} 


1 

Z(t) 


(0. 

(6.8) 


When  —X  ^  0,  the  polynomial  is  absent;  when  — x  <  0,  the  solv¬ 
ability  requires  the  fulfilment  of  the  conditions 

(x)  b  (x)  ( i  (x)  x’-^  dx  =  0  (7  =  1,  2,  ...,  x).  (6.9) 

L 

It  follows  from  representation  (6.8)  that  the  solution  of  the  homo¬ 
geneous  companion  equation  is 

(<)  =  *  (7  =  1.  2,  ...,  — x). 

The  conditions  for  the  solvability  of  the  original  equation  (6.1),. 
previously  given  as  (6.5),  may  therefore  be  represented  in  conven¬ 
tional  form: 

j / (t)  =  0  (7  =  1,  2,  ...,  —  x). 


(6.5')' 
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On  comparing  the  results  obtained,  we  arrive  at  the  same  formula¬ 
tion  of  Noether’s  theorems  for  characteristic  singular  equations  on 
unclosed  contours  as  for  closed  contours  (see  Sec.  4).  For  the 
solvability  of  the  integral  equation  (6.3)  in  the  class  h  (ci,  ^2,  .  .  . 
.  .  .,  Cg)  it  is  necessary  and  sufficient  that  conditions  (6.5')  should 
be  fulfilled,  and  for  the  solvability  of  the  companion  equation  (6.4) 
in  the  companion  class  it  is  necessary  that  conditions  (6.9)  should  be 
fulfilled;  these  conditions  may  also  be  represented  as 

j /l  (t  )  cp;  (T)'dT  =  0  (7=1,  2,  x),  (6.9') 

L 

where  q)j  (^)  is  the  solution  of  the  homogeneous  original  equation. 

Note  that  the  index  of  the  equation  is  also  equal  to  the  difference  in 
the  number  of  solutions  of  the  homogeneous  original  (k)  and  com¬ 
panion  (A:')  equations.  Indeed,  A  =  x,  k'  =  0  when  x  ^  0,  and 
k  =  0,  A'  =  — X  when  x  <  0. 

We  now  turn  to  the  complete  singular  equation  (6.1).  Naturally, 
the  method  of  studying  singular  integral  equations  on  closed  con¬ 
tours  described  in  Sec.  4  is  extended  to  the  case  under  investigation 
with  appropriate  complications  due  to  the  presence  of  singularities 
in  the  kernels  and  in  the  solution  being  sought.  We  agree  to  consider 
the  index  of  the  characteristic  part  as  the  index  of  the  complete 
equation  [of  course,  in  the  same  class  h  (c^,  C2,  .  .  .,  Cq)], 

In  the  case  when  x  ^  0  we  perform  left-hand  regularization  by 
means  of  operator  (6.6),  as  a  result  of  which  we  arrive  at  an  integral 
equation 

K'K^  =  /f'/,  (6.10) 

equivalent  to  the  original  one.  It  should  be  noted  that  this  equation 
is  not  strictly  a  Fredholm  one  since  its  kernel  has  singularities  at 
the  ends  of  the  contours.  It  should  be  recalled,  however,  that  in 
Sec.  1  we  have  proved  the  fulfilment  of  the  Fredholm  alternatives 
for  this  case.  The  presence  of  singularities  for  the  unknown  function 
has  beep  considered  (see  Sec. 5)  in  reference  to  boundary  value  prob¬ 
lems.  It  is  essential  that  the  companion  classes  are  introduced  so 
as  to  avoid  adding  up  of  singularities  (which  could  lead  to  the  ap¬ 
pearance  of  non-integrable  singularities). 

In  the  case  of  x  <  0  we  must  perform  right-hand  regularization. 
Note  that  when  two  functions,  q)  (i)  and  tj)  (^),  belong  to  the  compa¬ 
nion  classes,  identity  (4.3)  holds  for  unclosed  contours.  The  proofs 
of  Noether’s  theorems  themselves  reproduce  the  proofs  given  for 
the  case  of  closed  contours  with  due  regard  for  the  specific  structure 
of  operator  (6.6)  and  the  circumstance  that  the  solutions  of  the  ori¬ 
ginal  and  companion  equations  are  considered  in  the  companion 
classes. 
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7.  Two-dimensional  Singular  Integrals 

In  presenting  the  theory  of  Fredholm  integral  equations,  the  case 
of  one  variable  has  been  considered  only  for  shortness  of  writing, 
while  the  same  methods  can  be  used  to  obtain  completely  similar 
results  in  the  case  of  arbitrary  dimension.  The  extension  of  the  fore¬ 
going  theory  of  one-dimensional  singular  integrals  and  integral 
equations  to  the  case  of  a  larger  number  of  dimensions  is,  for  the 
most  part,  impossible.  The  construction  of  the  corresponding  theory 
involves  the  development  of  special  methods.  Note  also  that  the 
case  of  two  dimensions  can  be  studied  by  simpler  means  than  the 
case  of  arbitrary  dimension.  In  the  following  discussion  we  shall 
therefore  restrict  ourselves  to  this  case  bearing  in  mind,  of  course, 
that  the  integral  equations  for  three-dimensional  problems  of  the 
theory  of  elasticity  (see  Chap.  VI)  are  two-dimensional  equations. 
It  should  be  noted,  however,  that  the  theory  of  two-dimensional 
equations  is  in  great  part  extended  to  the  general  case. 

Let  a  function  F  {q)  be  defined  on  a  certain  surface  S  (considered 
to  be  a  plane  to  begin  with,  and  denoted  by  11).  Consider  an  arbitra¬ 
ry  point  ^0  isolate,  on  H,  a  part  11  g  at  a  distance  less  than  a  cer¬ 
tain  8  from  the  point  q^.  Suppose  that  the  function  F  {q)  is  summable 
ill  the  remainder  of  the  plane  for  any  8.  If  the  limit 


lim 

e-^O 


(  F{q)dS^, 

n-He 


exists,  it  is  called  a  singular  integral  and  denoted  by 

J  F{q)dS^. 

n 


We  shall  further  consider  singular  integrals  of  the  form 

jK(qo,  q)u(^)dSg. 
n 


(7.1) 


We  first  assume  that  the  function  u  (q)  satisfies  the  H-L  condition 
and  decreases  at  infinity  as  1/|  g  P  (P  >  0).  Our  study  is  restricted 
to  the  case  when  the  kernel  K  (go»  7)  admits  the  representation 

F(qo,  9)=7r(^/(9o.  0).  (7.2) 

where  r  =  r  (g^,  g)  is  the  distance  between  the  points  go  and  g,  and 
0  is  the  angle  that  a  ray  going  from  the  point  go  to  the  point  g  makes 
with  a  fixed  direction.  The  function  /  (go,  0)  is  called  the  character¬ 
istic  of  a  singular  integral  of  this  kind,  and  the  function  u  (g)  is,  as 
before,  the  density  function. 
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Let  us  establish  conditions  for  the  existence  of  the  singular  inte¬ 
grals  introduced  above.  We  have 

K  (go,  g)  u  {q)dSg=  \  K  (go,  g)  u  (g)  dSg  + 

II  r>l 

+  j  K{qo,  q)[u{q)  —  u{qo)]dSq  +  u{q^)  j  K{qo,q)dSq.  (7.3) 

r<l  r<l 

In  view  of  the  restrictions  introduced  the  first  two  integrals  are  abso¬ 
lutely  convergnt.  To  evaluate  the  third  integral,  we  introduce  a 
local  (in  the  neighbourhood  of  the  point  go)  polar  co-ordinate  system. 
We  then  have 


j  (9o,  9)  =  lim  j  A:(go,  g)d5’g  =  lini  In-^  j/(go, 


r<l 


e<r<l 


where  L  is  a  circle  of  radius  e  centred  at  the  point  Qq,  The  limit  of 
the  right-hand  side  exists  if  and  only  if 


J/(g„,  0)dL  =  O.  (7.4) 

L 

Thus,  (7.4)  is  a  condition  for  the  existence  of  singular  integrals 
of  the  class  considered  here.  In  the  following  discussion  it  will  be 
assumed  that  this  condition  is  always  fulfilled. 

In  view  of  the  foregoing  and  from  (7.3)  we  obtain  the  following 
representation  for  singular  integrals: 

\K{qo,q)u  (q)  dSq=  ^  K  (?o,  q)  u  (q)  dSq  + 

n  r<6 

+  j  ^  (go.  q)  [W  (g)  —  u  (go)]  dSq.  (7.5) 

t<6 

The  possibility  of  replacing  unity  (in  determining  the  region  of 
integration)  by  an  arbitrary  constant  6  is  obvious. 

Suppose  that  for  some  reason  or  other  (see  the  case  of  an  arbitrary 
surface  in  later  parts  of  the  book)  the  shape  of  the  region  being  cut 
out  is  different  from  a  circle.  Let  the  equation  of  the  boundary  of 
this  region  Og  (previously  a  circle)  be  r  =  a  (e,  go,  0).  Suppose  that 
the  following  limit  exists: 

E-*0 


8 


P(9o.  0)>0- 
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We  now  extend  representation  (7.5): 

lim  (  f  lS^^^u(q)dSq 

£-►0  ^  ^  ^  ' 


n-a. 


r>6 


4- lira  (  ^-^^^^[u(q)  —  u(qo)]dSq  — 

£-►0  -  ' 

—  u  (go)  lim  \  /  (9o.  9)  In  ct  (e,  go.  9)  dL . 

£->0 


a<r<6 


From  condition  (7.4)  we  obtain 

J  /  (go,  0)  In  a  (e,  go,  0)  dL  =  J  /  (go,  0)  In  dL. 


Consequently, 


/(go.  0) 
r'^ 


u  (g)  d5g  = 


=  ]J-^^^u{q)dSq-u{qo)^fiqo,  0)lnp(go,  0)  dL. 
n  L 


(7.6) 


Thus,  it  has  been  shown  that  a  singular  integral  can  be  defined  in 
different  ways  [with  an  arbitrary  function  p  {q^,  0)],  but  the  condi¬ 
tion  for  its  existence  is  always  equality  (7.4).  Naturally,  when 
P  =  1,  formulas  (7.5)  and  (7.6)  lead  to  the  same  result. 

Let  us  prove  that  the  singular  integral 

n  (go)  =  j  L:  (go.  q)u{q)dSq 
n 


satisfies  the  H-L  condition  if  the  characteristic  /  (go,  0)  is  continuous¬ 
ly  differentiable  in  the  Cartesian  co-ordinates  of  the  point  go  and 
the  angle  0  (consequently,  we  have  the  estimate  grad  K  (go,  g)  = 
=  0  (r”^)  when  r 0).*  We  proceed  from  representation  (7.5).  The 
first  term  is  a  function  having  continuous  derivatives.  We  shall 
therefore  consider  only  the  second  term,  which,  for  convenience,  is 
denoted  by  co  (go).  Let  the  constant  \  h  \<i  6/2;  then 

«»(?0  +  ^)  — ®  (?o)=  j  K{qo-\-h,q)[u{q)  —  u{qq  +  h)]dSq  — 
\qo+h-q\<b 

—  J  L:(go,  g)[w(g)— u(go)]d.S,= 

_  \qo-q\<6 

*  The  result  thus  formulated  is  known  as  Giraud’s  theorem  (see  S.  G.  Mikh- 
lin  [5]),  which  may  he  regarded  as  a  generalization  of  the  Plemelj-Privalov 
theorem  (Sec.  2).  '  . 
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=  j  K{qo  +  h,  q)[u{q)^u{qQ  +  h)]dSq  — 

\q(i-q\<t-\h\ 

—  J  K{qQ,  q)[u{q)—u{qo)]dSq-\- 

\qo-q\<^-\h\ 

+-  j  K{qo  +  h,  q)[u{q)  —  u{qo  +  h)]dSg  — 

(.\qo+fi-q\<^)n(\qo-q\>^-\h\) 

—  J  K  {qo,  q)lu{q)  —  u{qo)]dSq.  (7.7> 
6-\h\<\qo-q\<^ 

The  integrands  in  the  last  two  terms  are  hounded,  and  the  area  of 
the  surface  of  integration  is  of  order  h.  Each  of  the  first  two  integrals 
is  divided  into  integrals  over  the  area  of  a  circle  |  go  —  ^  I  <  2  |  fe  [ 
and  a  ring  2|fe|<lgo  —  g|<6  —  \  h  \,  Taking  into  account 
the  inequalities 

|ii(g)— u(g'o)||^(5'o.  q)l<Cr^-^, 

lu(q)  —  u(qo  +  h)llK(qo  +  h,  g)|<C'rf-2  (ri=  |go  +  ^  — g|), 
we  obtain  the  estimates 

I  J  K(qo,  q)lu(q)-u(qo)]dSgl<C  J  =  |“  (7.8> 

|r<2|/i|  r<2\h\ 

I  j  ;fi:(go  +  A,  g)  [u(g)  — u(go  +  /j)]d-Sg|< 

l<2\h\ 

<C  J  rf-2dSq<C  J  r'^-^dSg  =  C^\h\<^. 

r<2\h\  ri<3|/il 

To  evaluate  the  surface  integrals,  we  use  the  identity  transfer- 
mation 

lu{q)  —  u{qo  +  h)]K{qo  +  h,  q)  —  [uiq)  —  u{qo)]K{qo,  g)  = 

=  [“(?) — *^(go+^)]  (go  +  ^i  g)  —  ^  (9o>  ?)] 

—  [u{qo  +  h)  —  u{q)\K{qo,  q). 

By  condition  (7. 3), the  integral  of  the  second  term  vanishes.  From 
the  conditions  of  the  theorem  we  have  the  estimate 

\K{qo  +  h,  y)-K{qo,  y)\<J^^^ 

where  g'  is  a  point  situated  between  q^  and  q^  +  h.  Since  |  g'  — 
—  g  I  >  r  —  I  I  and  r'^2h  in  the  region  of  integration,  it  follows 
that  I  g'  —  g  I  >  r/2;  since  the  function  u  (g)  satisfies  the  H-L  con- 
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dition  with  index  a,  we  have 

\u(q)  —  u{q  +  h)\\K  (qo  +  h,  q)  —  K(qo,  g)|< 

^  <7«|fe||go  +  ;t-gr  ^  C4l^0('-+|/t|)“ 

Taking  into  account  these  inequalities  and  Holder’s  inequalitjr 
(^  +  I  +  \h  (see  S.  L.  Soholev  [2]),  we  finally  obtain 

\u{q)-u{q  +  h)\\K{qo^h,  q)-K{qo,  q)\<C,^  +  C,-^^^. 

By  using  the  preceding  inequality,  we  arrive  at  the  required  estimate 
for  the  integral  over  the  area  of  the  ring: 

j  [-^^(90  +  ^.  q)  —  K{qo,  q)][u{q)  —  u{qo-\-h)]dSq<: 

21/il<l9o-gK6-|/^l 

6-\h\  6-l/i| 

<C,\h\  j  -^  +  Ce|Ari  J 

2\h\  ^  2\h\ 

Giraud’s  theorem  may  thus  be  considered  proved. 

Let  us  discuss  one  auxiliary  question.  Under  certain  conditions 
(see  S.  L.  Sobolev  [3])  the  derivative  of  an  improper  integral  with 
respect  to  a  parameter  is  represented  as  the  integral  of  the  derivative 
of  the  kernel.  Below  is  given  a  special  case  when  the  resulting  inte¬ 
gral  is  singular. 

Consider  the  improper  integral 

v{qo)-  \-^^uiq)dSg. 
n 

Assume  that  the  function  u  (q)  satisfies  the  conditions  stated  above,, 
and  the  function  /  (g^,  0)  has  derivatives  with  respect  to  the  Cartesian 
co-ordinates  of  the  point  Qq  and  the  angle  0  satisfying  the  H-L  condi¬ 
tion.  We  have 

r>e 

{x\,  x\  and  x-^,  X2  are  the  Cartesian  co-ordinates  of  the  points  and 
q,  respectively).  We  have  the  identity 
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Both  integrals  on  the  right  converge  uniformly  to  their  limits  as 
e  0.  We  can  therefore  interchange  the  order  of  differentiation 
^nd  limiting  process  in  (7.9).  We  obtain  the  required  equality 


n 


—  u{qo)  j  (cos(r,  =  (7.10) 


As  in  the  theory  of  one-dimensional  singular  equations,  the  ques¬ 
tion  of  the  composition  of  two  singular  integrals  plays  an  impor¬ 
tant  part  in  the  theory  of  two-dimensional  (and,  in  general,  multi¬ 
dimensional)  equations.  Naturally,  it  must  be  preceded  by  the 
consideration  of  the  composition  of  a  singular  and  a  regular  inte¬ 
gral. 

Let  V  (q)  be,  as  before,  a  singular  integral: 

H 


and  let  w  (q)  be  a  regular  integral: 


w 


(gpi  g) 

rY 


u{q)  dSq, 


where  /i  (go?  q)  is  a  bounded  function,  7  <  2. 
We  proceed  to  the  iterated  integral 


w 


f(Qo^  Q) 
(9o?  z) 


f  (Q.  0) 

(9?  Qt) 


u{qi)dSg^. 


(7.11) 


Let  r  (go,  g)  be  denoted  by  r,  and  r  (g,  g^)  by  r^. 

We  prove  that  the  order  of  integration  in  expression  (7.11)  can 
be  interchanged,  as  a  result  of  which  we  arrive  at  a  regular  represen¬ 
tation  of  the  function  w  (g)  with  the  use  of  u  (g): 


w{qo)^=\^^^^dS^  lim  (  L^u{q,)dS,,= 

^  e->0  M 

n  ri>e 

(  l^u(g,)dS,.= 

”  ri>e 

=  limf,,/^\^7c  C  L  (9o»  q)  f  {Qi  j  c 


—  lim 

8- 


ri>e 


The  above  transformations  have  been  possible  because  the  singular 
integral  on  the  left-hand  side  of  the  equalities  tends  uniformly  to 
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its  limit.  Consider  the  inner  integral: 
(?(7o,  9i)  =  lim  (  A  (go.  ?)/(?.  9). 

e-*0  •J  rVf 


ri>e 


^  f  /t  (Qo.  q)  f  (g>  Q)--/i  (gpi  gi)  /  (Qu  Q) 

J  r^rl 

+  /i  (7o)  9i)  lina  f  (7.12) 

''l 


8-^0  r*r 

ri>8 


Note  that  the  first  integral  is  regular.  Let  us  represent  the  last  inte¬ 
gral  as  an  iterated  integral  in  polar  co-ordinates: 


J  f{qi,Q)dL 


We  make  a  change  of  variables  in  the  inner  integral,  namely  = 
=  where  rg  is  the  distance  from  go  to  Lot  the  angle  ggo^i  b® 


Fig.4.  Schematic  arrangement  of  points 
in  a  plane 


dri 

Tv 


i _  c  _ _ 

^2  J  ^  (1  +  t^—2t  cos 

e/7-2 


—  [lo-“  +S(r2,  \|))J  +  0(8), 


where  B  (ra,  ij))  is  a  bounded  function.  Consequently,  the  function 
Q  (^o»  ^?i)  has  a  singularity  of  order  r“Y,  which  was  to  be  proved. 

A  similar  result  is  obtained  when  the  composition  is  performed  in 
reverse  order. 

Consider  now  two  singular  integrals  (see  the  notation  in  Fig.  4): 


V  (go)  =  [  Ki  {go,  7i)  «  (?i)  dSq^, 


n 


w  (go)  =  J  ^2  (?o,  ^i)  V  (gi)  dSg^. 
n 


(7.13) 
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We  shall  first  study  a  special  case.  Let  q)  = 

^2  {Qo^  Q)  =  cosil^/r^  and  let  n  be  an  integer.  Formula  (7.10)  allows 
the  second  integral  of  (7.13)  to  be  rewritten  as 

W  (?o)  =  j  (?i)  dSq^  = - -  J  dSg^  (i  =  1  or  2). 

n  n 

Then 

{%)  - - ^  dSq,  lim  f  u  (92)  dSg^. 

dxi  J  ^  e-*0  •'  r( 

n  ri>e  ^ 

As  before, we  interchange  the  operations  of  integration  and  limit¬ 
ing  processrj 

d  f/XTO  r  7  0 


w  (qo)  = 


^  lim  f  w  (92)  f  !!!^< 
i  .Ao  '•'•1 


The  inner  integral  transforms  into 

jt 

C  f  ^rli''2ili  I/4  ecos(0— (jo)  , 

]  J  «'"n-;7‘"++7r‘"T-(‘ - k— 

ri>e  ^  —n 

+  /  l-2-icos(e-»)+i)  In  I  sin  I  }  rfe. 

Substituting  this  expression  in  the  formula  for  w  (qq)^  and  taking 
into  account  that  e  0,  we  arrive  at  the  formula 

Jt' 

w{qo)  =  2-^„  (  ^dSq,  I  eineinlsin^  dQ.  (7.14) 

dxi  J  ^2  J  I  ^ 

n  -Jt 

The  inner  integral  in  (7.14)  is  taken  explicitly: 


j  girie  In  sin 


the  upper  sign  corresponds  to  >  0,  and  the  lower  to  w  <  0.  We 
obtain 

a  9tt  r 

)  ^(7i)  —  (7.15) 

dxi  ^  J  r 

n 

By  performing  the  differentiation  [according  to  (7.10)1,  we  arrive  at 
the  solution  of  the  problem  of  composition  of  the  singular  integrals 
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under  consideration: 


^  (^o)  =  I 


±:  2n  \  u  {q^)  f _ (cos  \|;  +  sin  dzi), 

J  nr- 

n 

2n  j  u(9,)^dS„-2n^u(^o)  («  =  1),  (7.16) 


2n  J  u(q^)  — —  dSq^  —  2n^u  (qg)  (n=  —1). 

For  the  kernels  {q^,  q)  and  K'^  {q^,  q)  =  i  sin  a  similar 
discussion  leads  to  the  formulas 

±2n  \u  (gi)  (i  sin  \|?  +  ^  cos  \p)  dSg^  zb  1), 

n 

2n  ^  u{qi) —dSg^-\-2n^u{qo)  («  =  1),  (7.17) 

n 

—  2ji  j  w(^i)— pj— ci5g,  — 2n2u(go)  (n=  _1). 


w{qo)=  { 


n 


We  introduce  a  symbol  for  a  special  singular  operator: 

1  (• 


1  (• 

^71^  “  2jr  j  ~~r^  ^{Ql)dSq^, 
n 


the  subscript  1  will  be  further  omitted.  With  the  notation  intro¬ 
duced,  formulas  (7.16)  and  (7.17)may  be  represented  (by  adding  and 
subtracting)  in  equivalent  form: 

hhnU  =  ±  hn+i  u, 

h-ihnU  =  ±^^-^h„_tU  {n^±i),  (7.18) 

h_iku=  — u,  hh_iU=  — u. 

From  the  above  formulas  it  follows  that 

h_^u  =  h~^,  /?2=  -^h^u. 

By  induction,  it  is  easy  to  establish  the  general  law: 

hj^u=-^h^u,  h_j^u=  ^  ^  (^>0).  (7.19) 

It  is  convenient  to  introduce  a  new  simple  operator  by  defining  it 
as  h=  yfe.  All  preceding  formulas  are  then  transformed  in  an  obvious 
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way.  We  give  some  of  them  needed  in  what  follows: 

hnU=  h^j^u=^h'"^u  (^>0).  (7.20) 

The  advisability  of  the  above  change  will  become  evident  later  when 
the  concept  of  the  symbol  of  an  operator  is  introduced.  The  sign 
tilde  will  be  further  omitted. 

Consider  now  a  singular  operator: 

Au  =  ao  (qo)  u  {qq)  +  \  K  {go,  q)  u  (g) 

i  (7.21) 

K  {qo,  q)  =  f  {qo,  0)/^'^ 

Assume  that  the  coefficient  ao  (g)  is  bounded  and  belongs  to  the 
class  H-L.  We  expand  the  characteristic  /  (go,  9)  in  a  Fourier  series:* 


/  (9o,  9)  =  2  (?o) 


(7.22) 


Suppose  that  the  characteristic  satisfies  the  condition 


J  \P{qo,Q)dQ\<C. 


(7.23) 


From  Fourier’s  theory  (see,  for  example,  D.  Jackson  [1])  it  follows 
that  this  series  converges  in  the  mean. 

The  foregoing  enables  us  to  represent  the  singular  term  in  (7.21) 
as  a  series: 


fln  (q)  = 


2'  a„{q)h-u,  (7.24) 

n  n=-oo 


If  the  term  outside  the  integral  is  incorporated  in  this  series,  we 
obtain  a  representation  for  the  operator  A  in  symbolic  form: 


Au=  2  Onh'^U. 


(7.25) 


Let  two  singular  operators,  Ai  and  A2,  be  given,  which  are  written 
down  as  series  in  the  above  form: 

00  00 

2  0'nh''U,  A2U=  2 

n=— 00  n=— 00 

•  The  absence  of  a  zero  term  is  due  to  (7.4). 
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We  return  to  the  question  of  the  composition  of  two  such  operators.* 
Assume  that  Q  (g)  is  a  hounded  function  belonging  to  the  class  H-L. 
It  can  be  proved  that 

(Qu)  =  QK^u  +  Tu,  (7.26) 

where  the  operator  T  is  regular.  From  the  structure  of  series  (7.25) 
(noting  the  possibility,  as  proved  above,  of  interchanging  regular 
and  singular  operators)  we  have  the  required  formula  for  the  com¬ 
position  of  the  operators  Ai  and 

I 

where  T  is  a  regular  operator.  Note  that  the  presence  of  regular  terms 
in  the  operators  Ai  and  A 2  entails  only  an  appropriate  modification 
of  the  operator  T. 

We  introduce  the  concept  of  the  symbol**  of  the  singular  operator 
A  (7.21).  The  symbol  is  a  complex-valued  function  O  (go»  ^)  defined 
by  the  series 


AzAiU=  2 


2  (9)  «n  (g)  [  +  Tu,  (7.27) 


^(qo,^)=  2  ®n(9o)e*”^  (  — Jt<X<n).  (7.28) 

n=— oo 


The  concept  of  a  symbol  can  be  extended  to  operators  of  a  more  gen¬ 
eral  form,  namely  A' =  A-\-  T  (T  is  a  completely  continuous  oper¬ 
ator).  The  symbol  of  the  operator  A'  is  defined  as  the  symbol  of 
the  operator  A.  Obviously,  if  such  a  definition  is  adopted,  the  symbol 
of  a  singular  operator  is  independent  of  regular  terms,  and  in  the 
following  discussion,  for  convenience  in  giving  formulations,  they 
will  be  ascribed  a  symbol  equal  to  zero.  Thus,  to  the  sum  of  singular 
operators  corresponds  the  sum  of  the  symbols.  It  can  easily  be 
verified  that  to  their  composition  corresponds  the  product  of  the 
symbols. 

Note  that  the  Fourier  coefficients  of  the  characteristic  are  iden¬ 
tical  in  modulus  with  the  Fourier  coefficients  of  the  derivative 
dO/d'k,  and  in  consequence  we  have  the  identity 


jt 


J  If  (9o,  e)|de=  J 


d% 


(7.29) 


*  This  problem  has  been  previously  considered  only  for  the  simplest 
operators. 

♦*  This  concept  has  been  introduced  by  S.  G.  Mikhlin. 
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from  which,  with  restriction  (7.23),  it  follows  that 

I  If 

-JX 

Formula  (7.28)  enables  us  to  determine  the  symbol  of  a  singular 
operator  from  the  characteristic  of  a  singular  integral  using  its 
Fourier  series  expansion.  It  was  found  possible,  however,  to  sum 
this  series,  with  the  result  that  an  explicit  relation  was  established 
between  these  functions: 

ji 

»(9,  W  =  i  J  + 

k-Jl 

Pi 

We  turn  to  the  simplest  operator  h.  Its  symbol  is  Adjoint  to  h 
is  the  operator  h*  =  Indeed,  to  construct  an  adjoint  operator, 
it  is  sufficient  to  transpose  the  points  and  q  in  the  kernel  and  replace 
it  by  its  complex  conjugate.  Consequently,  in  the  case  under  con¬ 
sideration  the  symbols  of  the  original  and  adjoint  operators  are  com¬ 
plex  conjugate  functions.  Representation  (7.25)  makes  it  possible  to 
extend  this  conclusion  to  the  general  case. 

The  discussion  up  to  now  has  been  restricted  to  the  H-L  space. 
Let  us  show  that  it  is  possible  to  pass  to  a  space  of  square-summable 
functions  (Lg).  We  calculate  the  norms  of  hu  and  h~^u  in  this  space.* 
Consider  the  integral 

I  =  \v{q)v{q)dSq,  v  {q)=--hu  =  ^  ^  ^-^^u{q)  dSq.  (7.31) 
H  n 


We  interchange  the  order  of  integration  and  at  the  same  time 
change  the  notation  on  the  right-hand  side  of  (7.31): 


Since 


we  have 


^  =  2F  dSq,. 

fi  n 

1  C  - — 

2^  J  v(qi)-i:^  dSq=hv, 


-illJOl 


\  u{qi)—i^dSq^^—h^u 


n 


u,  as  before,  belongs  to  the  class  H-L. 
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Hence, 

i  C  -  - 

)  V  (?i)  dSg,  =  —u  (go). 

n 

From  this  we  obtain 


We  now  extend  singular  operators  to  the  space  Let  the  function 
a  (g)  be  square  summable.  It  is  then  possible  to  choose  a  sequence  of 
functions  (g)  of  the  class  H-L  with  the  convergence  in  the  mean: 

lim  u„  (gf)  =  u(gf). 

n-+-oo 

Assume,  now, 

hu=  \im  h~^u=  \\m  h~^Uj^ 

n-*-oo  n->oo 

and  similarly  for  all  powers  of  the  operators  h  and  h~^.  Thus,  the 
norm  of  the  operator  h  in  the  space  Lg  is  1.  The  norm  of  the  operator 
is  calculated  in  a  similar  way  and  is  also  1. 

We  finally  define  a  singular  operator  (in  the  space  Lg)  as  a  series: 

oo 

Au=  2  an{q)h'^u, 

n=  —  oo 

For  the  following  discussion  it  is  very  important  to  establish 
sufficient  conditions  on  the  characteristic  of  a  singular  operator  under 
which  the  operators  are  bounded  in  Z/2.  Suppose  that  the  charac¬ 
teristic  satisfies  condition  (7.23).*  We  have 

oo  oo 

Au=  2  an{qo)fi^u=  2  (7.32) 

n=  — oo  n=  — oo 

We  now  turn  to  the  calculation  of  the  norm  ||  Au  ||  using  the  right- 
hand  side  of  (7.32): 

oo 

Mw|P=  J|  2 

n  n=—oo 

oo  oo 

<J{  E  (</o)p}  {  2 

n  n=-oo  n=  — oo 

oo  oo 

<  sup  2  2 

QCi 

_  n=-oo  11  n=-oo 

*  The  constructions  that  follow  have  been  communicated  to  the  authors  by 
S.  G.  Mikhlin. 
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Denote  the  term  outside  the  integral  by  a  constant  Cq  and  inter¬ 
change  the  order  of  summation  and  integration: 

oo  oc 

n=— oo  n  n=— oo 

By  making  use  of  the  fact  that  the  norms  of  the  operators  h  and 
are  1,  we  obtain! 

oo  ^oo 

iMwiP<Co  2  -^ii«^iP=CoiiwiP  2 

n=— oo  n=— oc 

From  the  definition  of  the  functions  a„  (g)  [see  (7.24)]  it  follows 
that 

(7o)P- 

Let  us  sum  these  equalities  over  n  and  use  Parseval’s  equality: 

oo  j  oo  Jt 

2  «"l«7.(9o)P  =  4n=^  2  l^>n(go)P=4Ji2  j  |/(9o,e)pd0. 

n=— oo  n=— oo  — ji 

We  arrive  at  the  estimate  of  the  constant  Cq  [in  terms  of  the  constant 
appearing  in  (7.23)].  Thus,  it  may  be  considered  proved  that  the 
operator  A  is  bounded. 

Let  us  also  examine  the  question  of  the  transformation  of  a  symbol 
when  the  co-ordinates  are  changed  (I.  A.  Itskovich  [1]).  Suppose  that 
the  origin  of  the  angle  0  is  changed  at  each  point  so  that  0  =  Gj  + 
+  a  (go)  [where  a  (go)  is  a  continuous  function].  The  characteristic 
also  changes: 

/  (go*  6)  =  /  (go*  01  +  a)  =  /i  (go,  0i). 

Let  us  see  how  the  symbol  changes  in  this  case.  Suppose  that  to 
the  characteristic  /  (go,  0)  there  corresponds  the  symbol  Q)  (go,  X), 
and  to  the  characteristic  /i  (go,  0)  the  symbol  Oi  (go,  A.).  With  the 
new  origin  of  angles  and  with  the  change  0  =  Gj  -f-  a,  we  obtain, 
according  to  (7.30),  an  expression  for  the  symbol  Oi  (go,  X)  as 

X-poc 

^i(?o>^)=  j  3in(X,  +  a— 6)  9)  +  /  (go.  9  + ^0  + 

X+a- Jt 

X+a 

+  I  [/  (go,  6)  —  /  (go»  6  +  ^)]  c?0  =  O(go, 

X+a-jt 

It  follows  that  the  range  of  a  symbol  is  invariant  with  respect  to 
the  way  of  measuring  angles,  i.e.,  unaltered  by  a  change  of  variables. 
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The  above  discussion  has  been  restricted  to  the  case  when  the 
surface  of  integration  is  a  plane  II.  We  now  turn  to  the  case  of  a 
closed  Lyapunov  surface  S. 

To  determine  the  value  of  a  singular  integral,  we  proceed  as  fol¬ 
lows:  assign  a  number  e  and  denote  by  Og  a  neighbourhood  of  the 
point  Qq  situated  inside  a  sphere*  of  radius  e.  Since  S  is  ;<  Lyapunov 
surface,  the  surface  Og  can  be  mapped  in  a  one-to-one  manner  (for  a 
sufficiently  small  e)  onto  a  part  of  a  plane  (further  denoted  by  I))  so 
that  the  transformation  at  the  point  itself  is  conformal.  For 
example,  it  is  possible  to  make  an  orthogonal  projection  of  the  region 
Gg  on  a  tangent  plane  at  the  point  Henceforth,  the  projections  of 
the  points  and  g  will  be  denoted  by  g'  and  g',  respectively. 

Based  on  the  above  discussion,  the  transformed  integrand  is  writ¬ 
ten  as 


K  (g-ot  g)u{q)dSg==  K'  (go,  g')v{g')dS^  u(g)  =  v(q'), 


where  the  function  K'  (g',  g')  has  the  representation 


K'  (go,  q')  ■■ 


/(-7J,0")  ,  /«(gi,  9') 


the  function  fo{q'„,  6')  is  bounded. 

By  definition,  we  assume 

j  u(g)K{go,  q)  dSq  = 

s 

-  J  u{g)K  (g„,  g)  dSg  +  j  dSg,  +  J  dSg>. 

S-OTg  D  D  ^ 


(7.33) 


The  symbol  of  the  singular  operator  (7.33)  will  be  identified  with 
the  symbol  corresponding  to  the  characteristic  /  (g,6).**  With  this 
definition  of  a  symbol  all  the  foregoing  results  hold  good. 

8.  Two-dimensional  Singular  Integral  Equations 

Consider  a  singular  integral  equation 

Au  =  flo  (Qo)  u  {Qo)  j  ^  9)  ^  {q)  dSq-\- 

n 

+  j -^1  (9o.  9)  w  (g^) d-S",  =  (go)  (Au  =  A'u-\-Tu=  F),  (8.1> 

n 


where  the  functions  (g)  and  F  (g)  belong  to  the  class  H-L,  the 
kernel  K  (gg,  g)  is  of  the  form  /  (gg,  6)/r^,  the  kernel  (gg,  g)  is 

♦  This  region  can  also  be  determined  with  the  aid  of  a  circular  cylinder 
whose  axis  coincides  with  a  normal  at  the  point  gg- 

♦*  Note  that  the  points  0  run  over  a  unit  circle  situated  in  a  tangent  plane^ 
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regular.  It  is  assumed  that  the  characteristic  /  (qq,  0)  satisfies  condi¬ 
tion  (7.23). 

As  in  the  case  of  one-dimensional  singular  equations,  the  investi¬ 
gation  in  the  two-dimensional  case  is  based  on  the  regularization 
procedure,  i.e.,  on  reducing  the  original  equation  to  a  Fredholm  one 
by  applying  a  specially  chosen  singular  operator  (denoted  here  by  B) 
to  both  its  sides.  This  regularizing  operator  must  be  bounded  and 
must  have  a  continuous  and  bounded  symbol. 

We  impose  an  important  restriction  in  what  follows  assuming  that 
the  symbol  of  the  operator  A,  i.e.,  the  function  O  (g^^,  X)  does  not 
vanish  for  any  combinations  of  go  X,  including  go  =  X.  The 
function 

is  then  bounded  and  continuous  and,  as  can  easily  be  verified,  has 
a  derivative  satisfying  the  condition 


dX 


dX  <  C, 


Let  O'  (go,  X)  be  considered  as  the  symbol  of  some  singular  opera¬ 
tor.  The  explicit  expression  for  its  characteristic  can  be  obtained  by 
using  the  expansion  of  the  symbol  O'  (go,  X)  in  a  Fourier  series  and 
subsequently  determiningThe  coefficients  of  the*characteristic  accord¬ 
ing  to  (7.24).  It  can  be  shown  that  the  characteristic  satisfies  condi¬ 
tion  (7.23)  [of  course,  with  a  different  value  of  the  constant  than  for 
the  characteristic  /  (go,  X)].  The  operator  thus  introduced  is  a  regu¬ 
larizing  one.  Indeed,  according  to  the  properties  of  the  symbol  of  a 
composition  proved  above,  the  symbol  of  the  operator 


BA  =  BA'  -f  BT 

is  1  (the  operator  BT  is  completely  continuous)a,nd  hence  the  equa¬ 
tion 

BAu  =  BF 

is  a  Fredholm  one. 

As  before  (see  Sec.  4),  the  index  is  defined  as  the  difference  in  the 
number  of  linearly  independent  solutions  of  the  original  and  com¬ 
panion  equations.  By^using  the  general  considerations  of  the  conclud¬ 
ing  part  of  Sec.  4,  it  can  be  shown  that  the  equation  Au  =  F  is 
solvable  when  its  right-hand  side  is  orthogonal  to  all  solutions  of  the 
companion  equation. 

The  regularization  thus  performed  is  not,  in  general,  equivalent. 
In  a  number  of  cases,  however,  it  can  be  shown  that  the  additional 
regular  term  for  the  regularizator  can  be  chosen  so  as  to  ensure  equiv¬ 
alency.  We  begin  the  proof  with  the  consideration  of  the  simplest 
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equation 

-«‘(?o)“(9o)~  (  [a^{q)  —  h\u  =  F{qo).  (8.3) 

n 

The  condition  that  the  symbol  is  not  zero  means,  in  reference  to 
Eq.  (8.3),  the  fulfilment  of  the  inequality  \  (q)  |  =7^  1-  In  view  of 

the  continuity  of  the  coefficient  (q),  the  inequality  \  (q)  |  <!  1 

or  \  (q)  |  >  1  must  be  fulfilled.  Assume  that  |  (q)  |>  1.  Equa¬ 

tion  (8.3)  is  then  represented  as 


u  (q)  - 


1 

ai  {q) 


hu 


F(q) 

fli  {q)  • 


(8.4) 


This  equation  can  be  solved  by  the  method  of  successive  approxi¬ 
mations,  which  leads  [using  identity  (7.26)1  to  a  representation  of 
the  solution  in  the  form 


“  <«)  -  2  J"  (ifj  =  (o'  (?)  -  *1-  f  (?) + rtf ,  (8.5) 


n=0 


where 


'T*  P  —  ^  1  F  (q) 

‘  \l  fli  (g)J  [fli  (g)]"  /  ai 


n=2 


iQ) 


If  the  right-hand  side  of  Eq.  (8.4)  includes  also  the  regular  opera¬ 
tor  (previously  transposed  from  the  left-hand  side),  expression  (8.5) 
is  a  Fredholm  equation  equivalent  to  the  original  one. 

Assume  now  that  \  {q)  I  <  1-  By  applying  the  operator  h~^ 

to  both  sides  of  Eq.  (8.3),  we  arrive  at  an  equivalent  equation, 
namely 

u  (q)  =  (q)  -  h-^F,  (8.6) 

Equation  (8.6)  can  be  solved  by  the  method  of  successive  approxima¬ 
tions,  which  leads,  in  the  presence  of  an  additional  regular  operator, 
to  equivalent  regularization. 

We  now  proceed  to  the  consideration  of  a  more  general  case  when 
the  symbol  of  a  singular  operator  is  a  trigonometric  polynomial  and 
the  operator  itself  can  therefore  be  represented  as  a  product: 


n 

{ak  —  h)u  =  F  {q),  (8.7) 

k-i 

where  m,  n  are  integers,  with  >  0,  are  some  functions. 

From  the  condition  that  the  symbol  is  not  zero  we  have  the  ine¬ 
qualities  \  ci\{q)  \=^  \  {k  =  2,  .  .  .,  n).  It  is  readily  seen  that 

Eq,(8.7)  is  reduced  to  an  equivalent  Fredholm  equation  by  an  oper- 
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ator  that  is  symbolically  written  as 

n 

-^h-m  [[  +  (8.8) 

^  ft=l 

where  T*  are  previously  defined  completely  continuous  operators. 

We  proceed  to  the  general  case.  The  operator  A  is  represented  as 
a  series,  namely 

oo 

E  a*  (?)**•  (8-9) 

ft=  — oo 

Since  the  symbol  of  the  operator  A  is  assumed  to  be  different  from 
zero,  it  follows  that  there  is  a  large  number  n  such  that  the  operator 

n 

^71=  ^  ak  (q)  hi 

k-=—n 

has  a  non-zero  symbol,  and  hence  there  is  a  regularizing  operator 
Bn  corresponding  to  it. 

It  is  obvious  that  the  following  limiting  equalities  are  fulfilled: 
limll^Jh^llZ^iU  liml|rjl  =  0, 

n-^oo  n-^oo 

where  r^^  is  the  sum  of  the  remainin.^  terms  in  (8.9). 

We  now  represent  Eq.  (8.1)  as 

AnU  =  VnU  +  F  {q). 

By  factorizing  the  symbol  of  the  operator  we  determine  the  regu¬ 
larizing  operator  (with  a  suitable  selection  of  the  operators  T%). 
We  arrive  at  the  equation 

W  (?)  =  ■Bn  (q)  rn  {q)  u+  (q),  (8.10) 

which  is  solvable  by  the  method  of  successive  approximations  by 
virtue  of  a  special  choice  of  the  number  n  [the  meaning  of  (q)  is 
obvious]. 

Thus, it  is  proved  that  under  the  specified  conditions  on  the  char¬ 
acteristic  the  singular  integral  equation  admits  an  equivalent  reg¬ 
ularization,  and  hence  its  index  is  always  zero.  Note  that  the  result 
proved  above  is  not  extended  automatically  to  the  case  of  systems 
of  two-dimensional  singular  equations  (for  details,  see  below). 

The  foregoing  proof  that  the  index  of  a  singular  integral  equation 
is  zero  has  been  carried  out  for  a  plane  E.  Its  extension  to  the  case 
of  an  arbitrary  Lyapunov  surface  is  difficult  to  achieve  since  it  is 
not  always  possible  to  choose  a  regular  co-ordinate  network  on  the 
surface  and  to  obtain  a  unique  representation  of  the  symbol  suitable 
on  the  whole  surface. 
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Below  is  a  different  proof  of  the  possibility  of  an  equivalent  regu¬ 
larization  free  of  this  shortcoming.  We  introduce  a  complex  pa¬ 
rameter  into  the  singular  equation  (8.1): 

w(9o)  +  v  j  K{qQ,  q)u{q)dSq-\-Tu  =  F  {qo).  (8.11) 

n 

In  this  equation  the  normalization  has  been  performed  with  respect 
to  the  coefficient  (go)-  To  the  original  equation  corresponds  the 
number  v  =  1,  and  to  the  Fredholm  equation  v  =  0. 

Let  us  now  establish  regions  in  the  v  plane  in  which  the  minimum 
value  of  I  1  —  v^P|^(g,  X)\  is  zero*  (i.e.,  for  each  v  from  this  region 
there  is  a  pair  of  values  Qq  and  K  for  which  this  minimum  is  zero). 
The  complementary  part  of  the  plane  is  the  sum  of  a  finite  or  count¬ 
able  number  of  regions  which  are  denoted  by  8j.  Let  us  prove  that 
in  any  one  of  the  regions  the  index  of  Eq.  (8.11)  remains  constant. 
In  each  of  the  regions  the  modulus  of  the  symbol  is  different  from 
zero  (i.e.,  |  1 —  vO  (g,  X)  \  >  0),  and  hence  there  exists  a  regulariz¬ 
ing  operator,  which  is  denoted  by  The  symbol  of  this  regula- 

rizator  is  [1  —  vO  (g,  A,)]"^. 

Consider  also  an  equation  with  a  parameter  v  +  Av  (where  Av  is  a 
sufficiently  small  quantity  chosen  in  such  a  way  that  v  +  Av  be¬ 
longs  to  the  same  region  6y).  The  equation  is  re-written  as 
u  —  vKu  =  Tu  Av  Ku  -f  F. 

By  applying  the  regularizator  By,  to  both  sides,  we  arrive  at  the 
equation 

u  —  AvLu  =  ByfF  -f-  T(u, 

where  is  a  completely  continuous  operator.  The  singular  operator 
L  has  the  symbol  (1  —  which  is  bounded.  The  norm  of  the 

operator  AvL  can  therefore  be  made  arbitrarily  small  by  a  suitable 
choice  of  Av.  The  last  equation  can  then  be  reduced  to  an  equivalent 
Fredholm  equation  by  the  method  of  successive  approximations. 
Consequently,  the  indices  of  the  operators  /  —  vK  and  I  —  (v  -j- 
+  Av)  K  must  be  identical. 

The  foregoing  allows  us  to  ascertain  at  once  that  the  index  is  zero 
when  the  function  T*  (g,  X)  is  strictly  less  than  1  in  modulus.  It  is 
obvious  that  one  of  the  regions  6^  includes  a  circle  |  v  |  <  1  +  e. 
The  equation  therefore  has  the  same  index  (equal  to  zero)  when 
V  =  1  and  V  =  0. 

Consider,  now,  the  question  of  equivalent  regularization  by  a 
procedure  suitable  also  for  the  case  of  closed  surfaces.  The  original 
singular  equation  is  written  as  (on  introducing  a  complex  parameter 

*  In  this  case  the  function  'F  (g,  X)  is  the  symbol  of  the  singular  term  only. 

♦*  Here  we  do  not  mean  an  equivalent  regularization. 
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V  into  it  in  a  special  way) 

u  —  V  {u  —  Au)  Tu  =  F.  (8.12) 

In  addition,  we  require  that  the  symbol  of  the  operator  should 
be  continuous  in  q  on  the  surface  S  uniformly  with  respect  to  0 
and  that  it  should  have  the  third  square-summable  derivatives.  As¬ 
sume  that  the  function  F  (q)  belongs  to  the  class  Lg. 

Suppose  that  there  is  a  curve  L  in  the  plane  with  ends  at  zero 
and  infinity,  having  no  common  points  with  the  range  of  the  symbol. 
There  must  therefore  be  a  constant  P  such  that  for  all  points  q  and 
all  K  we  have  the  inequality 

I  I  >  p,  6  L.  (8.13) 


Denote  by  L  a  curve  into  which  the  curve  L  is  mapped  by  the 
transformation  =  (v  —  l)/v.  It  is  obvious  that  the  curve  L  can 
be  chosen  so  that  it  will  not  pass  through  the  point  1,  and  hence  the 
curve  will  be  bounded.  Its  ends  are  the  points  0  and  1. 

Consider,  now,  the  singular  equation  (8.12)  assuming  that  the 
point  V  is  situated  on  the  line  L.  Let  us  prove  that  the  symbol  of 
Eq.  (8.12)  (the  function  1  —  v  +  vO)  is  bounded  from  below  in 
modulus.  Indeed,  by  (8.13), 


1  —  V  -|-  vfp 

V 

O  (ry,  X) 


>P. 


Since  the  symbol  O  {q,  ^)  is  bounded,  there  is  a  constant  K  > 
>  I  1  —  O  |.  For  the  values  \  'k  \  ^  \I2K  we  have  the  inequality 

\i-x  +  xO\  > 

If  I  A,  I  <C  1/2K,  we  obtain 

|l_v+v(D|>l—  |vlA>  1/2. 


By  using  the  previously  established  property  of  the  index  to  be 
constant  in  the  regions  6y,  we  arrive  at  the  proof  that  the  index  of  the 
original  equation,  i.e.  Eq.  (8.12)  with  v  =  1,  is  zero  (when  v  ==  0, 
the  equation  is  a  Fredholm  one). 

The  proposed  method  reduces  the  question  of  equivalent  regulariz¬ 
ation  to  the  proof  of  the  existence  of  the  line  L  (L)  introduced  above. 
Since  the  discussion  is  carried  out  in  the  space  Z/g,  we  have  to  pass  to 
an  equation 

(A*  +  T*)  (A  +  T)u  =  {A^  T*)  F, 

equivalent  to  the  original  one  (see  Sec.  4).  We  obtain  an  equation 
whose  symbol  is  |  O  (g,  Ji)|^,  and  from  the  condition  that  the  func¬ 
tion  O  (g,  X)  is  not  zero  it  follows  that  the  line  L  can  be  the  negative 
semiaxis. 
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We  describe  a  scheme  for  the  explicit  construction  of  an  operator 
to  effect  an  equivalent  regularization  using  the  boundedness  of  the 
line  L.  It  has  been  proved  above  that  |  1  —  v  -f  vO  |  >>  0.  Hence 
an  operator  whose  symbol  is^ — ^  ^  bounded  by  a  certain 

constant  C  independent  of  v,  and  consequently  C  ^  ||  /  —  A  \\. 
Assign  I  Vo  I  =  1/2(7.  The  operator  [/  —  Vq  (/ — 74)]“^  is  then  bound¬ 
ed.  By  applying  this  operator  to  both  sides  of  Eq.  (8.12),  we  obtain 
an  equivalent  equation  with  the  symbol 

1  —  V  -f  vd)  ^  .  b(v  — vq)  (1  — 

1  — Vo-fVi^  1— Vq  +  VoO)  * 

We  operate  on  both  sides  of  the  new  equation  with  an  operator  whose 
symbol  is  (1  —  Vo  +  VqO)  (1  —  Vj  v^O)"^,  with  |  v^  —  Vq  |  ^ 
^  1/2(7.  The  result  is  an  equivalent  equation  with  the  symbol 

Ai  (v-vi)  (l-(b) 

By  repeating  this  process,  after  the  /cth  step  we  arrive  at  an  equation 
with  the  symbol 

A_  (V-Vfe)  (1-0) 

1  — v/t-l-VftO  • 

By  choosing  a  sufficiently  large  /c,  we  can  obtain  =  1,  as  re¬ 
quired. 

The  foregoing  theory  can  be  extended  to  the  case  of  systems  of 
singular  equations.  Consider  systems  of  the  form 

n 

=  0  =  1,  2,  (8.14) 

ft=l 

—  ^jh  ((7o)  i^/o)  +  J  (^)  ^  jk^k^ 

S 

where  Tjf^  are  completely  continuous  operators. 

The  concept  of  the  symbol  of  a  singular  operator  introduced  above 
is  extended  to  the  case  of  systems  leading  to  a  so-called  symbolic 

matrix  ||  ||.  The  determinant  of  this  matrix  is  called  the  symbol¬ 

ic  determinant  of  system  (8.14).  It  is  assumed  that  all  elements  of  a 
symbolic  matrix  satisfy  the  same  conditions  as  for  the  symbol  of  a 
single  equation. 

It  can  be  shown  that  the  composition  of  singular  operators  is  per¬ 
formed  by  the  rules  of  matrix  algebra,  with  the  multiplication  of 
symbolic  matrices. 

We  require  that  a  symbolic  determinant  should  be  different  from 
zero.  We  form  a  matrix  with  elements  (where 

is  the  cofactor  of  the  element  0;,^).  It  can  be  shown  that  a  matrix 
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operator  whose  symbolic  matrix  is  composed  of  the  elements  is 
a  regularizing  operator  for  the  original  system  (8.14). 

We  now  turn  to  the  consideration  of  the  question  of  equivalent 
regularization.  Assume  that  the  symbolic  matrix  is  of  the  form 

0{q,X)=E-W  {q,  X). 

Suppose  that  the  characteristic  numbers  of  the  natrix  W  (q,  X)  are 
less  than  1  in  modulus  for  all  q  and  X.  Let  us  determine  regions  6^  in 
the  V  plane  such  that  the  characteristic  numbers  of  the  matrix 
E  —  (g,  X)  are  different  from  zero  at  their  points.  By  the  argu¬ 

ment  used  in  the  case  of  a  single  equation  it  can  be  shown  that  these 
regions  are  also  the  regions  of  constancy  of  the  index.  From  the 
restriction  imposed  on  the  arrangement  of  the  characteristic  numbers 
of  the  matrix  Y  (g,  A,)  it  follows  that  the  circle  |  v  |  <  1  +  e  is 
situated  in  one  of  these  regions.  Consequently,  the  index  of  the 
original  system  (v  =  1)  is  zero. 

In  contrast  to  the  case  of  a  single  equation,  the  condition  of  non¬ 
vanishing  symbolic  matrix  is  not,  in  general,  sufficient  for  equiva¬ 
lent  regularization.  It  is  possible,  however,  to  determine  certain 
classes  of  systems  of  equations  for  which  an  equivalent  regulariza¬ 
tion  can  be  eftected.lt  is  most  essential  to  the  questions  investigat¬ 
ed  in  the  monograph  that  these  classes  include  singular  integral 
equations  of  the  theory  of  elasticity  (see  Sec.  29).  We  therefore 
restrict  our  study  to  these  cases. 

Assume  that  there  is  a  curve  L  in  the  plane  joining  the  points  0 
and  oo  and  having  no  common  points  with  the  set  of  characteristic 
numbers  of  the  matrix  O  (g,  X),  As  in  the  case  of  a  single  equation, 
we  introduce  the  parameter  v  =  1/(1  —  v^). 

Consider,  now,  the  equation 

u  -  V  {I  -  A)  u  =  F,  (8.15) 

where  /  is  the  identity  operator.  The  symbolic  matrix  of  this  opera¬ 
tor  is  of  the  form 

E  —  V  {E —  (D)  =  V  (O  —  v^E). 

Let  us  prove  that  the  determinant  of  this  matrix  is  different  from 
zero  for  g  L  (or  v  6  L)-  If  |  v  |  is  small,  the  determinant  is  close 
to  I  1  —  V  I”  (A^  is  the  order  of  the  system),  and  for  a  given  ?  >  0 
it  is  possible  to  choose  a  value  r)>0  such  that  the  following  inequal¬ 
ity  is  fulfilled: 

\\\{l^v)E+vO  l||>g  if  |v|<Ti. 

Let  I  V  I  >  T).  We  then  have 

n 

I  11(1— v)£^  — v(D|||>ti’*|llvi£^  — 0|1  |  =  Ti«  JJ  I  vj  — v*(g',  M  I  , 

/i  =  l 
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where  vf  are  the  characteristic  numbers  of  the  matrix  O.  Since  there 
exists  a  curve  L,  it  follows  that  there  is  a  constant  y  such  that 
I  Vi  —  vf  (g,  X)|  ^  7  (/c  =  1,  2,  .  .  n).  We  finally  obtain 

111(1— v)£:+va)|||  >  (vT})"  (v6L,  |vi  >  T)). 

It  can  therefore  be  shown  that  in  the  space  Lg  there  exists  a  bounded 
operator  whose  symbolic  matrix  is  of  the  form 

[(1  -v)E+  v(D  (g,  X)]-^  IE  (g,  X)l 

Let  this  operator  be  denoted  by  and  sunnose  that  its  norm  does 
not  exceed  a  constant  C.  Then  C  >  ||  /  —  A  \\.  For  Vq  ^  L  and 
I  Vq  I  ^  1/2C  the  operator  [/  —  Vq  (I  —  ^)]"^  is  therefore  bounded 
and  has  a  zero  index.  By  applying  this  operator  to  both  sides  of 
Eq.  (8.15),  we  arrive  at  an  equivalent  equation  having  the  symbolic 
matrix 

[(1  — Vo)£’  +  VoO]“^  [(1— v)  iS'  +  vO]^ 

=  £•  —  (v  —  Vo)  [(1  —  Vo)  E  +  VoO]-^  (E  —  CD). 
By  operating  on  both  sides  of  this  equation  with  the  operator 

[/— (Vi— Vo)^Vo]-‘  (vi€^,  |Vi  — Vol 

we  again  arrive  at  an  equivalent  equation  having,  now,  the  symbolic 
matrix 

(v— Vi)  [(1  —  V,)  £*  + Vi(D]“^  (1  —  ®). 

We  repeat  the  proposed  process  for  a  set  of  values  such  that 
\  —  ^k-i  I  <  1/2C.  By  choosing  n  sufficiently  large,  we  arrive  at 

the  value  \\  =  1  corresponding  to  the  original  equation  Au  =  F . 

Consequently,  the  Fredholm  alternatives  are  applicable  to  this 
system  of  singular  equations  if  the  symbolic  determinant  is  differ¬ 
ent  from  zero  and  there  is  a  curve  L  {L)  having  the  properties  spec¬ 
ified  above. 

The  existence  of  a  line  L  is  quite  obvious  when  the  symbolic  ma¬ 
trix  is  a  Hermitian  (i.e.  self-conjugate)  matrix  since  its  characteristic 
numbers  are  real,  and  so  L  can  be  taken  coinciding  with  the  imagi¬ 
nary  semiaxis. 
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Chapter  II 


APPROXIMATE  METHODS 

FOR  SOLVING  INTEGRAL  EQUATIONS 


9.  General  Principles  of  the  Theory 
of  Approximate  Methods 

The  approximate  methods  for  solving  integral  equations  are  cov¬ 
ered  adequately  by  the  general  theory  of  approximate  methods,  and  a 
more  detailed  discussion  of  any  particular  method  is  only  needed  to 
obtain  certain  estimates.  We  therefore  present  the  relevant  general 
theory  following  the  work  of  L.  V.  Kantorovich  [2]. 

Let  X  and  y  be  the  elements  of  normed  spaces  X  and  Y,  and  let  K 
be  a  linear  operator  mapping  X  into  Y.  Consider  the  functional 
equation 

Kx  =  {E  —  %H)  x  =  y.  (9.1) 

In  addition  to  Eq.  (9.1), we  also  consider  an  “approximate  equa¬ 
tion” 

irx  =  (E--)JI)x=  y,  (9.2) 

where  x,  y  are  the  elements  of  the  spaces  X  and  Y,  the  operator  K 
maps  X  into  Y,  E  and  E  are  respectively  identity  operators.  The 
spaces  X  and  Y  are  chosen  simpler  in  a  certain  sense  than  X  and  Y, 
and  the  operator  K  is  assumed  to  be  close  (also  in  a  certain  sense) 
to  the  operator  K, 

Subsequently  two  theorems  will  be  proved,  providing  a  basis  for 
judging  the  solvability  of  Eq.  (9.2)  if  Eq.  (9.1)  is  solvable,  and  the 
degree  of  closeness  of  the  solutions  of  these  equations.  And  for  the 
present  let  us  consider  linear  normed  spaces  X  and  X  assuming  X 
to  be  complete  and  isomorphic  to  some  subspace  Z'  c:  Z.  Suppose 
that  the  isomorphism  is  effected  by  an  operator  (po  (Z'  into  Z)  having 
a  continuous  inverse  operator  (p“^.  Suppose  also  that  there  is  an 
operator  (p  mapping  Z  into  Z  and  coinciding  with  cpo  on  Z'. 

The  requirement  of  “closeness”  of  Eqs.  (9.1)  and  (9.2)  is  expressed 
by  the  condition 

II  cp/Ix'  -  ffcpx'  II  <  e  II  a:'  ||  (x'  6  X'),  (9.3) 
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or  in  an  alternate  form: 

II  cpXx'  -  Kcpx'  ||<  e  I  X  |.||a:'  II,  (9.3') 

where  e  is  an  arbitrarily  small  positive  number. 

Let  the  operator  K  have  an  inverse  operator,  and  let  the  solution 
of  Eq.  (9.1)  be  x*  6  X\  Let  the  operator  K  also  have  an  inverse 
operator,  and  let  the  solution  of  Eq.  (9.2)  be  Xq,  We  prove  that  the 
following  estimate  holds: 

lko-^P^*ll<e|>^!-||^-MI-|l^*l|.  (9.4) 

Indeed, 

li:^  ^x*  -  Kxo  II  =  II  K^x^^cpKx*  II  <  e  |;i| .  II  :r*|l, 


since  Kxq  =  y  =  (py  =  (pKx*y  from  which  we  obtain 

II  =  ^0  II  =  II  K-^K  {^>x*^lco)\\<e\X\  •  ||  ||  •  ||  K  ^  |f. 

We  require  in  addition  that  for  every  element  x  ^  X  there  should 
be  an  element  x'  6  X'  such  that 

II  Hx--x'  II  ^  El  II  a;  ||.  (9.5) 

We  now  proceed  to  prove  the  theorems. 

(I)  If  estimates  (9.3),  (9.5)  hold  and  if,  further,  the  operator 
exists,  and  on  condition  that  the  constant 

?  =  [||cp||.l|K||.|;.|ei+l?.|e+|^'^|eeiM|A:-MI-ll<P5Ml<l,  (9.6) 

Eq.  (9.2)  always  has  a  solution,  and 

Let  the  element  y  be  denoted  by  ?/o,  and  the  element  %^yo  by  yg. 
This  indexing  is  convenient  in  constructing  successive  approxima- 
tions.  We  introduce  the  notation 

z  =  K-^KHy,.  (9.8) 

It  is  obvious  that 


Kz  =  z  —  KHz  =  KHyQ,  z  =  KH  {z  +  y^).  (9.9) 

Let  us  find,  according  to  (9.5),  an  element  x  g  X'  to  fulfil  the 
inequality 

\\H(z  +  y,)^^\\<:e,\\z  +  yo\\. 

By  (9.9), 

1|2-x'|1<8,|A,|.||2  +  i/oI|.  (9.10) 

Since 

K  {z  +  yo)  =  z  +  yo  —  KH  {z  +  y^)  =  i/o, 


100 


APPROXIMATE  METHODS  FOR  SOLVING  INTEGRAL  EQUATIONS 


E 

it  follows  that 

P  +  i/o||^l|K-M|-ll^/ol|.  (9.11) 

We  finally  obtain 

||z-a:'||<e,|X|||K-M|-||i/oll.  (9.12) 

We  introduce  an  element 

=  (P  (^'  +  Vo) 

and  estimate  the  difference: 

II  Kx,-yo  II  <  II  Fcp  (X'  +j/o)  - (pK  (X'  +  y,)  1|  +  1|  {x’+yo)\\  + 

+  II +  yo)  —  •pyoll  =  II  +  yo)  —  +  j/o)  II  + 

+  II  ((>'^Hyo  —  <pKx'  ||. 

From  (9.3')  and  (9.8)  wc  obtain 

ll^a:i— Poll  <e|X|-||^'  +  i/oll  +  l|(p^fz  — ||. 

Taking  into  account  (9.10)  and  (9.11),  we  have 

II  +  yo  II  <  II 2  +  J/o  11  +  II  z-a;'||  <  (1  +  81 IX I)  II  K-^  ||  •  ||  y^  ||  < 

<(l  +  ei|X|)||K-‘||-|l<p;;M|-ll^ol|.  (9.13) 
By  using  (9.12),  we  arrive  at  the  estimate 

II  KXi  -io  II  <  8 1X1(1  +  e,  |X  I )  II  K-^  II .  II  (p-‘  II .  II  Po  II  + 

+  l|cp||.iiKi|ei|X|.i|A'-MI-||tp;;M!-iiP'o||  =  (||(p||.||iii:||-|X|8i  + 

+  |X I e  4-  |X2| sej  11  II  •  II  cp-i  II  •  II  yo  II  =  ?  II  yo  ll-  (9.14) 

Thus,  the  element  x^  satisfies  Eq.  (9.2)  to  within  q  ||  y,  II  (to  better 
than  the  identical  zero  in  which  case  the  right-hand  side  is  equal 
to  yo). 

We  now  implement  the  method  of  successive  approximations. 
Assume  y^  =  y^  —  Kx^.  By  (9.14), 

K^i^yo—yi,  llyill<y||yoll. 
and  because  of  (9.13) 

11  X,  11  =  11  cp  {x'  +  yo)  ir<  {  11  cp  II  (1  +8i[X|)  11  A-‘  11-11  cp-^  ||  }  ||  g  1|  = 

=-?w-iiPoir 

Just  as  the  element  x^  is  constructed  from  j/q,  so  we  find  Xj  pro¬ 
ceeding  from  pi  and  determine  y^  =  y^  —  Kxo-  We  have 

11  II  y,  II  <  Mq  H  yo  ||,  |1  P^  ||  <  g  ||  y^  1|  <  q^  ||  yo  ||. 
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In  a  similar  way  we  determine  successively  and 
The  following  estimates  hold: 

\\x,\\<:Mq-^\\yo\U  ll  II  <  11  ll- 

By  adding  equalities  (9.15)  together,  we  find 

oo 

K  Xji)  =  yQ 

n=l 

CO 

the  series  2  converges  since  gC  1.  Denote  its  sum  by  x.  The 

n=l_  _  __ 

element  x  ^  X  since  the  space  X  is  complete,  and  the  element  x 
satisfies  the  equation 

Kx  =  yo  =  y  (  11^  II  <  II  J/ll) , 

which  was  to  be  proved.  i 

We  now  introduce  a  further  condition  that  the  right-hand  side 
of  Eq.  (9.1),  viz.  the  element  y,  admits  approximation  by  the  ele¬ 
ment  y  6  X'  in  such  a  way  that 

II «/  — /Il<e2ll!/||.  (9.16) 

Determine,  according  to  (9.5),  the  element  x'  6  X'  so  that 

II  Hx"^  —  x'  II  ^  II  :r*  ||. 

Then 

||a:*-(Xa:'  +  z/')|l< 

<  II y- /  II  +  15^1  •  II II <^2\\y\\+  II a:*  II  < 

<|;i|(e,  +  82||X||)||:r*||  =  ri||^^  (9.17) 

Let  us  prove  the  second  theorem  concerning  the  solvability  of 
Eq.  (9.2)  if  Eq.  (9.1)  is  solvable. 

(II)  If  conditions  (9.3),  (9.5),  and  (9.16)  are  fulfilled  and  if  there 
exists  an  operator  the  following  estimate  holds: 

II^*-9o^^oII<{28|^|.|K:-^  ll•ll^-MI  + 

+  (8,1^1  +  e,\\K  II )  (1  +  llcp/CII .  II  cp-^ll  .  II  K-1|| )}  II  :r*  II  II  ||*,  (9.18) 

where  Xq  is  the  solution  of  Eq.  (9.2). 

According  to  (9.17),  there  is  an  element  x'  g  A'  such  that 


(9.19) 
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Denote  by  the  solution  of  the  equation  Kx  =  ^Kx  .  Since  Xq  is 
the  solution  of  Eq.  (9.2),  it  follows  that 

Kxq  —  cpKa;*,  K  {xq  —  x^)  =  {f  K  {x*  —x')\ 
from  this  we  obtain 

II  Xo-^i  II  <  II K-*  ll  -  II  <fK  II  T|  II X*  II .  (9.20) 

Since  x'  6  X',  condition  (9.4)  is  fulfilled: 

\\x^-(px'  II  <  8  |X|  II  ||.||  X'  II  <  81X1(1  +  ri)  II  II-  II  ,x*  II, 
and  hence 

II  cp-^Xi-x'  II  <  e|X|(l  +  Ti)  II  cp-i  ||.||  11-!!^*  1|.  (9.21) 

It  follows  from  (9.20)  that 

||(f)-»x,-(p-iioll  <  II  (p;;Ml- II  ^-‘11 -11  9^^11-11  ^*11-  (9.22) 

On  comparing  (9.19),  (9.21),  and  (9.22),  we  obtain  (the  inequality 
is  strengthened  by  replacing  r)  in  the  first  term  by  unity) 

II  ll<{2e  l^i I .  llcp-^  II .  II  K-1 11  +  ri  (1  +  11  ||  X 

X||K;Ml*l|cp/f||)}ll^*l|. 

Estimate  (9.18)  follows  from  this,  which  was  to  be  proved. 

The  procedure  of  constructing  an  approximate  solution  of  the 
operator  equation  (9.1)  consists  in  choosing  a  family  of  approximate 
operator  equations  and  solving  each  of  them.  The  convergence  of  the 
solutions  of  these  equations  to  the  exact  one  is  achieved  because  of 
the  fact  that  the  coefficient/?  [see(9.18)]  can  be  made  arbitrarily  small. 

Let  us  now  discuss  one  more  question  of  the  theory  of  approximate 
methods,  the  interpolation  of  functions.  Suppose  that  a  solution  is 
obtained  in  the  space  Z'  in  the  course  of  the  solution  of  an  approxi¬ 
mate  operator  equation  of  the  second  kind.  It  is  required,  however, 
to  determine  an  (approximate)  solution  in  the  space  X, 

Different  approaches  are  possible.  We  may  use,  for  example,  the 
representation 


x=  y  +  KHx' .  (9.23) 

But  we  may  use  any  interpolation  procedures  such  as  a  piecewise 
linear  interpolation,  Lagrange’s  polynomials.  For  definiteness,  we 
assume  that  a  network  Xi  {i  =  Oj  .  .  .,  n,  Xq  =  a,  =  b)  is  given 
on  a  segment  of  the  real  axis  and  that  values  of  a  function  /  (x) 
whose  differential  properties  have  been  established  are  known  at  the 
nodes  of  this  network.  A  disadvantage  of  Lagrange’s  polynomials, 
for  example,  is  that  a  considerable  oscillation  of  the  representation 
is  possible  for  a  sufficiently  large  number  n. 
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In  recent  years  extensive  use  has  been  made  of  new  mathematical 
technique  involving  so-called  splines  (N.  S.  Bakhvalov  [1], 

G.  I.  Marchuk  [1]),  which  does  not  have  this  disadvantage.  Suppose 
that  it  is  required  to  find,  on  the  same  segment  [a,  6],  a  function 
g  {x)  belonging  to  the  class  (i.e.,  continuous  together  with  its 
derivatives  up  to  the  order  k).  This  function  on  each  of  the  segments 
Xi]  is  a  polynomial  of  degree  /c  +  1: 

=  ^  —  (^  =  1,  2,  (9.24) 

1=0 

At  the  points  Xi  of  the  network  we  have  the  equalities 

g  (X,)  =  /,  (9.25) 

and  the  following  boundary  conditions: 

gih)  (^)  gih)  _  0.  (9.26) 

Since  the  function  g  (x)  is  continuous  and  has  continuous  deriva¬ 
tives  of  order  k,  there  are  also  additional  equalities  at  the  points  Xf. 
For  simplicity,  we  restrict  our  study  to  the  case  of  cubic  splines. 
The  specified  conditions  then  become 

8i+i  (^i)  =  gi  (^/).  ^i+i  i^i)  =  g'i 
g'i+i{^i)  =  gi{^i)  (f=  1,  2,  . . .  ,  w-1). 

Thus,  to  determine  the  unknowns  a\  we  have  a  system  of  equations, 
the  corresponding  matrix  being  a  three-diagonal  one: 


2  (/^l  +  /^2) 

hi 

0 

0  0  ... 

/l2 

2  (/^2  +  ^3) 

0  0  ... 

,  (9.28) 

0 

0 

0 

...  hj^_^  2 

where  hi  =  —  Xf. 

For  a  numerical  solution  of  this  system  it  is  convenient  to  apply 
the  orthogonal  polynomial  method  which  consists  in  successively 
calculating  auxiliary  quantities: 


2(h  +  h2) 

_  ^^i+i _ 

Fi 

2  (/ii  +  ^2) 

_ F;  _ 

‘  2  (/ij 

z..,  ii  = 


(/=1), 


^  (1  ^  i<l  n — 1), 

where  are  the  right-hand  sides  of  the  system. 


(9.29) 
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After  calculating  (i  <  —  1)  the  coefficients  and  a\p 

are  determined  from  the  formulas 

fi-x-fi 

(i  =  l,  2,  n),  (9.30) 

The  coefficients  are  immediately  found  from  equalities  (9.25). 

Let  us  show  that  the  spline  approximation  has  definite  advantages. 
Suppose  that  there  is  a  piecewise  linear  approximation.  This  func¬ 
tion  is  the  solution  of  a  variational  problem  (with  restrictions) 

b 

min  (D(u)=  j  (-^)^  dx,u(Xi)==U  (j  =  0,  1,  ...,n)  (9.31) 

a 

in  the  class  of  functions  having  square-summable  first  derivatives. 

The  approximation  by  cubic  splines  solves  the  problem  of  mini¬ 
mizing  the  functional 

h 

J  (5)'  u{Xi)^ii  (1  =  0,  1,  ....  n)  (9.32) 

a 

in  the  corresponding  class. 

Note,  also,  that  the  error  of  the  interpolation  by  cubic  splines 
has  the  estimate 

max  I  g  (x)  —  f  (x)  I  ^ 

where  h  =  max  hi  and  a  and  C  are  constants.  If  /  (x)  has  continuous 
second  derivatives,  then  a  =  2. 

The  approximation  for  the  unknown  function  by  splines  in  refer¬ 
ence  to  the  solution  of  integral  equations  has  been  considered  in 
a  number  of  works  (see,  for  example,  J.  H.  Ahlberg,  E.  N.  Nilson, 
J.  L.  Walsh  [1]). 

With  regard  to  the  advisability  of  the  approximation  for  the  solu¬ 
tion  of  an  integral  equation  already  obtained  (in  some  way)  the 
following  may  be  said.  The  necessity  for  this  kind  of  additional 
procedure  for  particular  physical  problems  is  dictated  by  the  fact 
that  it  is  not  usually  the  solution  of  an  integral  equation  itself  that 
is  of  interest,  but  certain  integrals  of  it  or  the  derivatives  of  the  inte¬ 
grals.  To  improve  the  accuracy,  it  is  therefore  advisable  to  introduce 
the  approximation  in  question,  especially  as  the  differential  prop¬ 
erties  of  the  solution  are  (as  a  rule)  known. 
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10.  Method  of  Successive  Approximations 

In  Sec.  1  an  account  has  been  given  of  the  analytic  theory  of  a  re* 
solvent  according  to  which  the  solution  of  a  Fredholm  integral  equa¬ 
tion  of  the  second  kind 

h 

(p  (i)  =  >v  j  ii:  (a:,  y)  ^  (y)  dij f  {x)  (10.1). 

a 

can  be  constructed  as  a  series  (for  certain  values  of  X) 

(p(x)=  2  r(p„(a),  (10.2) 

n=0 

the  terms  of  this  series  being  determined  by  the  following  recurrence- 
relations: 

b 

(Pn  (a:)  =  j  a:  (a;,  y)  (p„_i  {y)  dy  («  =- 1,  2,  (po  (a')  =  /  (a).  (10.3) 

a 

The  calculations  present  no  great  difficulties  if  we  follow  certain 
quadrature  formulas.  We  begin  with  the  simplest  formula,  viz.  the- 
rectangular  formula. 

Let  the  segment  [a,  fe]*  be  divided  by  the  points  a:/  (i  =  1,  2,  .  .  ., 

.  .  .,  m  -f-  1,  —  a,  =  6)  into  m  parts.  These  points  will 

be  further  referred  to  as  nodal  points.  We  introduce  into  considera¬ 
tion  points  x\  situated  in  the  central  part  of  each  elementary  segment 
and  called  pivotal  points. 

In  accordance  with  relations  (10.3)  we  determine  the  function 
(Po  {x)  at  the  nodal  and  pivotal  points  and  then  calculate  the  value  of 
the  function  cp^  (x])  at  all  pivotal  points  with  the  aid  of  the  rectangular 
quadrature  formula: 

m 

<Pi(^i)«^  a;^)  fpo  (o-’i)  Aa:i-  (10.4) 

i=l 

Here  /^x\  is  the  length  of  the  ith  segment  (x^+j  —  Xi),  By  repetition 
of  the  above  procedure  we  find  all  subsequent  terms  of  series  (10.2). 
The  disadvantage  of  this  scheme  (apart  from  its  poorest  accuracy  in 
comparison  with  other  formulas)  is  the  necessity  for  modification  in 
the  case  when  the  kernel  K  (x,  y)  is  unbounded  on  the  diagonal 
X  =  In  the  latter  case  it  is  necessary  to  omit  the  jth  term  in  the 
sum,  and  this  involves  an  additional  significant  error  when  the  size 
of  the  elementary  segments  is  large. 

To  improve  the  accuracy  and  to  overcome  the  difficulties  associated 
withsingularities,we  may  also  use  the  mixed  quadrature  formula  wlien 


* 


For  siriiplicily,  we  lake  a  orie-dimensioiial  case. 
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the  values  of  the  function  cp^  (x)  are  assumed,  as  before,  to  be  constant 
within  a  segment,  and  for  the  kernel  we  take  the  mean  value  with 
respect  to  the  nodal  points.  We  obtain 

m 

cpi  (x;)  «  y  2  ^  ^ro  W)  Ao:,,  (10.5) 

i=l 

and  similarly  for  the  subsequent  terms  of  series  (10.2). 

In  the  work  of  P.  I.  Perlin  [10]  a  method  is  proposed  in  which  the 
trapezoidal  formula  is  applied  to  the  whole  integrand.  In  the  first 
stage  this  involves  no  difficulty  since  the  values  of  the  function  cpo  (x) 
are  known  at  the  nodal  points.  In  the  second  stage,  however,  the 
determination  of  the  function  cpg  (x)  requires  that  the  values  of  the 
function  cp^  (x)  should  first  be  found  at  the  nodal  points.  These  values 
are  found  by  interpolation  from  the  values  of  the  function  cp^  (x) 
at  the  nearest  pivotal  points  (for  example,  assuming  (p^  (Xi)  = 

=  Y  Further  operations  are  obvious.  The 

corresponding  sum  then  takes  the  form 

a:j+i)fpo(a;,+i)  +  ii:(a:),  a:,-)(po(Xi)}  Aa:;.  (10.6) 

The  same  accuracy  can  be  achieved  by  using  a  double  subdivision 
of  the  segment  [a,  &I,  i.e.,  by  performing  the  calculations  once  again 
with  the  points  Xi  as  pivotal  points  and  Xj  as  nodal  points.  But  this 
procedure  will  naturally  lead  to  an  unjustifiable  increase  in  the 
amount  of  numerical  work  involved. 

We  now  turn  to  the  proof  of  the  convergence  of  the  schemes  des¬ 
cribed  above  and  those  similar  to  them.  In  the  literature  (L.  V.  Kan¬ 
torovich,  V.  I.  Krylov  [1])  there  are  corresponding  estimates  available 
expressed  in  terms  of  the  derivatives  of  a  kernel.  These  estimates 
allow  the  proof  of  the  convergence  of  computational  schemes,*  but 
for  most  integral  equations  encountered  in  the  theory  of  elasticity 
these  results  cannot  be  directly  used  because  of  the  singularity  of 
kernels  and  also  because  of  the  fact  that  the  given  values  of  X  are 
■either  eigenvalues  or  coincide  with  them  in  modulus. 

The  general  procedure  for  proving  the  convergence  of  computation¬ 
al  schemes  for  the  method  of  successive  approximations  is  as  follows. 
Let  us  fix  the  number  of  terms  in  series  (10.2).  Since  a  finite  number 
of  integrals  must  be  evaluated  for  the  corresponding  sum,  this  sum 
can  be  calculated  with  any  preassigned  accuracy  by  using  an  increas¬ 
ingly  finer  division.  If  the  number  of  terms  in  the  series  is  increased, 
it  is  necessary  to  decrease  the  size  of  the  segments.  True,  this  proof 
does  not  take  into  account  any  possible  magnification  of  computa¬ 
tional  errors. 

*  Naturally,  in  the  case  of  the  convergence  of  the  exact  algorithm. 
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From  the  discussion  in  Sec.  1  it  follows  that  series  (10.2)  is  absolute¬ 
ly  convergent  when  the  corresponding  value  of  k  is  less  in  modulus 
than  the  first  eigenvalue.  Consider  the  case  when  K  coincides  in  modu¬ 
lus  with  the  first  eigenvalue,  but  is  not  equal  to  it.  Let  the  value 
of  interest  be  taken  equal  to  unity,  and  let  the  eigenvalue  be  first 
placed  at  the  point  — 1.  Naturally,  series  (10.2)  is  divergent.  But,  as 
mentioned  in  Sec.  1,  the  resolvent  [actually  constructed  by  series 
(10.2)]  is  a  function  analytic  in  k  outside  its  poles.  To  obtain  a  con¬ 
vergent  representation  at  the  point  A,  =  1,  it  might  be  well,  there¬ 
fore,  to  use  the  method  of  analytic  continuation.  We  take  a  point  k^, 
situated  between  0  and  1,  and  obtain  a  solution  at  this  point  accor¬ 
ding  to  (10.2).  To  construct  the  solution  of  interest  to  us  at  the  point 
>1  =  1,  this  series  must  be  reexpanded  in  an  argument  k'  =  I  —  k^, 
substituting  this  argument  in  the  final  representation.  The  recon¬ 
structed  series  is  conditionally  convergent  and  is  of  the  form  (if 
ki  =  0.5) 

^  (.X’)  =  To  (^)  +  (  ^' +  y)  Ti  (^)  +  (  ^' +'2')  T2(^)4-.--  = 

=  [<Po  (a:)  +  -|'Pi  (^)  +  J  fa  +  •  •  •]  + 

+  [  (^)  +  <P2  (^)  +"4  ^3  (^)  +  ■  •  •  j  + 

4-[(p2(a:)  +  |-cp3(a:)+  . .  . .  .  (10.7) 

It  is  essential  to  note  that  the  functions  (p^  (x)  are  found  by  means 
of  the  same  recurrence  relations  (10.3)  which  are  entirely  indepen¬ 
dent  of  the  values  of  k.  Under  the  adopted  conditions  on  the  disposi¬ 
tion  of  the  values  of  k,  the  intermediate  point  can  be  taken  on  the 
real  axis  [as  was  done  in  formula  (10.7)]. 

Let  us  now  consider  the  so-called  method  of  pole  elimination  by 
remultiplication  assuming,  in  addition,  that  the  point  k  =  — 1  is 
a  simple  pole  of  the  resolvent.  In  this  case  the  function  (A,  +  1)  T  (x, 
{/,  A.)  and  hence  the  function  (A,  +  1)  cp  (x)  have  no  pole  at  the  point 
A,  =  —  1.  The  series  for  the  functions  (A,  +  1)  T  (x,  y,  k)  and  (A,  + 
-h  1)  cp  (a:)  are  therefore  convergent  in  a  circle  centred  at  zero  up 
to  the  second  eigenvalue,  which  is  assumed  to  be  greater  than  unity 
in  modulus. 

It  is  obvious  that  the  series  for  the  function  (A,  -[-  1)  (p  (x)  is  of 
the  form 

oo 

{K  +  1)  cp  (x)  =  <Po  (X)  +  S  [Tn  (^)  +  fPn-1  (•^)]  (10.8) 

n=sl 

and  for  A.  =  1  we  obtain 

oo 

<p  (x)  =  0..5  {(Po  (x)  +  3  [<Pn  (x)  +  cp„_,  (x)]}. 

n=l 


(10.9) 
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With  the  purpose  of  increasing  the  effectiveness  of  the  method  of 
successive  approximations,  certain  recommendations  have  been  deve¬ 
loped  tc  transform  series  (10.2)  by  a  change  of  the  variable  %  = 
=  03  (t]),  and  in  particular  by  conformal  mapping.  Some  recommen¬ 
dations  of  this  kind  may  be  found  in  the  literature  (see  L.  V.  Kan¬ 
torovich,  V.  I.  Krylov  [1]  and  V.  N.  Kublanovskaya  [11).  Naturally, 
the  change  of  the  variable  is  dictated  by  the  information  on  the  posi¬ 
tion  of  poles  of  the  resolvent. 

We  now  proceed  to  the  case  when  the  given  value  Xq  is  a  simple 
pole  of  the  resolvent.  It  has  been  shown  in  Sec.  1  that  the  factor  mul¬ 
tiplying  the  highest*  power  in  the  series  expansion  of  the  resolvent 
is  an  eigenfunction  of  the  companion  equation  (as  a  function  of  the 
second  argument).  In  fulfilling  the  condition  for  the  orthogonality 
of  the  right-hand  side  of  the  original  equation  to  the  eigenfunction  of 
the  companion  equation,  the  representation  of  the  solution  in  terms 
of  the  resolvent  can  therefore  be  simplified  by  rejecting  the  above 
term  of  the  series,  and  this  leads  to  the  proof  that  the  solution  of  the 
equation  is  an  analytic  function  in  X  in  a  circle  of  radius  larger  than 
the  modulus  |A,o|.  Consequently,  here,  too,  the  method  of  successive 
approximations  must  lead  to  the  solution.  This  conclusion  is  valid, 
however,  only  in  the  case  when  all  calculations  are  carried  out  accor¬ 
ding  to  (10.3)  with  an  absolute  accuracy,  which  is  possible  only  in 
the  simplest  cases,  far  from  always  of  interest.  The  error  in  calcula¬ 
tions  necessarily  entails  the  violation  of  conditions  (1.38),  with  the 
exception  of  elementary  cases,  which  will  be  discussed  below. 

In  the  work  of  B.  Aliev  [1]  the  solution  of  integral  equations  of 
the  second  kind  (with  symmetric  kernels)  on  the  spectrum  is  consi¬ 
dered  in  terms  of  the  theory  of  incorrect  problems  (see  A.  N.  Tikho¬ 
nov,  V.  Ya.  Arsenin  [11).  It  is  assumed  that  all  calculations  are  car¬ 
ried  out  accurately,  but  the  right-hand  side  /  (x)  of  the  original  equation 
is  given  with  a  certain  error  6.  Series  (10.2)  in  this  case  should  be 
understood  in  a  special  sense  (let  it  be  called  asymptotic). 

The  algorithm  is  convergent  if  tends  uniformly  to  zero,  where  N 
is  the  number  of  terms  retained  in  the  series  expansion  (10.2).  It 
follows  from  this  estimate  that  we  cannot  retain  an  arbitrarily  large 
number  of  terms  in  the  series  expansion  for  a  fixed  value  of  6. 

In  reference  to  the  problem  under  consideration  concerning  the 
influence  of  computational  error  on  the  solution  of  the  integral  equa¬ 
tion  the  above  result  apparently  leads  to  the  similar  conclusion  that 
series  (10.2)  should  be  understood  as  asymptotic.  To  obtain  the  solu¬ 
tion,  proceed  as  follows.  Assign  the  number  of  terms  N  retained 
in  the  expansion  and  choose  so  fine  a  division  of  the  segment  as  to 
achieve  the  specified  accuracy  for  the  required  finite  sum.  If  the 


♦  The  first  in  this  case. 
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computational  error  is  disregarded,*  an  arbitrarily  assigned  accu¬ 
racy  can  always  be  obtained  since  a  finite  number  of  integrals  is 
evaluated  with  a  desired  accuracy.  As  the  number  of  terms  retained 
in  the  series  expansion  is  increased,  the  size  of  elementary  sections 
must  accordingly  he  reduced.  Ultimately  it  is  possible  to  determine, 
with  a  preassigned  accuracy,  the  values  of  several  finite  sums,  and 
if  the  difference  between  the  last  two  sums  is  within  this  accuracy, 
the  calculations  must  be  stopped. 

Consider,  now,  another  procedure  of  constructing  a  convergent 
representation  (see  P.  I.  Perlin  [10]).  Let  if ^  (cc)  be  a  normalized  eigen¬ 
function  of  the  companion  equation 

b 

\p(x)  =  X  ^  K  (y,  x)  i|)  {y)  dy.  (10.10) 

a 

We  transform  the  right-hand  side  of  Eq.  (10.1)  by  adding  the  ex¬ 
pression 

b 

—'^\'ii^)^f{y)'\>i{y)dy.  (10.11) 

a 

In  general,  this  addition  must  vanish  by  virtue  of  condition  (1.38), 
but  if  it  is  understood  according  to  any  quadrature  formula,  it  is 
a  small  quantity.  The  advantage  of  the  right-hand  side  of  this  form 
lies  in  the  fact  that  it  is  strictly  orthogonal  to  the  function  ifi  (x) 
•(according  to  the  same  quadrature  formula): 

./)  b 

j  {/  (^) — (^)  j  /  (y)  'I'i  (y)  (^yj  (^)  = 

^  a 

b  b  b 

=  j  /  (^)  'l^i(x)d5:—  j  i|52(x)  dz  ^  f{y)^iiy)  dy  =  0.  (10.12) 

CL  a  a 

Note  that  this  equality  holds  when  the  normalization  of  the  function 
•i|)i  (x)  is  performed  by  the  same  quadrature  formula.  Since  each  func¬ 
tion  (a:)  must  be  orthogonal  to  the  right-hand  side  (see  Sec.  1), 
it  is  natural,  in  passing  to  each  new  function  (a:),  to  make  a  cor¬ 
rection  similar  to  (10.11) 

b 

<Pn(a;)---cp„(a;)  — i|)j(a:)  j  cp„(i/)\)j,  (y)c?y  (w  =  l,  2,  ...),  (10.13) 

a 

and  use  the  functions  (x)  to  construct  cp^+i  (:r). 

*  The  error  inherent  in  quadrature  formulas  remains. 
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The  foregoing  leads  to  a  rigorous  proof  of  convergence  if  by  tho 
function  ipi  (x)  is  meant  not  the  eigenfunction  of  the  exact  companion 
equation,  but  the  eigenfunction  of  a  companion  equation  to  the  ap¬ 
proximate  integral  equation  actually  being  constructed. 

It  is  natural  that  for  systems  of  integral  equations  with  a  simple 
pole  of  the  resolvent  there  are  several  eigenfunctions  of  the  compa¬ 
nion  equation  and  so  the  additions  are  constructed  for  each  of  them. 
It  is  essential  that  in  this  case  the  eigenfunctions  must  be  taken  in 
orthonormal  form,  the  orthonormalization  being  performed  by  the 
quadrature  formula  used  to  form  additions. 

Note  that  some  special  procedures  of  constructing  convergent  algo¬ 
rithms  will  be  described  in  studying  specific  equations  (Secs.  18,  19). 

It  should  be  emphasized  that  if  an  integral  equation  is  solved  on 
the  boundary  of  a  circle  of  convergence  (but  not  on  the  spectrum) 
and  if  the  right-hand  side  is  orthogonal  to  the  eigenfunction  of  the 
companion  equation  (for  the  eigenvalue),  there  is  no  need  to  use  the 
various  procedures  described  above  (elimination  of  a  pole  by  remul¬ 
tiplication  and  similar  procedures)  since  series  (10.2)  itself  is  con¬ 
vergent. 

We  shall  mention  the  work  of  S.  G.  Mikhlin  [6]  where  the  problem 
of  the  approximate  construction  of  a  resolvent  is  solved  by  replacing- 
the  kernel  by  a  degenerate  one  and  estimates  of  errors  are  obtained. 

It  has  been  assumed  above  that  the  integral  equations  are  regular. 
Let  us  now  briefly  discuss  the  special  features  involved  in  solving*^ 
singular  equations  by  successive  approximations.  It  is  obvious  that 
if  the  convergence  of  the  method  is  proved,  its  implementation  re¬ 
duces  to  evaluating  the  integrals  according  to  the  recurrence  rela¬ 
tions  (10.3),  and  the  presence  of  a  singularity  only  necessitates  the 
use  of  special  quadrature  formulas. 

In  the  work  of  S.  G.  Mikhlin  [21  (see  Sec.  8)  it  is  proved  that  if 
the  norm  of  the  singular  operator  (determined  by  the  norm  of  the 
regularizing  operator)  is  sufficiently  small,  the  method  of  successive 
approximations  is  convergent.  V.  D.  Kupradze  [31  justified  the  appli¬ 
cation  of  the  method  for  solving  two-dimensional  singular  integral 
equations  of  the  theory  of  elasticity  when  the  medium  is  piecewise 
homogeneous  [in  the  special  case  of  the  so-called  principal  contact 
problem  (Sec.  36)],  and  Pham  The  Lai  [1]  extended  this  result  to 
the  case  of  the  (first  and  second)  fundamental  three-dimensional  prob¬ 
lems  of  the  theory  of  elasticity  (Sec.  33).  Some  questions  concerning 
the  convergence  of  the  method  of  successive  approximations  in  refe¬ 
rence  to  equations  arising  in  the  solution  of  elasticity  problems  are 
further  discussed  in  Sec.  33. 

The  construction  of  quadrature  formulas  for  singular  integrals  in 
the  one-dimensional  case  will  be  considered  in  Sec.  12.  In  the  case 
of  two  and  more  dimensions  the  quadrature  formulas  are  obtained 
only  for  kernels  of  a  special  kind.  In  the  work  of  B.  G.  Gabdulkhaev 
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[2]  a  singular  integral  with  the  Hilbert  kernel  is  considered,  namely 

2a  2n 

j  cot-^-~^  cot  (p(a:,  y)dxdij^ 

0  0 

and  in  the  work  of  A.  I.  Vaindiner  and  V.  V.  Moskvitiii  [1]  an  inte¬ 
gral  with  kernels  appearing  in  integral  equations  of  the  theory  ol 
elasticity  (see  also  Secs.  31,  33). 


11.  Mechanical  Quadrature  Method 
for  Regular  Integral  Equations 

Consider  again  the  Fredholm  integral  equation  (10.1),  which  can- 
conveniently  be  written  in  an  alternate  form: 

1 

(5)  —  ^  j  H  {s,  t)  X  (t)  dt  =  y  (s). 

0 

We  use  the  division  of  a  segment  into  m  parts  introduced  in  the  pre¬ 
ceding  section.  Any  one  of  the  methods,  proposed  and  mentioned 
above,  for  the  approximate  evaluation  of  integrals  at  the  pivotal 
points  with  arbitrarily  assigned  values  of  the  density  function  leads 
to  a  system  of  linear  equations  in  these  values.  The  available  esti¬ 
mates  make  it  possible  to  prove  (under  certain  restrictions  on  the 
kernel  and  the  right-hand  side)  the  convergence  of  the  network  repre¬ 
sentation  of  the  solution  thus  obtained  to  the  exact  one.  Moreover, 
we  have  the  following  fundamental  results. 

If  the  integral  equation  is  solvable,*  so  is  the  corresponding  linear- 
system,  at  least  beginning  with  a  fairly  fine  division. 

The  proof  consists  in  obtaining  certain  estimates  necessary  for  the 
application  of  the  general  principles  of  the  theory  of  approximate 
methods  (see  Sec.  9). 

The  quadrature  formula  for  an  arbitrary  function  is  represented  as 

1  n 

\x{t)dt=  ^  (11.1) 

0  ft=l 

The  points  are  also  supplied  with  a  superscript  to  allow  thereby 
for  the  variation  of  their  total  number  and  arrangement.  The  equa¬ 
tion  is  then  replaced  by  the  following  system: 

^  ^  i  H  {tT\  4"^)  ^  (4"^)  = 

ft=i  (ii-A 

=  2/ (4"^)  (i=  1,  2,. , w). 


♦  The  given  value  of  k  is  not  an  eigenvalue. 
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Note  that  when  the  segment  is  divided  into  n  equal  sections  and 
the  rectangular  quadrature  formula  is  used,  we  have 


^(n)  2k— 1 


4"’  =  4- 


{k=l,  2, . . n). 


For  simplicity,  we  assume  that  the  functions  H  {s,  t)  and  y  {s) 
•and  hence  x  (s)  are  periodic  functions  with  period  1.  The  space  X 
is  taken  to  be  the  space  C  of  continuous  periodic  functions  (with 
period  1).  For  the  space  X'  we  take  the  set  of  broken  periodic  func¬ 
tions  with  the  abscissas  of  vertices  at  the  points  Let  X  be  a 
finite-dimensional'  space  consisting  of  elements  x  =  (^i,  I2’  •  •  • 
.  .  with  the  norm  ||  a:  I|  =  max  |  |,  and  let  the  image  of 

-the  function  be  its  values  at  n  points: 

x^(^x=lx{V^^),  . . .,  rr 

Let  X  =  (i'll,  ^2^  •  •  -  j  then  the  element  x'  =  (of  the 

‘.space  X')  is  a  piecewise  linear  function  with  vertices  at  the  points 
T],,).  Wc  have  the  obvious  equalities: 

ll9ll-|lTo"Ml==l. 


Denote  by  H  an  operator  in  the  space  X  specified  by  the  matrix 
II  4^0  II*  Referring  to  Sec.  9,  we  conclude  that  to  prove 

Theorem  I,  we  must  only  check  the  fulfilment  of  conditions  (9.3), 
<9.5),  (9.16). 

Denote  by  co^  (6)  and  co^  (6)  the  moduli  of  continuity  of  the  kernel 
with  respect  to  each  of  the  arguments  and  proceed  to  estimate  the 
norm: 

1 

II  (p//.T'  — Hi^x'  II  =max  f  H  {ti,  t)  x'  (t)  dt  — 

'  0 

n 

—  ^  ^kH  {ti,  h)x' (th)  = 

h=i 

n  ^h+l 

=  max  2  f  H  {ti,  t)  x' (t)  dt — 

'  ft=i  ik 

n 

k=i 

n 

/  =  1 
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n 

h=\ 


(11.3) 


Consequently,  condition  (9.3)  is  fulfilled,  with  e  =  2  co*  (l/2/i). 

Let  us  now  check  condition  (9.5).  For  the  function  x'  £  X'  ap¬ 
proximating  the  integrals 

1 

g{s)=  ^  H  {s,  t)x{t)dt, 
b 


we  take  a  piecewise  linear  function  coinciding  with  them  at  the 
points  ti,  i.e.,  for  ^  5  ^ 

1 

x'  (s)  ---=n{tl+^  —  s)  j  H  {ti,  t)x  (t)  dt  +  n{s—ti)  ^  /T  {ti  i-i,  t)  x  (t)  dt. 
b  b 

We  obtain  the  estimate 

1 

\g(s)  —  x'  (s)|  =  I  I'  {// (s,  t)  —  n{ti+i  —  s)H{ti,  t)  — 
b 


—  t))x{t)  dty 

Since  the  expression  in  the  braces  is  estimated  by  co^  (l//^),  we  obtain 

||7/:r-x'||  <to»(4)  lull,  (11.4) 

and  hence  =  co^  (1/^). 

A  similar  argument  for  the  function  y  leads  to  the  estimate 

IU-.?/'ll<«!/(^),  (11.5) 

whore  co^  (6)  is  the  modulus  of  continuity  of  the  function  y.  Hence, 
condition  (9.16)  is  fulfilled,  and 

=  ITT- 

Thus,  the  constant  q  appearing  in  Theorem  I  and  taking  the  form* 
[II  K  II  (i)  +2»‘  (i)  +2|^|o,-(4)  (^)  ]  .  II  K-~  II. 


*  It  will  be  recalled  that  Kx  =  x  —  XIIx, 
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can  be  made  less  than  unity  by  suitably  increasing  n,  which  leads 
to  the  required  result. 

We  give  the  final  formulas  for  the  estimation  of  the  error  of  the 
approximate  solution 

Xoll  <  |4  |X|co‘  II  K-i  11  + 


+ 


1^1®’  (■r)  + 


(l  +  IIKIMIK-*  II  )j  11^*11. 


Similar  results  can  be  obtained  for  the  non-periodic  case  if  use  is 
made  of  the  trapezoidal  formula. 

We  now  turn  to  the  consideration  of  integral  equations  when  X 
is  an  eigenvalue.  The  mechanical  quadrature  method  can,  of  course, 
be  formally  applied  here,  but  this  involves  great  difficulties.  First, 
the  resulting  system  of  linear  equations  is  degenerate  or  nearly  dege¬ 
nerate,  and  to  ensure  the  stability  of  solution  we  must  use  regulari¬ 
zation  procedures  (see  A.  N.  Tikhonov,  V.  Ya.  Arsenin  [1]).  Second, 
when  stable  values  are  obtained,  it  is  required  to  prove  that  in  the 
limit  the  solution  of  the  system  tends  to  the  exact  solution  of  the 
integral  equation. 

Note  that  in  some  cases  special  procedures  can  be  used.  For  exam¬ 
ple,  if  the  eigenfunctions  of  the  original  and  companion  equations 
are  known,  one  should  pass  to  Eq.  (1.36),  which  no  longer  involves 
the  eigenvalue.  In  Sec.  18,  in  discussing  the  question  concerning  the 
numerical  implementation  of  Muskhelishvili’s  equation  we  de¬ 
scribe  a  procedure  due  to  P-I.  Perlin  and  Yu.  N.  Shalyukhin  [1]. 


12.  Approximate  Methods  for  Solving  Singular 
Integral  Equations 

From  the  results  obtained  in  Chap.  I  it  follows  that  singular  inte¬ 
gral  equations  can  be  transformed  to  equivalent  regular  equations 
(in  the  case  of  multidimensional  equations  only  the  existence  of  such 
a  transformation  is  proved).  The  solution  of  singular  equations  can 
therefore,  in  general,  be  obtained  by  passing  to  the  corresponding 
regular  equations  and  finding  their  approximate  solution.  The  actual 
implementation  of  this  procedure  is,  however,  too  laborious  because 
of  the  considerable  difficulty  involved  in  constructing  the  required 
regular  equation  (both  the  kernel  and  the  right-hand  side). 

It  is  more  expeditious  to  construct  the  solution  of  singular  (one¬ 
dimensional)  integral  equations  directly.*  For  the  most  part,  the 

*  The  case  of  more  than  one  dimension  is  not  considered  because  of  the  lack 
of  practically  any  general  investigations.  Special  equations  (equations  of  the 
theory  of  elasticity)  are  discussed  in  Sec.  36  and  the  following  sections. 
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methods  used  are  a  generalization  of  the  procedures  employed  for 
solving  regular  integral  equations  with  due  regard  for  the  specific 
features  of  the  evaluation  of  singular  integrals.  Essential  use  is  made 
of  the  fact  that  the  characteristic  singular  integral  equations  are 
solvable  in  explicit  form. 

The  solution  of  singular  integral  equations  (both  the  construction 
of  approximate  algorithms  and  their  justification)  is  covered  ade¬ 
quately  in  the  literature.  We  shall  mention  the  works  of  M.  A.  Lav¬ 
rent’ev,  S.  G.  Mikhlin,  A.  I.  Kalandiya,  V.  V.  Ivanov,  B.  G.  Gab- 
dulkhaev. 

To  begin  with,  we  consider  the  cases  of  the  straightforward  solu¬ 
tion  of  singular  equations  both  for  closed  and  unclosed  contours  with¬ 
out  first  transforming  a  contour  into  a  unit  circle  7  or  a  segment 
Lj  ( — 1,  1).  For  simplicity,  we  restrict  ourselves  to  the  case  of  a 
single  contour. 

Suppose  (see  S.  G.  Mikhlin,  Kh.  L.  Smolitskii  [1])  that  the  kernel 
of  a  regular  operator  is  a  degenerate  function: 

n 

*  (t,  t)  =  2  “ft  (t)  “ft  W-  (12.1) 

The  original  singular  equation  may  be  represented,  after  transpo¬ 
sing  the  regular  term,  as 

fl  it)  cp  (i)  +  ^  -fit) -2  it),  (12.2) 

L  h=i 

where 

“ft  =  j  “ft  (t)  <P  (t;)  dx. 

L 

The  coefficients  are  assumed  to  be  arbitrarily  given.  The  equation 
can  then  be  solved  explicitly  (assuming  that  for  a  negative  value 
of  the  index  the  function  /  {t)  satisfies  the  orthogonality  conditions)* 
The  resulting  solution  of  the  characteristic  equation  depends  on 
the  parameters  and  the  substitution  of  this  solution  in  the  equa¬ 
lities  determining  the  constants  leads  to  a  linear  system. 

We  now  turn  to  the  question  of  evaluating  singular  integrals, 
which  naturally  precedes  the  consideration  of  the  approximate 
solution  of  singular  integral  equations.  If  the  density  functions  of 
singular  integrals  were  known,  the  evaluation  of  the  integrals  would 
be  an  elementary  operation  because  of  the  availability  of  the  regular 
representations  (2.5)  and  (2.18).  Moreover,  the  integrals  can  be 
dirqctly  evaluated  as  improper  ones  by  first  dividing  the  contour 
intoNsections  of  equal  length  and  excluding,  according  to  the  defi¬ 
nition  of  a  singular  integral,  two  sections  adjacent  to  the  singular 
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point.  Let  ti  {i  =  i,  2,  .  .  n  +  2,  =  a,  ^,,+2  such  a 

set  of  points.  The  lengths  of  all  chords  ti+i  —  ti  must  he  equal,  with 
the  possible  exception  of  the  length  of  the  chord  ^^+2  —  which 
must  not  be  larger  than  the  rest.  The  points  of  the  curve  L  will  also 
be  determined  by  the  arc  length  s  measured  from  the  end  point  =  a. 


Let  M  denote  max 


1  tn 


SO  large  as  to  fulfil  the  fol 


I  (t,  tQ  g  L).  We  choose  the  number  n 
owing  inequalities  on  the  arc  (tj,  ^;+i): 


1  ^j+i  I  ^  I  I  ^  /)» 

\  Sj  s  1^2  \  tj  t  1^4  I  tj  |. 


V.  V.  Ivanov  [1]  has  proved  that  the  quadrature  formula  obtained 
by  the  proposed  method  [if  the  function  cp  (^)  is  specified  discretely 
at  the  points  tj],  namely 


dt=  A-  In  j — — 

m  J  t  —  t)i  Jii  t/i  —  a 

L 


n+l 

-2' 


;=l 


'(p(fj)  — (p(</,)  1 

t  J  t  Jt  ( 


(12.3) 


where  a  prime  indicates  that  the  summation  is  carried  out  over  all 
j  k,  k  —  1  (A:  =  1,  2,  .  .  n  +  1),  has  the  error 


(4)“. 


Here  S  is  the  total  arc  length,  A  is  the  constant  in  the  H-L  condition. 

We  now  proceed  to  the  case  when  the  density  function  has  a  singu¬ 
larity,  say,  at  the  point  =  a  ^  — 1.  We  restrict  ourselves  to  the 
case  of  the  contour  L^.  Denote  by  (^„)  a  neighbourhood  of  the 
point  ^0  centred  at  it  and  of  length  2ln,  and  take  n  so  large  that 
I  ^0  —  ^  I  >  3/a2.  We  next  divide  the  contour  into  2n  equal 
parts  by  points  ^2n+i*  The  quadrature  formula  is  then 

of  the  form 


L 


(p  (t)  d% 


{T+1)V(T-1) 


f/T 


(T-0 


2n 

■  ^  tj  +  i  i-v 

j=l 


The  integral  appearing  in  it  is  represented  by  the  series 


J  (t+1)Y(t-0 


jt  cot  jn 


00 


“,(1  +  7)^’'^'^ 

s=0 


(12.4) 


(H-l)^ 


(12.5) 


12] 


SINGULAR  INTEGRAL  EQUATIONS 


il7 


A  prime  on  the  summation  indicates  that  the  sum  is  carried  out  over 
all  j  such  that  the  segment  tj)  $  (t).  If  the  singularity  is 

at  the  point  1,  it  is  necessary  to  make  a  change  of  signs  in  some  terms. 
The  error  in  the  quadrature  formula  is  estimated  as 


Aaz  - 


6 


1  M-1 


r-L 

I-  OL 


1-X 


In 


^l2  (1  -  /2) 


1  — 
J  n“ 


(0<A  =  Re7<l). 


Note  that  if  in  constructing  the  quadrature  formulas  we  proceed 
from  the  polygonal  approximation  of  the  density  function,  i.e.,  we 
replace  cp  {t)  by  linear  functions 


cp*  {t)  =  (p  (4)  +  <p  (h+i)  tii-tk 

the  order  of  accuracy  is  improved.  For  a  closed  contour,  the  estimate 
of  the  error  is  (see  A.  A.  Korneichuk  [1])  C  In 

V.  V.  Ivanov  [1]  used  Faber’s  polynomials  (2)  for  constructing 
quadrature  formulas.  (Faber’s  polynomial  of  order  k  is  a  polynomial 
part  of  the  Mh  power  of  a  function  effecting  the  conformal  mapping 
of  the  outside  of  the  contour  into  the  outside  of  a  circle  and  having 
the  highest  coefficient  equal  to  unity.)  In  this  case  the  expression 
for  the  singular  integral  is  of  the  form 

00 

L  k=i 

where 


If  only  n  terms  are  retained  in  representation  (12.6),  the  error  in 
the  resulting  formula  is  where  a  is  the  index  of  the  class 

H-L  to  which  the  function  q)  (t)  belongs,  and  e  >>  0.  If,  however, 
the  function  (p  {t)  has  a  derivative  of  order  p  belonging  to  the  class 
H-L,  the  estimate  becomes  stronger,  viz. 

Let  now  L  be  a  smooth  unclosed  contour  with  the  ends  a  and  b. 

Suppose  that  the  density  function  is  representable  as  (Re  y  <C 

<  1).  The  corresponding  singular  integral  is  then 


1  r  (p  (t)  dx  _  cp  (a)  cot  yjt 


9  (t)  -y  (6  — g)  ^  ^ 
ni  ^  y-\-k 

h=0 


(i-a)'‘+2 

A=1 


L 


Dk  (t)-%(t)  J, 

(T-a)Y(T-t) 


(12.7) 
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A  similar  formula  (apart  from  signs)  can  be  obtained  for  the  case 
when  the  density  function  has  a  singularity  at  the  end  b.  It  is  ap¬ 
propriate  to  mention  here  that  Faher’s  polynomials  for  the  segment 
coincide  with  Chebyshev’s  polynomials. 

We  next  consider  some  special  cases  of  the  representation  of  the 
density  function  where  the  evaluation  of  singular  integrals  is  ele¬ 
mentary.  Let  7  be,  as  before,  a  circumference  of  unit  radius.  We  take 
the  function  (p^  (^)  as  a  segment  of  the  Fourier  series: 

S  (12.8) 

A— —  n 


The  value  of  the  singular  integral  of  the  finite  sum  (12.8)  is  then 

S  »»«*■ 

Y  A=0  h=-n 

If  the  series  representation  is  constructed  using  the  values  of  the 
density  function  at  the  points  tj  =  ^6;  =  2n  +  \  0’  approxi¬ 

mating  polynomial  is  of  the  form 

2  («•«) 

The  singular  integral  itself  is 


1 

2ni 


=-sVi  2  »«/) 


2i  sin  n 
1+. - 


G  — 0^  •  /  I  >i\ 
— g-i  sin  (n+l) 


sin 


0-0; 

2 


0-0j^ 

2 


(12.11) 


We  now  proceed  to  the  construction  of  the  approximate  solution 
of  singular  equations  when  the  contour  L  is  a  circumference.  Assume 
that  the  index  x  ^  0,  and  hence  the  solution  always  exists.  For 
definiteness,  we  seek  a  solution  for  which  the  Cauchy-type  integral 


Y 


has  the  highest-order  zero  at  infinity.  We  therefore  choose  the  fol¬ 
lowing  series  representation  for  the  solution: 


^  n  - 1 

A=0  k=-n 


(12.12) 
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The  coefficients  can  be  determined  in  different  ways  (as  in  the 
case  of  regular  equations).  We  may  use  the  collocation  (point  mat¬ 
ching)  method  by  equating  both  sides  of  the  equations  at  a  certain 
set  of  points  on  the  contour  (for  example,  at  the  same  points  tj). 
We  may  also  require  that  the  difference  (in  the  mean)  between  the 
left-hand  and  right-hand  sides  should  be  minimum  (the  method  of 
least  squares,  see  S.  G.  Mikhlin  [4]),  etc. 

In  the  work  of  B.  G.  Gabdulkhaev  [1]  the  collocation  method  has 
been  studied  from  the  general  standpoint  of  the  theory  of  appro¬ 
ximate  methods  (see  Sec.  9).  It  is  proved  that  when  the  index  is  zero 
and  when  the  equation  has  no  eigenfunctions,  there  is  a  value  of  n* 
such  that  the  system  obtained  by  the  collocation  method  is  always 
solvable.  The  approximate  solution  cp  (t)  thus  determined  converges 
to  the  exact  one  with  the  rapidity 

||cp-$||<(^ln^^  +  52)^-"““+^  (12.13) 

where  Ai,  fig  ^re  constants  independent  of  n,  P  is  an 

arbitrary  constant,  a  >  P  >  0.  Inequality  (12.13)  is  understood  as 
the  norm 

II  cp  II  =  max  1  (p  (f)|  +  sup.  '  ' . 

V  I  h—i2  1 

The  method  considered  here  has  been  studied  by  V.  V.  Ivanov  [1] 
in  a  different  functional  space,  and  so  he  obtained  another  estimate. 

We  now  turn  to  the  direct  solution  of  the  singular  equation  on  the 
circumference  y  by  the  mechanical  quadrature  method  (see  Phan- 
van-Hap  [1]).  The  equation  is  rewritten  as 

'P  +  -iSf  J  +  J  k  {t,  T)  cp  (t)  dr  (12.14) 

Y  y 

In  Eq.  (12.14)  the  normalization  has  already  been  performed,  and 
hence  a  (t)  =  i.  As  regards  the  kernel  k  {t,  t),  we  may  assume  the 
presence  of  an  integrable  singularity,  i.e., 

|ft(i,  T)l<C|i-Tf-‘  (p>0). 


We  next  consider  a  functional  equation  resulting  from  the  appli¬ 
cation  of  the  quadrature  formulas  to  the  original  equation: 


h)  cp  (tji) /^tk  =  f  (t), 

t=i  ‘  ft=i  (12.15) 


*  Namely,  the  one  satisfying  the  restriction 

(^1  In  r  +  fii)  <  1. 
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As  before,  the  points  divide  the  circumference  into  n  equal 
parts.  The  functions  b  {t),  f  {t),  k  (t,  t)  belong  to  the  class  H-L 
[except  the  points  t  =  ^  for  the  kernel  k  {t,  t)|.  To  obtain  the  appro¬ 
ximate  solution  of  (12.15),  we  equate  the  left-hand  and  right-hand 
sides  of  this  equation  at  the  points  We  arrive  at  the  system 


9(«() 


bjtl) 

ni 


ft=i 

k<l-i,  k>l+i 


th  — 


+ 


+  S'  hk^{h)==f{ti).  (12.1()) 

h=i 

k<l-i,  h>l+i 


13.  Approximate  Methods  for  Solving  Singular  Integral 
Equations  (Gintinued) 

We  now  turn  to  the  consideration  of  cases  where  the  contour  is 
discontinuous.  From  the  discussion  in  Sec.  6  it  follows  that  an  equa¬ 
tion  with  a  discontinuous  contour  can  always  be  reduced  to  an  equa¬ 
tion  with  a  continuous  contour.  However,  the  equation  becomes  too 
unwieldy  and,  moreover,  the  contour  of  integration  increases,  which 
makes  the  efficient  solution  difficult  with  the  same  computer  capa¬ 
city. 

In  this  case,  too,  the  use  of  formula  (12.4)  and  similar  formulas 
makes  it  possible  to  obtain  the  solution  of  the  integral  equation. 
It  is,  of  course,  advisable  (but  not  necessary)  to  include  factors  corres¬ 
ponding  to  singularities  of  the  solution  at  the  end  points  in  the  re¬ 
presentation  of  the  solution.  These  singularities  are  determined  at 
once  from  the  consideration  of  the  auxiliary  Riemann  problem  (see 
Sec.  5). 

Much  attention  is  given  to  the  consideration  of  singular  equations 
with  constant  coefficients  a  (t)  and  b  (t)  when  the  contour  L  is  a 
segment  designated  as  Equations  of  this  type  are  frequently 
encountered  in  applications  (see  Sec.  23),  and  a  variety  of  special 
techniques  have  been  devised  for  their  solution  (M.  A.  Lavrent’ev, 
A.  I.  Kalandiya,  G.  N.  Pykhteev  and  others). 

The  equation  in  question  is 

+  =  /(<).  (13.1) 

Li  Li 

It  appears  from  what  has  been  proved  in  Sec.  6  that  the  solution  of 
Eq.  (13.1)  is  represented  as 


(13.2) 
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13] 


where  the  function  g  (t)  is  continuous  and  different  from  zero  every¬ 
where  on  the  contour  and  the  exponents  a  and  p  are  determined 
by  the  equalities 


a  —  ib 
a  \-ib 


}  +  N,  p  = 


1 

2jti 


a  —  hb 
a-{-  ib 


(13.3) 


The  integers  N  and  M  are  chosen  so  that  the  constants  a  and  P  will 
satisfy  the  restrictions  —1  <  Re  a,  Re  P  <C  1,  which  ensure  tho 
physical  meaning  of  the  solution  of  the  original  boundary  value 
problem.  It  is  obvious  that  the  sum  a  -)-  P  is  an  integer  equal  to  the 
index  of  the  equation,  and  hence,  when  a  -f-  p  ==  — 1  (the  sum  can¬ 
not  be  a  smaller  number),  Eq.  (13.1)  is  solvable  if  condition  (4.13)* 
is  fulfilled.  When  a  -|-  P  =  1,  to  secure  uniqueness  of  the  solution,, 
we  must  require  the  fulfilment  of  the  condition 


{^{t)  dT  =  A,  (13.4) 

U 

where  ^  is  a  constant. 

The  representation  of  the  density  function  in  the  form  of  (13.2) 
suggests  that  the  new  function  g  {t)  should  be  sought  in  the  form  of 
a  series  in  Jacobi  polynomials  (see,  for  example,  D.  Jackson  [11): 


J?(<)=  S  (13.5) 

n=0 

It  will  be  recalled  that  Jacobi  polynomials  are  polynomials  of  tho 
form 


K-  it)  ==  ^  (1  -  <)-“  (1  +  t)-^  ^  [(1  -  ^)“+"  (1  +  0^+"].  (13.6) 

When  a  =  P  =  0,  Jacobi  polynomials  coincide  with  Legendre 
polynomials,  and  when  a  =  p  =  — 1/2  or  a  =  ^  =  1/2,  Jacobi 
polynomials  coincide  with  Chebyshev  polynomials  of  the  first  and 
second  kind,  respectively. 

The  Jacobi  polynomials  (with  fixed  values  of  the  parameters  oc 
and  P)  are  an  orthogonal  system  of  functions  on  the  segment 
with  the  weight 

c^(i)=(i_i)“(i+f)p, 

and  for  the  system  to  be  orthonormal,  we  must  further  introduce 
the  factors 

r  oc-|-  P  -f-  2n  1  r  (ot-{-  P  “1“  w  “f~  1)  w!  1  1 

1  r(a-f  Az-f  i)r(p-}-/i4-i)  J 

In  our  case  when  the  parameters  a  and  P  are  not  arbitrary  (their 
sum  k  is  an  integer,  1 , 0  or  —1),  we  have  the  formula  (see  F.  Erdogan,. 
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G.  D.  Gupta,  T.  S.  Cook  [1]) 

4-  J(0(T)  = 

^1 

=  -  4  (0  (f)  Pf'  {t)  -  2-^  r(a)ni-a)  ^^-a.  -p) 

Equality  (13.7)  allows  us  to  construct  immediately  an  approximate 
method  for  solving  the  integral  equation  (13.1)  if  the  solution  is 
sought  in  the  form  of  series  (13.5).  We  arrive  at  the  functional  equa¬ 
tion 

oo 

2  =  (^3.8) 

n=0 

where 

hn  («)  =  J  CO  (T)  (T)  k  {t,  t)  dx. 

Li 

To  solve  this  equation,  we  may  expand  its  left-hand  and  right-hand 
sides  in  a  series  of  Jacobi  polynomials  (Z  =  0,  1,  .  .  .) 

By  equating  the  coefficients  of  like  polynomials,  we  arrive  at  a 
system  of  algebraic  equations: 

N 

— P)®'+fc+S  dniCr,  =  Fi  (1  =  0,  1, 
n=0 

(13.9) 

where 

dnl  =  J  i^)  (1  -  T)-“  (1  T)  (t)  dX, 

Lx 

Fl=  J  Pi-“*-P>(T)(l-T)-“(l-fT)'P/(T)dT. 

Li 

Let  us  analyse  the  solvability  of  this  system,  depending  on  the 
value  of  k.  In  the  case  of  /c  =  —1  Eq.  (13.9)  is  solvable  if  the  ortho¬ 
gonality  condition  is  fulfilled;  this  condition  may  be  written  as 

{  [/(T)- J  A:(f,  x)<f>{x)dx'\-^  =  0.  (1310) 

L,  Lx 

It  can  be  shown  that  the  first  equation  of  system  (13.9)  is  equivalent 
to  Eq.  (13.10).  Thus,  we  obtain  a  system  of  order  N  +  I  for  the 
iV  +  1  unknowns  a^.  When  /c  =  0,  the  system  is  uniquely  solvable. 
When  /c  =  1,  there  are  N  +  2  unknowns;  hence,  the  solution  of 
the  system  is  not  unique  and  recourse  must  be  made  to  Eq.  (13.4). 
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We  now  turn  to  the  consideration  of  singular  integral  equations 
of  a  more  general  type  than  those  studied  previously: 

T  J  +  T  .(  J  K  (^.  T)cp(T)dT  =  /(0. 

Li  Ldi  Li 

(13.11) 

where  the  additional  kernel  (t,  t)  is  of  the  form 

n  m 

2  (^ + 1)''  ^  -  2i)'‘ + 2  "Sj  “  ^2)-‘  • 

k=0  j=o 

Here  and  Zg  stand,  respectively,  for  the  expressions  [(^  +  1)  — 

—  1]  and  [(^  —  1)  +  1],  where  Gj  and  Gg  are  constants  in  the 

range  0  <  Gj  <  2jc  and  —n  <  Gg  <  jx.  Equations  of  this  type  arise, 
for  example,  in  solving  plane  problems  of  the  theory  of  elasticity 
involving  external  or  interface  cuts. 

These  equations  differ  from  those  studied  in  Chap.  1  in  that  they 
are  not  reducible  to  the  Riemann  boundary  value  problem;  however, 
in  this  case,  too,  it  may  be  stated  that  the  solutionis  representable 
in  the  form 


(p(^)  =  g(0  =  (l“0“  (1  +  0^  (— KRe  a,  Rep<l), 

where  g  (t)  is  a  function  belonging  to  the  class  H-L,  and  the  cons¬ 
tants  a  and  P  are  determined  from  the  analysis  of  the  equation  itself 
(using  the  properties  of  Cauchy-type  integrals  on  unclosed  contours). 
We  use  the  quadrature  formula  (A.  H.  Stroud,  T.  D.  Secres  [1]): 

N 

\  F{t,x)  (l-T)“(H-T)PdT«  2  ^hF{tk,  th  (13.12) 

Li 

where  are  the  roots  of  the  equations 


(A:  =  l,2,  ...,  A), 

and  the  weight  factors  are 

2iV+a  +  P  +  2  r(iy  +  a+l)r(7V  +  P  +  l) 


w.= 


(N  +  i)\(N+a  +  ^  +  i) 


r(iy+a+p+i) 

X 


-  X 


(<h)  (<ft) 


The  use  of  formula  (13.12)  for  solving  the  integral  equation  by 
the  collocation  method  leads  to  a  system  of  algebraic  equations: 

N 

^2  Siik)  h)  +  nkAt%  h)'\=f{t^) 

h=l  ^ 

(7  =  1,2,  ...,  N-\). 


(13.13) 
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The  points  t]  are  the  roots  of  the  equation 

—  KRea,  R9p<0  (/ =  1,  . . . ,  — 1). 

With  other  restrictions  on  a  and  P  the  points  t)  are  the  roots  of 
the  equations 

p(a - 1 ,  p - 1 )  (^Q)  _  0  (0  <  Re  a  <  1 ,  0  <  Re  p  <  1 ) , 

pia-  1.  p+ 1)  (^Q)  _  0  (0  <  Re  a  <  1 ,  ^  1  <  Re  p  <  0), 

p(a+i,P-i)  (^5)  =  0  (-l<Rea<0,  0<Rep<l). 

Note  that  if  —1  <  Re  a,  Re  P  <  0,  the  solution  of  Eq.  (13.13) 
demands  recourse  to  equality  (13.4)  whose  approximate  implementa¬ 
tion  leads  to  a  further  relation 

N 

S  g{h)  Wk=-A, 

k=i 

in  addition  to  system  (13.13). 

We  proceed  to  determine  the  values  of  a  and  p.  Consider  the  Cau¬ 
chy-type  integral 

Li  Li 

This  integral  admits  the  representation 

+  (13.14) 

where  the  function  Oo  (z)  is  bounded  everywhere  except  possibly 
at  the  points  —1  and  1  at  which  there  can  be  singularities  of  order 
less  than  Re  a  and  Re  p.  Further,  based  on  the  Sokhotskii-Plemelj 
formulas  (2.9'),  we  obtain  an  equivalent  representation  for  the 
singular  integral: 


u 

=  —  ^  (--  1)  2°^  cot  Jtp  (^-f  1)P-1-  g  (1)  2Pcot  na  (1  —  0“  +  Eo  {t), 

(13.15) 

where  the  behaviour  of  the  function  Fq  {t)  is  similar  to  that  of  the 
function  Oq  (z). 
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We  next  consider  the  integral 

±  (^P(lLdT  =  CD(z.). 

ji  j  r  —  zi  ^ 

L, 

It  will  be  recalled  that  the  points  fall  on  a  line  (segment)  when  the 
points  t  run  through  the  segment  This  integral  admits  the  repres¬ 
entation 

o  (2i)  =-^(-1)2“  eipe.  (t  +  1)P  +  F,  (t).  (13.16) 

The  properties  of  the  function  (t)  in  the  neighbourhood  of  the 
point  — 1  are  obvious. 

Consider,  now,  the  identity 

Lt 

which  enables  us  to  obtain  the  representation 
^  J  cp  (t)  {t  +  I)**  (t  -  Zi)dT  = 

Li 

=  _^(_l)2al^,iP0.p(P_l)  ...  (^-k+\)it+i)^  + 


Substituting  the  above  representations  in  Eq.  (13.11),  we  obtain 
—  g  ( —  1)  2®  cot  up  {t  +  1)^  +  ^(1)  2P  cot  Jia  (1  —  + 

+  F,  (t)  -Cog{-  1)  2“  (f  4-  1)3  +  F,  (0  + 

n  -  jtip 

+  2  (P-i)  •••  (^+1)'*  + 

k=i 

+  ^i(^)]  =  /(0- 

Since  the  left-hand  side  of  the  equation  is  bounded  everywhere, 
and  in  particular  in  the  neighbourhood  of  the  point  —1,  we  obtain 
equations  for  the  determination  of  a  and  P: 

cot  Jia  =  0,  a=  — ^  , 

n 

cos  Jtp  +  eiP(P‘-'-^)  [co+  V  Chp(P-l)  ...  (P-^-  i- 1)1  =  0.  (13.17) 

k=i 

Of  course,  if  we  retained  terms  with  the  coefficients  bj  in  Eq.  (13.11), 
the  resulting  equations  would  be  more  unwieldy.  Note  that  general 
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considerations  on  the  solution  of  equations  of  this  kind  are  given 
in  the  work  of  F.  Erdogan  [2]. 

It  may  also  be  mentioned  that  D.  I.  Sherman  [261  obtained  the 
exact  solution  for  a  specific  equation  belonging  to  the  class  under 
consideration.  The  revealed  singularity  of  the  solution  coincided 
with  that  determined  by  Eqs.  (13.17). 

The  foregoing  approach  does  not  exclude  the  possibility  of  solving 
Eq.  (13.11)  directly  by  the  mechanical  quadrature  method.  It  should 
be  noted  that,  after  taking  the  density  function  outside  the  integral 
sign  on  each  small  section,  the  remaining  expressions  are  integrated 
in  closed  form.  Naturally,  a  finer  discretization  is  needed  in  the  neigh¬ 
bourhood  of  the  ends. 

The  above  procedure  is  fully  applicable  when  the  coefficients 
and  are  absent  (i.e.,  when  the  equations  are  ordinary  singular 
ones).  We  refer  to  the  work  of  A.  I.  Kalandiya  [4],  which  deals  with 
the  equation 

1  1 

-1  -T 

under  all  possible  restrictions  on  the  behaviour  of  the  solution  at 
the  ends. 
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FUNDAMENTAL  PRINCIPLES 
OF  THE  MATHEMATICAL  THEORY 
OF  ELASTICITY 


14,  Three-dimensional  Problem 


Let  an  elastic  body  occupy  a  region  D  bounded  by  a  closed  surface  S 
in  a  three-dimensional  space.  If  the  region  is  finite,  it  will  be  denoted 
by  and  if  it  is  infinite  by  D~, 

The  solution  of  an  elasticity  problem  consists  in  determining, 
at  each  point  p  (with  Cartesian  co-ordinates  Xg),  a  vector  u 

(with  Cartesiain  co-ordinates  iZg,  W3)  characterizing  a  small  dis¬ 
placement  of  this  point  during  the  deformation  of  a  medium. 

The  vector  field  u  (p)  determines  the  so-called  small  strain  tensor 
in  the  whole  body: 


=  (*•'■‘-1.2,3).  (U.n 

These  strains  in  turn  determine  the  components  of  the  stress  tensor, 
which  in  the  case  of  an  isotropic  medium  are  respresentable  in  the* 
form,  according  to  Hooke’s  law, 


-f  2jie|y-,  0-=divM,  (1^-2) 

where  X  and  |li  are  physical  constants  of  the  medium  known  as  Lame's 
constants.  * 

The  components  of  the  stress  tensor  satisfy  the  differential  equa¬ 
tions  of  equilibrium 

^  =  0  Ki  =  1.2,  3).  (14.3) 

It  is  assumed  here  that  body  forces  are  absent. 

Substituting  the  displacement  derivatives  for  the  stresses  in  (14.3) 
in  accordance  with  Hooke’s  law,  we  obtain  the  following  equations 


*  In  the  technical  literature  other  constants  are  more  often  used,  namely 

Young’s  modulus  E  —  (3^  +  2\i)  \i  Poisson’s  ratio  v  =  - r  which 

X+li  2  {X  -t-  p) 

will  he  further  assumed  in  the  range  0  ^  V  <C  0.5. 
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called  Lame's  equations: 

A*w  =  [xAw  r  (X-f  jx)  grad  divM  =  0.  (14.4) 


Since  the  strains  (there  are  six  of  them)  are  the  derivatives  of 
three  scalar  functions,  they  are  connected  by  the  following  six  differ¬ 
ential  relations  called  Saint-Venanfs  compatibility  conditions: 


d^Ejj  _  OHii  ,  a^^jj 
dxi  dxj  dx^-  '  oxj 


{]  Oj 


(14.5) 


__  d  (  dEjk  I  dEji  .  dEjh  \ 

dxj  dxji  dxi  \  dxi  '  dx^  dxj  ) 


{i-^j=^k). 


Let  a  plane  be  given  at  an  arbitrary  point  p,  by  specifying  it  by 
a  normal  n  {nx^,  n^^,  n^^  are  the  direction  cosines).  A  knowledge 
of  the  components  of  the  stress  tensor  and  the  direction  cosines  enables 
us  to  obtain  an  expression  for  the  projections  of  the  stress  vector 
(i  =  2,  3)]  at  this  point  acting  on  the  plane  in  question. 

We  have 

Oin^Oij  cos{n,  Xj)  (i--l,  2,  3)  (14.6) 


Substitution  of  the  components  of  the  strain  tensor  in  (14.6)  accord¬ 
ing  to  (14.2)  leads  to  a  compact  representation  for  the  stress  vector 
directly  in  terms  of  displacements: 


TnU  (q)  =  2ii  —  ~^Xn  div  u  rot  u),  (14-7) 

Expression  (14.7)  is  symbolically  written  as  a  result  of  the  action 
of  an  operator  (stress  operator)  on  the  displacement  u  {T^u), 
The  operator  T,,  may  be  regarded  not  only  at  the  interior  points  of 
an  elastic  body;  it  may  be  defined  on  the  bounding  surface  as  the 
limit  of  values  at  a  set  of  interior  points  approaching  the  corresponding 
boundary  point.  It  is  required  that  the  directions  of  the  normals  at 
the  interior  points  should  coincide  or  at  least  should  tend  to  the 
direction  of  the  normal  at  the  boundary  point.* 

The  solution  of  an  elasticity  problem  consists  in  determining  the 
stress  and  displacement  fields  (or  one  of  them,  as  the  case  may  re¬ 
quire)  according  to  the  foregoing  equations  and  various  boundary 
conditions  prescribed  on  the  surface. 

An  elasticity  problem  is  called  the  first  fundamental  problem  if 
limiting  values  of  the  displacement  vector  are  prescribed  on  the 
surface.  A  problem  is  called  second  fundamental  problem  if  limit¬ 
ing  values  of  the  operator  are  given  on  the  surface.  In  all  these 
cases  the  boundary  conditions  will  be  designated  in  a  unified  manner 

by  /  (^)- 


*  It  is  worth-while  to  speak  only  of  the  points  of  the  surface  S  at  which  the 
tangent  plane  is  uniquely  defined. 
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There  may  be  other  formulations  of  boundary  value  problems. 
Thus,  displacements  may  be  given  over  a  part  of  the  surface  5, 
and  stresses  over  the  remainder  {mixed  problem).  In  some  cases  the 
boundary  conditions  are  prescribed  as  certain  relations  between  dis¬ 
placements  and  stresses.  For  example,  such  is  the  case  when  values 
of  the  normal  component  of  displacement  and  the  tangential  com¬ 
ponents  of  stress  are  known. 

The  solution  of  elasticity  problems  can  be  carried  out  directly 
in  terms  of  displacements  proceeding  from  Eqs.  (14.4),  taking  into 
account  the  given  boundary  conditions,  and  determining  the  stress 
values  at  the  final  stage.  If,  however,  the  components  of  the  stress 
tensor  are  first  determined  in  the  solution,  to  Eqs.  (14.3)  must  bo 
added  the  strain  compatibility  equations  in  terms  of  stresses  (the 
so-called  Beltrami-Michell  equations)  obtained  from  Eqs.  (14.5)  by 
replacing  strains  by  stresses. 

In  conformity  with  the  mathematical  technique  used  in  the  book 
we  assume  that  the  displacement  components  are  continuous  and 
continuously  differentiable  in  a  closed  region  (including  the  surface  S) 
and  their  second  derivatives  are  continuous  only  in  an  open  region 
(the  so-called  regular  solution). 

Below  are  given  some  general  theorems  which  will  be  needed  in 
what  follows.  We  first  introduce  the  concept  of  a  generalized  stress  a* 
by  defining  its  components  as 


Gfu  =  a 


OiJ'h 

dxj 


H' 


dui 

dxh 


=  (/■  +  —  a)  div  K  +  (a  +  n)  ,  (14.8) 

where  a  is  an  arbitrary  constant. 

The  generalized  stress  tensor  in  turn  gives  rise  to  the  generalized 
stress  operator  acting  on  a  plane  with  normal  n: 


PnU  {a-\-  \i)  +  p  —  a)  n  div  u  +  a  {nx  rot  u),  (14.9) 


It  is  obvious  that  when  a  =  \i  the  generalized  stresses  are  identical 
with  the  true  stresses  (P,.  =  T„). 

Let  u  (p)  and  v  (p)  be  displacements  given  in  a  region  We  form 
the  scalar  product  of  the  vectors  u  (p)  and  P„v  (p): 

u  PnV  -=QiCos{n,  a:i)  +  cos (w,  Xj)  +  <?3  cos (ra,  Xg), 

(i=l.  2,  3). 


Let  us  consider  Qi  as  the  components  of  a  certain  vector  Q  {Qi, 
^21  ^3)  calculate  its  divergence: 


divQ 


dxk 


Uj  -f-  E  (tt, 


(14.11) 
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The  expression  for  E  (w,  v)  is  a  symmetrical  bilinear  form: 

£(„,  .)-(X  +  2^)  2  ^  +  ,2^  + 

ft=l 

i=^k  i=^k 

By  using  (14.8),  we  ascertain  by  direct  differentiation  that  the 
double  sum  in  (14.11)  is  the  scalar  product  u-A*v. 

We  thus  obtain 

div  Q  =  u-A*v  +  E  {u,  v).  (14.12) 

By  integrating  identity  (14.12)  over  the  volume,  and  applying 
the  Gauss-Ostrogradsky  formula,  with  (14.10),  we  find: 

j  u  A*vdQ=  J  uPnVdS—  ^  E{u,  v)  dQ,  (14.13) 

D+  s  D+ 

this  is  the  analogue  of  Green’s  formula  and  is  called  the  first  gene¬ 
ralized  Betti  formula  in  the  theory  of  elasticity. 

By  setting  w  =  i?  in  formula  (14.13),  we  arrive  at  the  second  gene¬ 
ralized  Betti  formula: 

j  =  j  n-PrJidS —  j  Z)(tt,  a)  dQ,  (14.14) 

IH-  S  JCH- 

By  interchanging  the  displacements  u  and  u,  and  taking  into  ac¬ 
count  the  symmetry  of  the  bilinear  form  E  (a,  r),  we  arrive  at  the 
third  generalized  Betti  formula: 

j  {w- A*u  — dQ=  j  {u-PnV—v*Pnu}dS.  (14.15) 

D+  S 

It  is  obvious  that,  by  setting  a  =  p,  we  obtain  the  conventional 
Betti  formulas  (see  I.  N.  Sneddon,  D.  S.  Berry  [1]). 

Note  that  in  this  case  the  form  E  (a,  u)  becomes 

ft=i 

which  shows  its  positive  definiteness. 

Of  some  interest  is  the  case  when  a  =  t  pseudostress 

operator  will  he  designated  as  N„.  The  bilinear  form  here  is  also 
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positive  definite: 

3 

x"3ii“Lfei  +[~^}  +tej  +2.  [-^j  J 


+ 


k=i 


h=i 


It  is  obvious  that  Betti’s  formulas  are  also  valid  for  a  region 
bounded  by  several  surfaces.  If  for  a  region/)"  we  require  that  the  dis¬ 
placements  should  decrease  at  infinity  as  i/R  and  the  strains  as  1//?^, 
the  above  formulas  are  extended  to  this  case  (with  the  corresponding 
change  of  sign  in  front  of  the  stress  operator).  As  in  the  classical 
potential  theory,  the  proof  is  based  on  the  consideration  of  a  region 
bounded  from  the  inside  by  the  surface  S,  and  from  the  outside  by  a 
surface  of  sufficiently  large  size  (see  N.  M.  Gunter  [1]);  by  analysing 
the  corresponding  terms  over  this  auxiliary  surface  as  it  increases 
indefinitely,  it  is  shown  that  they  tend  to  zero. 

The  uniqueness  theorems  follow  immediately  from  the  positive 
definiteness  of  the  quadratic  forms  (14.16)  and  (14.17)  established 
above  since  by  virtue  of  the  linearity  of  the  equations  the  question 
reduces  to  that  of  the  existence  of  non-trivial  solutions  in  the  case 
of  homogeneous  boundary  conditions. 

Consider  the  first  fundamental  problem  for  a  region  /)"*■  with  zero 
boundary  conditions.  Let  Uq  (p)  be  a  non-trivial  solution.  Two  inte¬ 
grals  in  formula  (4.4)  then  vanish  (by  condition).  Consequently,  the 
third  integral  must  also  be  zero,  which  proves  that  the  integrand, 
i.e.,  the  form  E  {uq,  Uq)  is  identically  zero.  The  vector  determining 
a  rigid-body  displacement  and  only  this  vector  makes  the  form 
E  (Uff,  Uq)  zero.  Since  the  displacements  must,  in  addition,  vanish 
on  the  surface,  they  are  identically  zero  in  the  entire  region. 

The  foregoing  also  proves  the  uniqiieness  theorem  for  the  second 
fundamental  problem.  In  this  case  the  displacements  need  not  van¬ 
ish,  but  must  correspond  to  a  rigid  displacement  of  the  body: 


=  ^^1  -f-  9^3  —  =  a2  +  rxi  — 

^3  “  ^3  "1"  P^2 

where  ^3^  ^  ^re  arbitrary  constants.  The  corresponding 

stresses  are  zero. 

For  an  infinite  region,  both  problems  have  only  a  zero  solution 
(even  in  terms  of  displacements)  since  displacements  (14.18)  do  not 
satisfy  the  restriction  on  the  behaviour  of  displacement  at  infinity 
adopted  in  deriving  the  above  formulas. 

The  question  (having  only  a  mathematical  significance)  of  the 
uniqueness  of  the  solution  of  a  problem  when  the  operator  Nn  van- 
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ishesonthe  surface  is  considered  in  a  similar  way;  this  question  will 
arise  at  a  later  stage.  From  the  analysis  of  the  positive  form  (14.17) 
it  follows  that  the  non-trivial  solution  of  an  interior  problem  is  of 
the  form 

U2  =  ^3  ^  (14.19) 


where  ^21  ^3  ^re  arbitrary  constants. 

In  the  case  of  an  exterior  problem  the  non-trivial  solution  is  non¬ 
existent. 

Consider  a  space  filled  with  an  elastic  medium  with  Lame’s  con¬ 
stants  X  and  jui.  Let  a  unit  concentrated  force  be  applied  at  a  point 
P  iUii  Us)  ill  Ih®  direction  of  the  axis  1.  According  to  the  Kelvin- 
Somigliana  formula  (see,  for  example,  A.  I.  Lur’e  [1])  the  displace¬ 
ments  at  any  point  (x^,  X2,  x^)  other  than  p  are  expressed  by 


8jtp  (A.  +  2fi)  L  r  J 


where  r  =  U  (^i  —  Vi)^  +  (^2  —  1/2)^  +  (^3  — 


!(i  =  l,  2,  3), 
(14.20) 
or  alternatively 


1 


’  8np  (X  +  2\i) 


[(^  +  M') 


dr 


dxi  dx^ 


(X  +  3ji)6H]v-  (1^-20') 


The  expressions  for  the  displacements  u\  and  ui  when  the  force  is 
directed  along  the  axis  2  and  the  axis  3,  respectively,  can  be  obtained 
by  cyclic  permutation. 

We  now  turn  to  the  general  case.  Let  a  force  q)  (cp^,  92,  cpg)  be 
applied  at  the  point  p.  The  displacements  at  the  point  p^  can  be 
represented  as  the  product  of  a  certain  matrix  T  (pi,  p)  called  the 
Kelvin-Somigliana  matrix  (with  the  element  ul  given  above)  and 
the  vector  (p  (p). 

We  thus  have 

«  (Pi)  =  r  (/?!,  p)  q)  (p)  (14.21) 


or  in  expanded  form 

=  r ijCPi  4-  F  12^2  +  1  13^31 
^2^"  F2ifPi4-  r22Cp2  4  r23Cp3, 

1^3  —  F 319^  4"  F 32(p2  +  F33(P3. 

The  name  Kelvin-Somigliana  matrix  (retaining  the  same  notation) 
will  be  further  used  for  a  matrix  obtained  from  the  original  one  by 
multiplying  it  by  2  for  convenience  in  writing  integral  equations 
derived  from  it. 

We  next  pass  a  plane  with  normal  n  through  the 

point  Pi  and  determine  the  stress  vector  acting  on  this  plane  at  the 
point  pi.  It  follows  from  (14.21)  that  the  required  expression  is  given 
by  the  product  of  a  matrix  (pi,  p)  =  F  (pi,  p)  and  the 
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1/.] 


vector  (jp  (p).  By  using  (14.7),  after  lengthy  computations,  we  arrive 
at  an  expression  for  the  elements  of  the  matrix  Fj  p): 


m 


dr  dr 


n 


d:L'i 

dr 


dx2 

dr 


dxi  dx^ 


where 


m  = 


1 


M' 


n 


dr 


dxo 


dxi 

dr  dr 


dr  dr 
dx^  dxi 
dr  dr 
dx^  dxo 


X 


dx^ 

d 


m 


1 


(in  (Pi)  r(pi,  p) 


^  (  Hr 

-4- 


X 


0 

(HiiiPu  P) 

0^13  (Pu  P) 

— j—  in 

1 

e 

0 

®23(Pl,  P) 

1 

CO 

0 

2jt  A,  +  2m-  ’ 


3  A,  +  m 
2jt  A,-f2M  ’ 


(14.22) 


»»=4r(T)x 


We  now  draw  on  Betti’s  third  formula  (14.15)  assuming  a  =  [i 
for  definiteness.  Let  p  be  a  point  situated  in  a  region  bounded 
by  a  surface  S.  Construct  a  sphere  Og  of  sufficiently  small  radius  e 
centred  at  the  point  p.  Consider  a  region  contained  between  the 
surfaces  S  and  Og.  We  apply  Betti’s  formula  to  a  displacement 
u  (pi)  satisfying  Lame’s  equation  in  the  region  and  to  a  displace¬ 
ment  V  (pi)  produced  by  a  force  at  (i.e.,  by  a  vector  whose  iih.  com¬ 
ponent  is  1  and  the  others  are  zero)  applied  at  the  point  p.  Naturally, 


V  (Pi)  =  r  (Pi,  p)  ai. 


We  first  assume  t  =  1  and  then  consider  the  cases  i  =  2  and  i  =  3 
in  a  similar  way. 

It  is  clear  at  once  that  the  volume  integrals  in  Betti’s  formula 
vanish.  Since  the  displacement  v  (pi)  has  a  pole  of  the  first  order  in 
the  neighbourhood  of  the  point  p  and  the  stresses  corresponding 
to  the  displacement  u  (pi)  are  bounded,  we  may  state  that  the  integral 

[r(/)j,  p)aiT„^j,,yu{pi)dSp, 

tends  to  zero  as  e  0,  and  in  consequence  we  exclude  it  from  further- 
consideration.  Since  the  displacement  u  (pi)  is  continuous  in  the 
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neighbourhood  of  the  point  p,  the  evaluation  of  the  integral 

p)ai}u{pi)dSp,  (14.23) 

reduces  to  the  evaluation  of  the  integral 

J  {?’«(?.)  r(i?i,  p)oi}d5p,  =  J  TliPi,  p)a^dSp,.  (14.24) 


Since  the  surface  Og  is  a  sphere,  a  spherical  co-ordinate  system 
is  used  to  evaluate  the  integral  of  each  component  of  the  matrix 
Fi  (pi,  p)  in  (14.22).  The  following  equalities  are  easily  obtained: 


j 


dSp^  —  ^™4jXj 


dn  r(pi,  p) 

(14.25) 


The  integrals  of  the  functions  toj/  are  zero  because  they  are  odd. 
Thus,  from  Betti’s  third  formula  [with  (14.25)]  it  follows  that 

2ui  (p)  =  —  f  7’n(p,)r  (Pu  P)  Oi»  {Pi)dSp,  + 
s 

+  \  r(pi,  p)-a,7’„(p|)»(pi)d5p,  (14.25) 

s 

By  applying  the  same  reasoning  to  the  vectors  ag  and  a^,  we  obtain 
similar  representations.  They  may  be  written  in  a  unified  analytic 
form  (with  the  obvious  change  of  the  arguments): 

2«  (p)  -  - 1  T\  (p.  q)  u  (g)  +  I  r  (p,  q)  T^u  (g)  (14.27) 

where  the  matrix  Tj  (p,  q)  is  the  conjugate  to  the  matrix  F^  (p,  q) 
(i.e.,  a  matrix  obtained  from  it  by  interchanging  the  arguments  and 
by  transposition).  In  view  of  its  importance  in  the  following  dis¬ 
cussion,  we  give  an  expanded  expression  for  the  elements  of  the 
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matrix  Tl  (p,  q): 

r2(;. .  ;■)  {P,  9)  =  [  m6h ,  ;•  +  3ra - - J 


3 

—  yi)  ni  (a) 


+  m 


[raft  {q) 


(xj  —  yj) 


Let  now  the  point  p  be  chosen  in  a  region  D~.  It  follows  directly 
from  Betti’s  third  formula  that 


(14.29) 


In  this  case  the  vector  function  u  (p)  satisfies,  as  before,  Lame’s 
equations  in  the  region  D 

Similar  constructions  are  also  possible  in  the  case  when  the  displace¬ 
ment  u  (jp)  is  defined  in  the  region  D"  (with  the  restrictions  on 
the  behaviour  at  infinity  already  noted).  The  corresponding  formu¬ 
las  are  as  follows: 


2u  ip)  =  j  rj  (p,  9)  B  (?)  —  I  r  (p,  q)  TnU  (q)  dTg  (p  6  D~), 

8  8 


(14.30) 
ipeo*).  (14.30') 


We  now  turn  to  the  iV-operator.  By  repeating  the  foregoing  trans¬ 
formations,  we  obtain  formulas  similar  to  (14.27),  (14.29),  and  (14.30), 
(14.30'): 

2b  (p)  =  —  f  ri*  (p,  q)  B  (?)  dSg  + 

S 

+  J  r  (p.  q)  N„u  (?)  dSg  (p  e  D-),  (14.31) 

S 

0  =  —  J  (p,  ?)  B  (?)  d-S,  +  J  r  (p,  ?)  NnU  (?)  dSq  (p  g  D-), 

2u  (p)  =  \  (p,  ?)  B  (?)  dSg— 

s 

-  C  r  (p,  ?)  N„u  (?)  dSg  (p  6  D-),  (14.32) 

i 

0  =  I  r2*  (p,  ?)  B  (?)  d5g—  j  r (p,  ?)  iV„B  (?)  dSq  (p  6  D-). 
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The  matrix  (p,  q)  has  been  used  above  to  denote  the  product 
Nn  (^)  r  (p,  q).  We  give  the  expression  for  this  matrix: 


I  ( 


/Zl 

dr 

dr 

dx2 

dx^ 

y} 

dr 

dr 

dx. 

dxi 

dr  dr 
dxi  dX2 


dr  dr 
dx^  dxy 


nil  = 


2 

X  -j-  3|i  ’ 


3(;^+ 1^) 

p(X-^3|a) 


X 


dr 

dr 

^  dxi 

t 

dx^ 

dr 

^  dx^ 

+  n 

d 

1 

cln(p) 

r 

X 


(14.33) 


Note  that  matrix  (14.33)  involves  no  terms  having  poles  of  the 
second  order.  The  matrix  (/?,  q)  {matrix  of  the  second  kind)  as 
well  as  the  matrix  (p,  q)  {matrix  of  the  first  kind)  will  be  used  in 
what  follows.  The  specific  features  of  the  notation  for  these  matrices 
will  become  clear  below  (see  Chap.  VI).  Note  that  similar  formulas 
occur  for  any  value  of  a  in  the  operator  P^. 

We  now  construct  the  matrix  of  the  third  kind.  Let  there  be  a  sur¬ 
face  S  possessing  the  property  that  the  outward  normal  at  any  point 
does  not  intersect  it  any  more.  Let  a  point  q  lie  on  S  and  a  point  p 
be  arbitrary.  Consider  the  function 


^  {Pi  Q)  =  ^  cos  (ro,  rip)  In  [r  +  r  cos  {rQ,  rip)]  —  r, 

(14.34) 

where  rip  is  the  unit  inward  normal  at  the  point  p,  is  the  unit  vec¬ 
tor  of  a  segment  drawn  from  p  to  q.  It  follows  from  (14.34)  that  the 
function  v  (p,  q)  is  independent  of  the  arrangement  of  co-ordinate 
axes.  For  simplicity  in  writing,  we  choose  a  co-ordinate  system 
so  that  the  origin  lies  at  the  point  p  and  the  positive  direction  of 
the  Xi  axis  coincides  with  the  inward  normal.  Relation  (14.34)  (in 
local  co-ordinates)  then  becomes 

i;  =  Xi  In  (r  -f-  x^)  —  r.  (14.34') 


It  is  obvious  that  the  function  u  (p,  q)  will  always  have  meaning 
at  the  points  inside  the  surface  S  because  of  the  inequality  r  + 

+  Xj^^  0. 

We  form  a  matrix  using  this  function: 


d^v 

ff-V  g 

dH 

dxi 

dXidX2 

dx-^dx^ 

d^v 

d'^v  d^v 

d-v 

dx^dx^ 

dx\  dx\ 

dx2dx^ 

d^u 

d'-v 

d'^v  d-v 

dx^dx^ 

<9^2  <9x3 

d.i\  dxi 

(14.35) 
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Direct  calculations  show  that  each  column  of  this  matrix  re¬ 
garded  as  a  vector  satisfies  Lame’s  equations  (14.4). 

We  now  turn  to  a  new  matrix 

=  -3  [4-  ^  (P.  g)  —  (^  +  2n)  r  (p,  ^) ]  ,  (1/|.3G) 

introduced  by  H.  Weyl  [1].  The  difference  of  the  fundamental  solu¬ 
tion  corresponding  to  matrix  (14.36)  from  the  preceding  ones  i& 
that  its  construction  requires  at  least  a  local  specification  of  a  surface. 
Moreover,  this  fundamental  solution  does  not  satisfy  the  conditions 
at  infinity. 

Let  us  now  consider  the  formulation  of  an  elasticity  problem  for 
a  piecewise  homogeneous  medium.  Suppose  that  in  a  finite  or  an 
infinite  elastic  body  there  are  cavities  filled  with  elastic  bodies  of 
the  same  size  with  different  values  of  Lame’s  coefficients.  On  the 
contact  surfaces  of  the  media  various  matching  conditions  may  be 
specified.  For  example,  there  may  be  a  jump  in  the  displacement 
vector  (sometimes  non-existent)  or  in  its  normal  component,  while 
the  stress  vector  undergoes  no  discontinuity.  It  may  also  be  assumed 
that  there  is  a  clearance  between  the  elastic  bodies  (over  an  unknown 
part  of  the  surface).  Over  the  remaining  (adherent)  part  of  the  sur¬ 
face  the  stress  vector  is  assumed,  as  before,  to  be  continuous  and 
the  displacement  vector  may  have  a  given  discontinuity.  One  more 
condition  is  realized  when  stresses  (generally  equal  to  zero)  are  pre¬ 
scribed  on  the  sides  of  a  cavity  formed  in  a  body.  The  conditions  per¬ 
mitting  a  determination  of  the  cavity  size  are  found  from  the  re¬ 
quirement  that  the  sign  of  the  normal  stress  over  the  remaining  part 
of  the  surface  should  everywhere  be  negative  (to  produce  compression). 
It  is  not  essential  that  the  interface  between  the  media  should  neces¬ 
sarily  be  situated  strictly  inside  the  overall  region.  It  may  be  as¬ 
sumed  that  one  or  several  such  interfaces  terminate  at  the  external 
boundaries.  And  again  various  conditions  may  be  fulfilled  at  the 
interface. 


15.  Plane  Problem 


Consider  the  case  when  all  stress  and  displacement  components 
are  functions  of  only  two  co-ordinates,  =  x  and  x^  =  z/,  and  the 
displacement  =  w  =  From  the  equalities  (14.1)  and  (14.2) 
it  immediately  follows  that  the  strains  Egs  ^  Tz/z»  ^33  = 

and  the  stresses  Oig  =  t^z,  033  =  'lyz  zero.  The  third  equilibrium 
equation  of  (14.3)  is  automatically  satisfied,  and  the  first  two  become 


dx  '  dy  ’  dr  dy 


(15.1) 
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From  Hooke’s  law,  if  =  0,  it  follows  that 


The  stress-strain  relations  take  the  form 


All  of  the  strain  compatibility  equations  (14.5)  are  automatically 
fulfilled.  The  third  equation  reduces  to 

A(a,  +  a,)  =  0,  A  =  ^  +  ^.  (15.3) 

Consider  a  plane  with  a  normal  n  lying  in  the  xy  plane.  The  stresses 
acting  on  this  plane  are 


c^x7i  =  (JxCOs(/J,  :r)-f  T^j,cos  («,  y), 

Oyn  =  '^xy  cos  [u,  x)  +  Oy  COS  (w,  I/),  =  0. 


This  state  is  realized  in  cylindrical  bodies  extending  indefinitely 
along  the  z  axis  if  the  external  stresses  and  Oyj^  or  the  displace¬ 
ments  u  and  V  on  the  surface  are  constant  along  the  generators.  In 
the  case  of  a  finite  extension  along  the  z  axis  it  is  necessary  that  the 
displacement  w  and  the  shearing  stresses  and  Xy^  should  be  zero 
at  the  ends. 

It  is  natural  to  carry  out  the  solution  of  problems  of  this  kind  only 
at  any  one  cross  section.  Let  the  region  occupied  by  the  section  be 
denoted  by  Z),  and  the  contour  bounding  it  by  L.  The  state  described 
above  is  called  plane  strain. 

Consider,  now,  another  state,  called  plane  stress.  Let  there  be  a 
cylinder  of  small  thickness.  The  co-ordinate  axes  are  chosen  so  that 
the  xy  plane  coincides  with  the  middle  plane  of  the  cylinder,  further 
referred  to  as  a  plate.  Assume  that  the  ends  are  free  from  stresses 
{Oz  =  =  '^yz  =  0)»  and  the  resultant  of  the  stresses  along  the 

generator  lies  in  the  xy  plane.  In  accordance  with  Saint-Venant’s 
principle  we  assume  that  the  stresses  and  displacements  far  from  the 
edge  behave  so  as  if  the  stresses  G^n  and  Oy^  were  uniformly  dis¬ 
tributed  along  the  height,  and  the  stresses  Ozn  =  0* 

The  foregoing  shows  that  the  stresses  Gy,  x^y  and  the  displace¬ 
ments  u,  V  may  approximately  be  assumed  to  be  functions  only  of 
the  co-ordinates  x  and  y,  and  the  stresses  a^,  Xyz  equal  to  zero. 
It  is  obvious  that  the  equilibrium  equations  are  identical  with 
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Eqs,  (15.1),  and  the  stress-displacement  relations  become 


^  dll  ,  dv 


\  *>// 


Ox 


)■ 


2X\Ji 


In  consequence,  the  strain  compatibility  equation  coincides  with 
Eq.  (15.3). 

Thus,  plane  strain  and  plane  stress  are  described  by  the  same  differ¬ 
ential  equations,  differing  only  by  the  stress-strain  relations.  Their 
consideration  will  therefore  further  be  carried  out  simultaneously 
(without  proper  specification). 

It  appears  from  the  above  discussion  that  the  solution  of  the  plane 
problem  reduces  to  the  solution  of  the  system  of  equations  (15.1) 
and  (15.3).  We  introduce  Airy's  stress  function  U  (x,  y)  in  terms  of 
which  the  stress  components  are  expressed  as 


^  _  d  W  ^  o  ni  ^  d  W 

~  dy^  ’  “  dx^  ’  —  dxdy  ' 


(15.6) 


By  direct  substitution  we  ascertain  that  the  first  two  equations 
of  the  system  become  identities,  and  the  third  equation  reduces  to 
a  biharmonic  equation: 


+  =  =  (15.7) 

Thus,  the  plane  problem  of  the  theory  of  elasticity  reduces  to  the 
solution  of  Eq.  (15.7).  An  arbitrary  biharmonic  function  in  a  certain 
region  may  be  expressed  in  terms  of  two  analytic  functions  in  the 
same  region  according  to  Goursat’s  formula  (see  N.  I.  Muskhelishvili 
[31): 

U  (x,  y)  =  Re  [zq)  (z)  +  x  (z)]  (z  =  x  -f-  iy),  (15.8) 

where  q)  (z),  x  (z)  are  analytic  functions  in  D. 

The  components  of  the  stress  tensor  are  expressed  in  terms  of  the 
functions  q)  (z)  and  \p  (z)  (ij)  (z)  =  (z))  as  follows: 

-f  Oy  4  Re  q)'  (z)  =  4  Re  [®  (z)] , 


^y  —  (^x  +  =  2  [Zip"  (z)  + 1])'  (z)]  =  2  [zO'  (z)  +  Y  (z)], 

Ci)(z)^q)'(z),  ¥(2)=:\|;'(z). 

These  are  the  well-known  Kolosou-Muskhelishvili  formulas. 
The  displacement  components  are  expressed  as 


(15.9) 


Here 


2ji  (a  iy)  =  xq)  (z)  —  zq)'  (z)  —  ij)  (z) . 
X-f-fx  ’  *  l-(-v 


(15.10) 


in  plane  strain  and  plane  stress,  respectively. 
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Direct  expression  of  the  stress  boundary  conditions  following  from 
(15.4)  in  terms  of  the  functions  q)  (z)  and  'yp  (z)  presents  some  dif¬ 
ficulty.  These  conditions  may  be  written  more  compactly  in  an  alter¬ 
nate  form.  Consider  an  arc  L'  with  ends  a  and  b  in  a  region  occupied 
by  an  elastic  body.  Determine  the  resultant  vector  X  +  lY  of  the 
forces  applied  to  the  arc  L'  on  the  positive  side  of  the  normal: 

X iY  =  ^  4- = — i  [(p  (z) z(f '  (z)  +  ij;  (z)K.  (15.11) 

L' 

Suppose  that  the  arc  L'  belongs  to  the  boundary  of  the  region,  the 
contour  L.  We  fix  the  point  a  and  assume  the  point  b  variable.  We 
arrive  at  the  following  representation  of  the  boundary  condition: 

z 

(p  (2)  +  (2)  cp'  (2)  +  \j:  (z)  =  i  j  (Xn-I-  iYn)  + constant.  (15.12) 

a 

It  is  natural  to  assume  that  the  displacements  and  stresses  deter¬ 
mined  by  the  solution  must  be  single-valued  functions.  In  the  case 
of  a  simply  connected  (finite)  region  these  restrictions  are  equivalent 
to  the  single-valuedness  of  the  functions  cp  (z)  and  'll)  (z).  In  other 
cases  (a  finite  or  an  infinite  plane  with  m  holes)  it  must  be 
that  these  functions  may  have  multiple-valued  terms: 

m 

(p(z)=  2ji'(l-|-x)  2  + In  (z-^Z/i) -f-cp*  (z), 

m 

^(z)=  2n(\-\-x)  S  — j>"h)ln(2-2ft)+i|:*(2). 

h=\ 

Here  z^  are  points  arbitrarily  situated  inside  each  of  the  boundary 
(inner)  contours  X^  and  are  the  components  of  the  resultant 
vector  of  the  forces  applied  to  the  contour  The  functions  (p*  (z) 
and  'll)*  (z)  are  single-valued  analytic  functions. 

Let  us  introduce  a  mathematical  restriction.  We  shall  investigate 
only  so-called  regular  solutions  when  the  functions  cp  (z),  cp'  (z), 
and  yp  (z)  are  continuously  extendible  to  boundary  points. 

We  now  turn  to  the  formulation  of  boundary  value  problems  of 
the  theory  of  analytic  functions  corresponding  to  the  first  and  second 
fundamental  problems  (in  the  terminology  introduced  in  Sec.  14). 
We  first  consider  the  case  when  the  region  D  is  a  simply  connected 
(finite)  region  bounded  by  a  smooth  closed  contour  L. 

Suppose  that  stresses  Xj^  and  Y^  are  prescribed  on  the  contour  L 
(second  fundamental  problem).  We  draw  on  condition  (15.12)  assum¬ 
ing  that  the  points  z  lie  on  the  contour  L.  Points  of  the  complex 
plane  situated  on  the  boundary  contours  will  be  further  denoted  by  t. 


assumed 


(15.13) 
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Since  the  right-hand  side  of  formula  (15.12)  can  be  calculated  in 
some  way  or  other,  the  solution  of  the  elasticity  problem  reduces 
to  the  determination  of  analytic  functions  cp  (z)  and  ip  (z)  satisfying 
the  limiting  relation 

t 


(p  (t)  + 1(\^'  (t)  +  ij)  (^)  =  i  ^  {X„  +  iYn)  dS  +  constant 


to 

=  /  (t)  4- constant.  (15.14) 
The  value  of  the  constant  is  of  no  importance  since  in  determining 
the  stresses  by  formula  (15.9)  the  functions  cp  (z)  and  ip  (z)  must  be 
differentiated,  and  in  determining  the  displacements  according  to 
(15.10)  the  difference  in  the  choice  of  the  constant  affects  only  a  rigid- 
body  displacement. 

The  boundary  value  problem  for  the  analytic  functions  cp  (z)  and 
^  (z)  when  displacements  are  prescribed  on  the  contour  (first  funda¬ 
mental  problem)  is  obtained  in  a  similar  way: 


X(p  (t)  —  t(p'  (t)  — (i)  (t)  +  igi  (01  =  /  (0.  (15.15) 


where  (t)  and  gg  (0  ^re  given  functions. 

In  solving  problems  in  the  case  of  multiply  connected  regions, 
we  must  pass  to  single-valued  analytic  functions  according  to  (15.13) 
to  make  the  modified  boundary  condition  single-valued.  In  the  case 
of  the  second  fundamental  problem  the  constants  and  are 
known  from  the  boundary  conditions.  The  constants  that  enter  into 
the  boundary  conditions  (15.14)  now  extended  to  all  contours  Lj^ 
oannot  be  prescribed  in  an  arbitrary  manner  (with  one  exception) 
and  are  determined  in  solving  the  problem. 

Just  as  the  formulation  of  problems  of  three-dimensional  elasticity 
for  piecewise  homogeneous  bodies  was  given  in  the  concluding  part 
of  Sec.  14,  we  shall  now  discuss  this  question  in  the  case  of  plane 
strain.  For  ease  of  presentation,  we  consider  the  case  of  a  region  Di 
bounded  externally  by  a  contour  and  internally  by  a  contour  Lq 
and  filled  with  an  elastic  medium  with  parameters  and  pi.  Inside 
the  contour  Lq  (region  Dq)  there  is  an  elastic  medium  with  parame¬ 
ters  Xq  and  Pq.  The  state  of  stress  in  either  region  is  representable 
by  a  pair  of  functions,  cp^  (z),  ip^  (z)  or  ip^  (z),  \pQ  (z).  There  are  several 
possible  conditions  on  the  contour  Lj.  For  example,  in  the  case  of 
cohesion  the  conditions  are  of  the  form 


To  (t)  +  ^Ti'i  (0  +  H^o  (t)  --  Ti  it)  +  ^t'i  (t)  +  (t), 

[>«cTo  it)  —  <To  it)  —  to  (01  = 

(0  — ti(0]-4[r^’  (15.16) 

Pi 

the  function  /  (^),  which  determines  an  allowable  jump  in  the  dis¬ 
placement  (negative  allowance),  may  be  zero. 
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The  extension  of  the  problem  formulation  to  the  general  case  of 
several  inclusions  is  obvious. 

Let  us  now  consider  the  question  of  mixed  (contact)  plane  prob¬ 
lems.  Suppose  that  the  contour  L  bounding  a  body  is  divided  into 
several  portions  Lj  so  that  either  condition  (15.14)  or  (15.15)  is  ful¬ 
filled  in  each  of  the  adjacent  portions.  Physically,  this  kind  of  boun¬ 
dary  condition  corresponds  to  the  problem  for  the  case  when  external 
stresses  are  prescribed  in  some  portions  and  rigid  punches  are  ap¬ 
plied  (with  cohesion)  in  the  others.  In  general,  condition  (15.15) 
is  usually  prescribed  to  within  some  constants  (to  be  determined 
in  the  course  of  solution),  and  the  given  quantities  are  assumed  to  be 
the  resultant  vector  and  the  resultant  moment  of  the  forces.  In  the 
absence  of  cohesion  (for  example,  when  the  shearing  stress  is  zero), 
the  corresponding  conditions  become  more  complicated. 

Another  possible  formulation  of  mixed  (contact)  problems  is  one 
where  the  division  of  the  contour  L  into  portions  is  notjknown  before¬ 
hand,  but  has  to  be  determined  as  the  solution  proceeds.  To  deter¬ 
mine  this  (in  constructing  the  solution),  some  restrictions  are  intro¬ 
duced;  for  example,  when  there  is  no  friction,  the  contact  pressure 
must  be  negative. 

The  foregoing  considerations  also  hold  in  plane  stress.  Moreover, 
in  this  case  the  actual  non-homogeneity  may  occur  due  to  a  change 
in  thickness,  even  though  all  constants  of  the  medium  remain  un¬ 
changed,  and  this  leads  to  the  boundary  condition 

a[cpo(<)  +  <?rW+'iF^)l  =  <ri(^)  +  i?r(0  +  ?7(<), 

_  _  _  _  (15.1/) 

XoqPo  —  t(po  (t)  —  Ifo  (t)  =  KoT,  (t)  —  tcp;  (t)  —  Ifi  (t)y 

where  a  is  the  ratio  of  the  thicknesses  Naturally,  this  formu¬ 

lation  takes  no  account  of  the  three-dimensional  effect  of  stress  con¬ 
centration  on  the  line  of  contact. 

In  Sec.  14  we  have  proved  the  uniqueness  theorems  for  the  funda¬ 
mental  three-dimensional  problems  of  the  theory  of  elasticity.  In 
reference  to  the  plane  problem  these  theorems  are  stated  as  follows. 

In  the  case  of  the  first  fundamental  problem  the  functions  cp  (z) 
and  yp  (z)  are  uniquely  determined  to  within  the  complex  constants  y 
and  y'  related  by  the  equality  xy  —  y'  =  0. 

In  the  case  of  the  second  fundamental  problem  the  functions  cp  (z) 
and  yp  (z)  are  determined  to  within  the  terms  Ciz  -j-  y  and  y',  res¬ 
pectively  (where  C  is  a  real  constant).  The  displacements  differ  by 
a  rigid-body  displacement.  Of  course,  if  the  region  is  infinite  and 
if  from  some  considerations  a  condition  is  introduced  that  the  dis¬ 
placements  are  zero  at  infinity,  all  terms  vanish. 

Note  that  in  the  case  of  the  mixed  problem  the  functions  cp  (z) 
and  ij)  (z)  are  determined  to  the  same  accuracy  as  for  the  first  funda¬ 
mental  problem. 
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16.  Bending  of  Thin  Plates 


Consider  an  elastic  body  in  the  form  of  a  cylinder  of  small  thick¬ 
ness  h.  As  before,  we  choose  a  Cartesian  co-ordinate  system  x,  y,  z 
so  that  the  x  and  y  axes  lie  in  the  middle  plane. 

Westudy  a  special  case  of  the  deformation  of  the  body  in  question. 
Suppose  that  the  hypothesis  of  plane  sections  is  fulfilled  (see  A.  E.  H. 
Love  [1]).  Consider  an  element  of  a  section  of  the  plate  parallel  to 


} — i 

A  ( 

LJ _ 

1 

i 

1 _ 

- 1 

X 
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Fig.  5.  Displacements  in  a  plate 


the  xz  plane  (Fig.  5).  Take  points  A  and  B  situated  on  the  same  nor¬ 
mal  to  the  undeformed  middle  plane,  the  point  A  lying  in  the  middle 
plane,  and  the  point  5  at  a  distance  z  from  it.  We  write  expressions 
for  the  displacements  of  the  point  B  in  the  x  and  y  directions: 


du) 


(16.1) 


The  displacements  of  points  of  the  middle  plane  in  the  x  and  y  direc¬ 
tions  are  excluded.  The  expressions  for  the  strains  (14.1)  then  become 


Cr  =  —z 


d“W 


—  Z 


d^v 


yxy 


=  ~2z 


d^w 
dx  dij 


(16.2) 


Assuming  a^,  and  Xyi  to  be  small,  we  arrive  at  the  representation 
of  stress  components  through  the  derivatives  of  the  displacement  w 
only:  • 


^  _  Ez  f  d^w  I  d‘^w  \ 

<^3c—  Qyz  ) » 

Ez  /  d^w  d^w]  \ 

1  — v*  [  dy^  dxi  )' 


(16.3) 


= 


Ez  d^w 


1  +  v  dx  dy  * 
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Using  these  relations,  we  can  determine  the  bending  and  twisting 
moments  per  unit  length  of  a  section  parallel  to  the  xz  or  yz  plane: 


Fig.  6.  Loading  on  an  element  of  a  plate 


Since  w  is  the  deflection  of  the  middle  plane  (and  hence  is  inde¬ 
pendent  of  z),  we  rearrange  expression  (16.4) 


where  the  constant  D  =  Eh^li2  (1  —  v^)  is  called  the  flexural  rigidity 
of  a  plate.  In  a  similar  way  we  obtain 


My  =  —  ^  OyZdz=  —  Z)  ^  - 


-  j  x^,zdz  =  D{l-v)-£^, 


(16.6) 


Note  that  the  faces  of  an  element  (Fig.  6)  are  acted  on  by  shearing 
forces  Qx  and  Qy  determined  by  the  stresses  x^y- 


f*  n 

Qx~  \  '^zx  Qy  ~  J  '^zy  dz. 


(16.7) 


From  the  condition  that  the  sum  of  the  forces  in  the  normal  direction 
is  zero,  we  obtain 


(16.8) 
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where  q  is  the  transverse  load.  At  the  same  time,  from  the  condition 
that  the  sums  of  the  moments  about  the  x  and  y  axes  are  zero  it  fol¬ 
lows  that 


dMx  ri  _ n 

dx  ■ 


dM 


xy 


dx 


dMy 

dyf 


Qy  =  0. 


(16.9) 


By  Eqs.  (16.9),  the  shearing  forces  are  represented  in  terms  of  the 
displacement  w  (x,  y)  as 


(16.10) 

Substituting  these  representations  in  Eq.  (16.8),  we  obtain  a  differ¬ 
ential  equation  for  the  displacement  w,  which  is  the  fundamental 
equation  in  the  theory  of  plate  bending  known  as  the  equation  of 
Sophie  Germain: 

A^w  =  qlD.  (16.11) 

Thus,  in  the  absence  of  a  shearing  force  {q  =  0)  the  solution  of 
a  bending  problem  reduces  to  a  biharmonic  equation.  It  is  obvious 
that  in  the  general  case,  too,  if  a  particular  solution  of  the  non-homo- 
geneous  equation  is  known,  we  arrive  at  the  solution  of  the  homoge¬ 
neous  problem.  Let  the  corresponding  particular  solution  be  denoted  by 
{x,  y),  and  the  general  solution  of  the  biharmonic  problem  by 
Wq  (x,  y).  In  many  cases  a  particular  solution  is  found  in  an  ele¬ 
mentary  way.  In  general,  the  construction  of  a  particular  solution 
presents  no  difficulty  in  principle  (see  N.  I.  Muskhelishvili  [3]). 

According  to  Goursat’s  formula  (15.8),  we  represent  the  function 
Wq  (x,  y)  by  means  of  two  analytic  functions,  cp  (z)  and  x{z),  in  the 
region  D  occupied  by  the  middle  plane  of  the  plate: 


«/)  =  2Re[z(p(z)  +  X(2)].  (16.12) 

By  using  the  preceding  formulas,  we  obtain  representations  for 
the  bending  moments  Mx,  My,  the  twisting  moment  Mxy,  the  shear¬ 
ing  forces  Qx,  Qy,  and  the  displacements  u,  v  in  terms  of  these  func¬ 
tions,  9  (z)  and  If)  (z)  =  y/  (z).  It  is  useful  for  later  work  to  represent 
the  formulas  for  the  force  factors  as 

My  —  Mx  +  2iMxy  =4Z)(1  —  v)  [z(p"  (z)  +  (z)]  + 

-\-{Ml--M\-^2iM],y), 

Mx  +  =  -  4D  ( 1  +  V)  [cp '  (z)  +  ?7^)]  +  {Mi  +  Ml)  ,(16.13) 

Qx  —  iQy=—  80  (z)  +  {Qi  —  iQl) . 

The  displacement  components  are  represented  as  the  following 
combination  (Z  denotes  the  co-ordinate  along  an  axis  normal  to  the 
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middle  plane): 

u  +  iv=  — 2[cp  (z)  +  z(p'  (z)  +  a|)(z)]Z  — Z.  (16.14) 

Formulas  (16.13)  and  (16.14)  involve  terms  with  the  superscript 
1  showing  that  they  correspond  to  the  particular  solution  {x,  y). 

We  now  turn  to  the  discussion  of  boundary  conditions.  As  before^ 
the  boundary  of  the  region  is  assumed  to  be  smooth  and  is  denoted 
by  L. 

(1)  Suppose  that  the  edge  of  the  plate  is  free  from  geometric  con¬ 
straints  and  is  acted  on  by  a  bending  moment  m  (s)  and  a  shearing 
force  p  (s)  (the  position  of  points  of  the  contour  is  measured  from 
some  starting  point  along  its  length).  Let  M^,  and  Qn  be,  res¬ 
pectively,  the  bending  and  twisting  moments  and  the  shearing  force 
at  a  section  with  normal  n.  We  have  the  equalities 

M„  =  m(s),  A„  =  (:>„  +  ^  =  p(s).  (16.15) 

The  force  factors  M^,  and  are  expressed  in  terms  of 

My,  Mxyy  Qx^  and  Qy  by  formulas  similar  to  the  formulas  for  the 
transformation  of  stress  components  when  the  co-ordinate  axes  are 
rotated: 


Mn  =  Mx  cos’^  {n,  x)  +  My  cos-  (n,  y)  -f  2Mxy  cos  {n,  x)  cos  {n,  y), 
Mnx={My  —  Mx)(^os{n,  x)cos{n,y)^ 

+  Mxy{(^os^{n,x)  —  cos^{n,y)],  *  ^ 

Qn  =  ±[QxCOs{n,  x) +  Qy  cos  {n,  y)] 

Here  the  plus  sign  refers  to  a  finite  region  D,  and  the  minus  sign  to- 
an  infinite  region,  i.e.,  a  plate  with  a  hole. 

By  integrating  the  second  of  conditions  (16.15)  with  respect  to  the 
arc  length,  we  obtain  {c  is  a  constant) 


P  +  =  /  (^)  +  C, 


P  = 


(16.17) 


With  the  help  of  (16.13)  we  transform  to  the  functions  q)  (z)  and 
yp  (z)  and  substitute  (16.16)  in  the  first  of  conditions  (16.15)  and  in 
(16.17).  The  result  is  the  required  representation  for  the  boundary 
value  problem  (cq  is  a  real  constant): 


—  xcp  (z)-t-Z(p'  (z) -t- \j5  (z)  = 


=  2D  (l-v)[i  +  {m  +  if){dz)j  —  iCoZ,  (16.18) 

"  0  0 

where  m}  and  correspond  to  a  particular  solution. 
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(2)  Suppose  that  a  value  of  the  deflection  iv^  {s)  and  a  value  of  its 
normal  derivative  are  given  at  the  edge  of  the  plate.  We  forma  com¬ 
plex  function  (a  is  the  angle  between  the  outward  normal  and  the  x 
axis): 

dw^  ,  ,  dw^ _ (  dw^  ,  dw^  \ 

dn  ds  [  dx  dy  )• 


By  using  (16.14),  it  can  be  shown  that  the  following  equality  holds: 

— TT  I  "  '  /  \  I  I  /  \  1  /  \  1  /  dw^  .  dw^  \ 

(16.19) 

By  transforming  to  the  conjugate  values  in  Eqs.  (16.18)  and  (16.19), 
we  obtain  equations  identical  in  form  with  Eqs.  (15.10)  and  (15.11) 
for  the  plane  problem  in  elasticity. 

(3)  Suppose  that  values  of  the  deflection  and  of  the  bending  mo¬ 
ment  are  given  at  the  edge  of  the  plate  (so-called  simply  supported 
edge).  The  boundary  conditions  are 

Re  {xS(p'(f)-(-|-)^fcp"(i)  +  (p' («)]]}  hit),  (16.20) 

Re{-^[lFW  +  f9'  +  (^) ]}—?(<)•  (16.21) 

where  x*  =  and  h  (t),  g  (t)  are  given  functions. 

Let  now  the  region  occupied  by  the  middle  surface  be  multiple 
connected,  i.e.,  let  it  be  bounded  by  m  -f  1  contours  In  this 
case,  too,  we  have  a  complete  analogy  with  the  plane  problem.  The 
functions  q)  (z)  and  yp  (z)  are  found  to  be  multiple-valued,  and  the 
multiple-valuedness  is  eliminated  by  introducing  new  functions, 
(p*  {z)  and  If*  (z): 


8D 


k=i 


]  ln(z  — Zft)  +  cp*  (z), 


(16.22) 


III 

h=\ 


Here  P*k  is  the  resultant  vector  of  the  forces  applied  to  the  contour 
Lfiy  and  Myk  are  the  components  of  the  resultant  moment  of  the 
forces. 

The  formulation  of  the  bending  problem  for  piecewise  homogeneous 
bodies  is  obvious.  In  contrast  to  the  plane  strain  problem,  this  kind 
of  non-homogeneity  (just  as  for  plane  stress)  may  be  due  not  only  to 
a  change  in  mechanical  properties,  but  also  to  an  abrupt  change  in 


10* 
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thickness.  The  corresponding  sets  of  variants  of  contact  conditions 
are  obtained  on  the  basis  of  relations  (16.18)  and  (16.19)  similarly 
to  (15.16)  and  (15.17).  Naturally,  in  the  case  of  a  change  in  thick¬ 
ness  the  effect  of  stress  concentration  due  to  this  change  is  not  taken 
into  account. 

17.  On  Singular  Solutions  of  Elastic  Equations 

The  problems  of  the  theory  of  elasticity  reduce  to  boundary  value 
problems  for  a  certain  system  of  differential  equations  and  there¬ 
fore,  according  to  the  classical  formulation,  it  is  natural  to  consider 
only  solutions  that  have  all  derivatives  entering  into  the  equations 
in  an  open  region  and  all  derivatives  appearing  in  the  boundary 
conditions  in  a  closed  region.  However,  the  presence  of  irregular 
points  on  the  boundary  (angular  and  conic  points,  edges,  vertices  of 
polyhedral  angles)  and  also  points  where  boundary  conditions  of 
different  kind  adjoin  accounts  for  the  fact  that  there  exists  no  solu¬ 
tion  of  problems  in  the  above  class.  It  is  therefore  necessary  to  broad¬ 
en  the  formulation  of  the  problem  by  admitting  the  presence  of  non- 
differentiable  displacements.  Of  course,  the  resulting  unbounded¬ 
ness  of  strains  and  stresses  is  at  variance  with  the  basic  principles 
of  the  linear  theory  of  elasticity.*  However,  the  construction  of 
such  solutions  has  proved  very  useful  in  a  theoretical  sense,  and 
the  solutions  themselves  have  found  various  applications.  It  ap¬ 
pears  that  the  solution,  as  a  rule,  becomes  valid  at  a  small  distance 
from  irregular  points.  Of  course,  it  is  possible  to  avoid  the  unbound- 
odness  of  strains  and  stresses  in  various  ways  (by  “smoothing”  the 
boundary  or  by  passing  to  a  non-linear  problem  with  the  use  of 
any  one  of  the  variants  of  the  theory  of  finite  strains),  but  this  proves 
to  be  more  difficult  to  realize.  Moreover,  as  special  studies  on  frac¬ 
ture  mechanics  show  (see  V.  Z.  Parton,  E.  M.  Morozov  [l]),the 
coefficients  entering  into  the  asymptotic  expansion  for  stresses  per¬ 
mit  a  direct  evaluation  of  strength  and  fracture. 

Before  proceeding  to  the  consideration  of  the  basic  properties  of 
solutions  of  elastic  equations  in  the  neghbourhood  of  irregular 
points  of  the  boundary,  we  note  the  following.  Singularities  in  the 
solutions  of  elasticity  problems  may  also  occur  in  the  case  of  a  smooth 
boundary  when  a  concentrated  force  or  moment  is  applied  or  when 
the  boundary  conditions  undergo  a  discontinuity.  By  superimposing 
particular  solutions,  it  is  possible  to  modify  the  boundary  condi¬ 
tions  so  as  to  remove  the  irregularity  of  the  solution.  In  the  following 
discussion  the  boundary  conditions  are  therefore  assumed  to  be  suf¬ 
ficiently  smooth. 


*  The  strains  must  be  sufficiently  small  for  their  squares  to  be  negligible 
compared  with  unity  and  for  Hooke’s  law  to  be  valid. 
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V.  A.  Kondrat’ev  [1]  studied  the  asymptotic  behaviour  of  the  solu¬ 
tion  of  two-dimensional  problems  for  elliptic  systems  of  equations 
(which  include  elasticity  problems)  in  the  neighbourhood  of  angular 
points.  It  is  proved  that  the  solution  is  representable  as  the  sum  of 
an  infinitely  differentiable  function  and  an  asymptotic  series  each 
term  of  which  is  the  solution  of  the  problem  for  a  wedge  with  the 
same  apex  angle  subject  to  homogeneous  boundary  conditions  of 
the  same  kind  as  for  the  original  problem.  Naturally,  these  solutions 
(they  are  termed  eigensolutions)  are  found  to  within  factors  deter¬ 
mined  by  the  boundary  value  problem  as  a  whole.  A  similar  state¬ 
ment  holds  for  the  case  of  conic  points.  Here  it  is  necessary  to  obtain 
solutions  for  a  cone  with  homogeneous  boundary  conditions. 

Let  there  be  an  edge  (angular  line)  on  a  surface.  It  is  established 
(0.  K.  Aksentyan  [1],  V.  A.  Koldorkina  [11)  that  the  asymptotic 
behaviour  of  the  solution  at  a  particular  point  of  the  edge  (in  a  plane 
perpendicular  to  it)  is  the  same  as  in  plane  strain  and  antiplane  strain. 
This  statement  enables  us  to  extend  the  results  of  V.  A.  Kondrat’ev 
to  the  three-dimensional  case  of  the  kind  indicated  above. 

It  should  be  noted  (and  this  will  be  verified  in  what  follows)  that 
it  is  possible  to  construct  an  infinite  number  of  eigensolutions  for 
model  regions.  In  problems  having  a  definite  physical  meaning, 
however,  solutions  involving  an  infinite  strain  energy  are  excluded. 
To  simplify  computational  algorithms,  the  eigensolutions  of  prin¬ 
cipal  interest  must  be  those  with  the  strongest  singularity.  True, 
in  some  exceptional  cases  it  may  happen  that  the  factor  multiplying 
the  solution  with  the  strongest  singularity  vanishes,  and  it  is  then 
necessary  to  proceed  to  the  next  solution.  Such  a  situation  occurs,  for 
example,  in  twisting  a  body  in  the  form  of  a  lens. 

We  now  turn  to  the  consideration  of  eigensolutions  for  a  wedge 
(see  S.  N.  Karp,  F.  G.  J.  Karal  [11).  Let  the  wedge  occupy  the  region 
0^r<;oo,  |0|<Co:(in  polar  co-ordinates).  Lame’s  equations 
(14.4)  for  displacements  in  polar  co-ordinates  in  the  case  of  plane 
strain  (e^  =  0)  are  of  the  form 


y.+  2M)-|r( 


dUr 

dr 


1  dUQ  .  Ur  \ 

r  de  ^  r  ) 

__  1  /  duQ _ 1  dUr  ,  UQ 

^  r  ^0  V  r  dO  ‘  r 


(X  +  2^i)4 


_  /  dUr 

dO  I  dr 


^  due 
r  dO 


d  /  duQ 
dr  V  dr 


1  dUr  I  Uq 

r  50  r 


(17.1) 


Below  are  the  expressions  for  the  components  of  the  stress  tensor: 
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<78  =  ^  ( 


=M4 


.  dr  ' 

r 

ae 

dur  , 

1 

dUQ 

Uy.  '' 

dr  ‘ 

r 

d& 

f  1  dUr 

r\r\ 

+ 

duQ 

“r  ^  ,  O..  /  1  ^“e  ,  ^ 

—  j  — -^  +  — j  , 

^)+2^i 


dUj. 

dr~ 


(17.2) 


We  proceed  from  the  representation  of  displacements  in  the  form 


Ur  (r,  0)  =  ryf  (0),  ue  (r,  0)  =  r^g  (0). 

From  (15.1)  we  obtain 

Vi/"  +  (r^  -  1)  /  +  [(Y  - 1)  -  Vi  (7  +  1)1  f '  =  0, 
g'"  +  Vi(Y^— I)g4-[(Y  +  1)  — Vi  (y  — !)]/'  =  0. 
where  Vj  =  (1  —  2v)/2(l  —  v). 

The  stresses  and  displacements  are  then  expressed  as 


(17.3) 


j^-iri-Y(XQ  =  —  2y.4  cos  [(1  +  y)  9]  —  2y  B  sin  [(1  -r  y)  9]  — 

—  (1  +  y)(1  —  V2)  C  cos  [(1  —  y)  9]  —  (1  +  y)(1  —  ''2)  D  sin  [(1  —  y)  9], 
ar  =  2y  A  cos  [(1  +  y)  9]  +  2y  5  sin  [(1  +  y)  9]  + 

+  2C  ^‘‘  +  Y  }  cos[(l-Y)  0]  + 

+  2Z)|v  +y}  sin  [(1-y)9],  (17.4) 

x^Q  =  —  2y  .<4  sin  [(1  +  y)  9]  +  2y  B  cos  [(1  +  y)  9]  — 

—  (1  —  Y)  (1  —  V2)  C  sin  [(1  —  y)  9]  +  (1  —  y)(1  —  "^2)  ^  cos  [(1  —  y)  9], 
r-yur  =  A  cos  [(1  +  y)  9]  +  B  sin  [(1  -f  v)  9]  + 

+  Ccos  [(1  —  y)  9]  +  Bsin  [(1  —  y)  9], 
r“%9  =  B  cos  [(1  +  y)  9]  —  ^  sin  [(1  +  y)  9]  +  \\  D  cos  [(1  —  y)9]  — 

-V2Bsin[(l-Y)  9), 

where  A,  B,  C,  D  are  arbitrary  constants,  Vj  =  (4v  —  3  —  y)H\  — 

—  3  +  Y- 

Consider  the  case  when  stresses  are  prescribed  on  each  side  of  the 
wedge  (II-II).  The  values  of  Oe  and  r^e  for  0  =  ±a  must  be  equated 
to  zero.  As  a  result,  we  arrive  at  a  homogeneous  system  of  equations, 
which  falls  into  two  systems  of  the  second  order: 

—  2y  A  cos  [(1  +  y)  a]  —  (1  +  y)(1  —  Vj)  C  cos  [(1  —  y)  «]  =  0, 

(17.5) 

2y  a  sin  [(1  +  y)  a]  —  (1  —  y)(1  —  '2)  ^  sin  [(1  —  y)  «]  =0. 

2y  B  sin  [(1  4-  y)  a]  (1  +  y)(1  —  Vj)  B  sin  [(1  —  y)  a]  =  0, 

(17.6) 

2y  Bcos  [(1  +  y)  «]  +  (1  —  y)(1  "“■'''2)  Dcos  ((1  —  y)  a]  =  0. 
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The  condition  for  the  existence  of  a  non-trivial  solution  of  system 
(17.5)  leads  to  the  equation 

sin  2a  +  sin  2ay  —  0.  (17.7) 


Hence,  if  y  is  its  root,  we  arrive  at  an  eigensolution  for  the  wedge 
for  which  B  =  D  =  0  and  the  constants  A  and  C  are  related  by  the 
equality 


A__  (1  +  V)(V2  — l)cos[(l-7)a]  ^  ^ 

27  cos  [(1  +  7)  a]  ^ 


(17.8) 


The  solution  is  thus  expressed  in  terms  of  a  single  constant. 

The  case  when  the  determinant  of  system  (17.8)  is  zero  is  conside¬ 
red  in  a  similar  way.  The  equation  is  then  of  the  form 

1 

sin  2a - sin  2a7  =  0. 


Consequently,  it  may  be  stated  that  the  non-trivial  solution  of 
the  problem  (II-II)  for  a  wedge  exists  when  the  exponent  satisfies 
the  equation 

sin  2a7  =  ±sin  2a.  (17.9) 


Other  boundary  value  problems  (including  those  where  conditions 
of  different  types  are  prescribed  on  the  sides  of  a  wedge)  are  treated 
in  a  similar  manner.  Below  are  given  the  corresponding  equations: 


sin  2a7  =  ± sin  2a  (I-I),  (17.10) 

sin  2a7  =  ±sin  2a  (III-III),  (17.11) 

sin"  2av  =  (I-II),  (17.12) 

sin  4a7  =  — 7  sin  4a  (II-III),  (17.13) 

sin4a7  =  -^sin4a  (I-HI),  (17.14) 

where  x  =  (3  —  v)/(l  +  v). 


Here  III  designates  a  problem  where  the  shearing  stress  and  the 
normal  component  of  the  displacement  on  the  side  of  a  wedge  are 
assumed  to  be  zero. 

The  foregoing  equations  have,  in  general,  complex  (and  necessarily 
conjugate)  roots  7  =  7i  +  ^72;  this  leads,  in  transforming  to  the 
actual  representation,  to  eigenfunctions  of  the  form 


rvi 


sin  (In  72  r) 
cos  (In  72  r). 


(17.15) 


It  follows  from  (17.15)  that  the  stress  singularity  is  of  an  oscillation 
nature.  As  some  solutions  show  (see  N.  I.  Muskhelishvili  [3],  p.  417), 


152 


FUNDAMENTAL  PRINCIPLES  OF  THE  THEORY  OF  ELASTICITY  [III 


the  oscillation  is  significant  only  over  a  very  small  distance  from  an 
angular  point,  which  allows  the  oscillating  factor  to  be  neglected  in 
design  schemes.  Figure  7  (taken  from  the  work  of  A.  I.  Kalandiya 
[3])  gives  values  of  min  Re  7  >  0  for  all  combinations  of  boundary 
conditions  considered  above  when  v  =  0.3. 

The  foregoing  procedure  can  be  extended  to  the  case  when  there 
is  a  conic  point  (see  V.  A.  Kondrat’ev  [11).  For  simplicity,  we  con¬ 
struct  solutions  for  the  case  of  a  circular  cone  (see  Z.  P.  Bazant, 


min  Re  f 


Fig.  7.  Relation  between 
min  Re  v  and  the  angle  a 
for  difierent  boundary 
conditions. 


L.  N.  Keer  [1]).  Let  a  be  the  vertex  angle.  The  displacements  are 
represented  in  a  spherical  co-ordinate  system  as 

a,  =  rYt7,(0),  W9  =  rY£7e(0),  =  (17.16) 


The  resulting  system  of  equations  for  and  Uq  is  then  3* 


I  dUr  ,  dUQ 


-j-  cot 


Iv3(y-1)-V-1]- 


-^-2-  I  —  I  I '3  VI  -/  r  -J  ^0 

+  ''^3(7  —  1)(Y  +  2)  U j.  -|-  [V3  (y —  1)  —  Y  1]  cot  6  [/e  =0, 

(17.17) 


'’3-^^  +  [V3  (v  +  2)  — Yl-^^  +  VsCOt 


dUe 


dQ 


dQ 


+  [y  (Y  + 1)  — -ili^  ]  -  0, 


where  Vg  =  (1  —  v)/(0.5  —  v). 

The  boundary  conditions  in  the  case  of  the  first  problem  are 


Ur  (a)  =  C7e  (a)  =  0 
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and  in  the  case  of  the  second  problem 

Ge  =  -f  (1  +  Vi  +  v^i)  C^r  +  'Vi  cot  af/e  =  0  for  0  =  a, 

T.e  =  ^-(l-v)C/9  =  0  for  0  =  a 

Moreover,  from  the  regularity  condition  for  the  solution  for  0  =  0 
it  follows  that 


Figure  8  gives  values  of  min  Re  y  as  a  function  of  a  for  several  val¬ 
ues  of  V  for  the  first  and  second  boundary  value  problems. 


1^ 

— 

0.1  0.2 

- 1 

0.3  0.‘f  0. 

— 

^  Problem  E 

■ 

_ ^ _ 

_ 1 _ 

1 

_ ^ _ 

Fig.  8.  Relation  between  Re  7  and  the  angle  a  for  a  conic  point 


Note,  also,  a  very  simple  case  arising  in  the  torsion  problem.  The 
solution  of  the  Dirichlet  problem  for  a  wedge  with  zero  conditions 
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is  in  this  case 

cos  (-1^0).  (17.18) 

Consequently,  the  infinite  torsional  stresses  occur  only  for  an  angle  a 
greater  than  k/2. 

As  follows  from  the  foregoing,  the  singularity  index  in  the  neigh¬ 
bourhood  of  irregular  points  of  the  boundary  can  be  established  with¬ 
out  regard  to  the  solution  of  the  boundary  value  problem  itself,  but 
the  factors  multiplying  the  eigensolutions  can,  in  general,  be  found 
from  all  the  data  of  the  problem  (the  configuration  of  the  region  and 
the  boundary  conditions).  The  procedures  for  finding  these  factors 
will  be  discussed  in  Secs.  25  and  37. 

The  foregoing  procedure  was  subsequently  extended  to  piecewise 
homogeneous  wedges  when  the  interface  between  media  is  a  straight 
line  passing  through  the  vertex.  It  was  assumed  that  there  was  cohe¬ 
sion  on  the  lines  of  contact  between  the  media.  The  solution  for 
each  wedge  is  represented,  as  before,  in  the  form  of  (17.3)  (or  in  a 
similar  form  if  the  real  variable  technique  is  used).  The  condition  of 
equality  of  displacements  and  stresses  at  the  interfaces  between  the 
media  and  the  conditions  on  the  outer  sides  furnish  a  transcendental 
equation  for  the  parameter  y, 

M.  L.  Williams  [2]  has  obtained  the  solution  of  the  problem  for 
two  wedges  of  angles  Jt.  This  problem  corresponds  to  a  piecewise 
homogeneous  plane  with  a  cut  along  the  interface.  In  another  work 
(see  A.  R.  Zak,  M.  L.  Williams  [1])  the  solution  is  constructed  for 
three  wedges:  two  wedges  of  angle  jc/2  of  the  same  material  and  one 
wedge  of  angle  n  of  dissimilar  material.  This  problem  corresponds  to 
a  piecewise  homogeneous  plane  with  a  cut  in  one  of  the  half-planes 
approaching  the  interface  between  the  media.  An  analysis  of  solu¬ 
tions  of  problems  for  a  body  composed  of  two  wedges  with  zero  dis¬ 
placements  on  the  outer  boundaries  is  given  by  A.  G.  Avetisyan 
and  K.  S.  Chobanyan  [1]. 


Chapter  IV 

INTEGRAL  EQUATIONS 
FOR  TWO-DIMENSIONAL  PRORLEMS 
OF  THE  THEORY 
OF  ELASTICITY 


18.  Muskhelishvili’s  Integral  Equations 


Consider,  simultaneously,  the  first  and  second  problems  of  the 
theory  of  elasticity  for  a  finite  simply  connected  region  bounded 
by  a  smooth  contour  L.  The  boundary  conditions  are  rewritten  in 
a  unified  form: 

(^)  +  ^^'^  (^)  +  ^  (^)  =  /  (^)*  (18.1) 

Here  k  =  — x  in  the  case  of  the  first  problem,  /c  =  1  in  the  case 
of  the  second  problem,  and  the  function  /  {t)  has  been  defined  above 
(Sec.  15). 

Condition  (18.1)  is  rewritten  as 


A;(p(U  — fcp'(i).  (18.1') 

The  right-hand  side  of  (18.1')  is  thus  a  boundary  value  of  a  function 
analytic  in  the  region  D^.  According  to  (2.9'),  this  condition  can  be 
represented  as  an  equality  valid  for  all  points  z  outside  the  region 


1 

2ni 


1 


t  —  z  2iii  J  (  —  2 

L 


A{z). 


(18.2) 


Let  us  transform  from  the  functional  equation  (18.2)  to  an  integral 
one.  To  do  this,  we  pass  to  the  points  of  the  contour  L  by  a  limiting 
process  remaining  all  the  time  outside  the  region  D^.  In  so  doing 
we  assume  that  the  function  cp  (t),  q?'  (t),  and  /  (t)  satisfy  the  H-L 
condition,  and  it  is  therefore  possible  to  use  the  Sokhotskii-Plemelj 
formulas. 

To  obtain  an  equation  in  compact  form,  we  take  advantage  of 
the  identities 


—  — tp  (*o)+-^ 


r  <p  {t)dt 

J  t  to 
f  cp'  (t)  dt  n 

.)  t-to 
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We  apply  a  limiting  process  in  (18.2)  and  add  to  this  relation  the 
last  identities  multiplied,  respectively,  by  Iq  and  k.  By  performing 
the  integration  by  parts,  we  arrive  at  an  integral  equation  due  to 
N.  /.  Muskhelishvili  [3]: 

-  tiw  -  tIt  5  ^  5  <p  (')  . 

L  L 

(18.3) 

Equation  (18.3)  belongs  to  the  class  of  Fredholm  integral  equa¬ 
tions.  Let  us  make  its  analysis.  We  begin  our  consideration  with 
the  second  fundamental  problem  {k  =  1).  It  will  first  be  shown  that 
every  solution  of  this  equation  must  be  a  boundary  value  of  a  func¬ 
tion  analytic  in  the  region  Let  (p  (t)  be  any  solution  of  Eq.  (18.3). 
We  form  Cauchy-type  integrals  (the  point  z'  is  taken  in  the  region/)"): 


1  r  cpW 

2ni  J  t  —  z' 
L 


dt  =  iCi>(z'), 


1  r(p(t)+7(p'  (t)—t  (t) 

2m  j  t  —  z' 

L 


dt=  — i^  {z'). 


(18.4) 


Equation  (18.3)  may  then  be  interpreted  as  a  relation  between  func¬ 
tions  O  (^)  and  ^  (t),  which  are  boundary  values  of  analytic  func¬ 
tions  in  D~: 

^)  +70'  (t)  +  '^{t)  =  0.  (18.5) 

It  follows  from  relation  (18.5)  that 

0(2')  =  iaz'  +  p,  ^(2')=-p, 

since  these  functions  are  the  solution  of  the  second  exterior  problem 
with  zero  stress  values  on  the  contour  (a  is  a  real  constant,  P  is  a  com¬ 
plex  constant).  Since  the  same  functions  are  Cauchy-type  integrals, 
they  are  zero  at  infinity.  It  follows,  therefore,  from  the  first  repre¬ 
sentation  of  (18.4)  that  (p  (t)  is  a  boundary  value  of  a  function  analytic 
in  the  region  D^. 

Since  the  function  cp^  (z)  =  icpz  +  p  (a  and  P  are,  as  before, 
a  real  and  a  complex  constant)  corresponds  to  a  zero  state  of  stress, 
it  is  obvious  that  this  function  is  a  nontrivial  (and  unique)  solution 
of  Eq.  (18.3)  with  a  zero  right-hand  side. 

Note  that  the  elasticity  problem  itself  for  a  bounded  region  has 
a  solution  only  when  the  resultant  moment  of  the  external  forces  is 
zero: 

Re  J  fjt)  clt  =  0. 

L 


(18.6) 
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The  condition  that  the  resultant  vector  of  the  external  forces  is 
zero  automatically  follows  from  the  uniqueness  of  the  boundary  con¬ 
dition. 

Following  D.  I.  Sherman  [2],  we  prove  that  condition  (18.6) 
ensures  the  solvability  of  Eq.  (18.3)  (when  k  =  1).  Suppose  that 
the  origin  of  co-ordinates  is  situated  in  the  region  To  the  left- 
hand  side  of  the  original  equation  we  add  the  operator 


1  fcpU) 
2ni  J  t 

L 


1 

«0  J  L 

L 


dt  + 

J 


(18.7) 


and  examine  the  resulting  equation 


—  k(f{to) 


1  f«PW 

2jii  J  t 


dt  -j- 


__i _ f  r  qpjW 

2jii  ^0  J  L 

L 


dt  -4- 


^di]^A{to). 


(18.3') 


We  prove  that  every  solution  of  the  last  equation  is  a  boundary 
value  of  an  analytic  function  in  the  region  D^,  In  contrast  to  (18.4), 
the  corresponding  function  Y  (z')  is  defined  as  follows: 


(18.4') 


Equation  (18.3')  is  then  transformed  into  the  same  limiting  rela¬ 
tion  (18.5).  Similarly  to  the  foregoing,  we  find  that  the  functions 
'O  (z')  and  W  {z')  are  zero  and  hence  the  solution  can  be  continued  into 
the  region  D 

Let  us  now  show  that  every  solution  of  Eq.  (18.3')  makes  the 
additional  terms  (18.7)  zero  if  the  right-hand  side  satisfies  condi¬ 
tion  (18.6).  Since  the  function  T*  (z'),  is  identically  zero,  it  follows 
that  the  coefficients  in  its  expansion  in  a  Laurent  series  are  also 
zero.  The  first  coefficient  in  the  expansion  is 


1  fcpW 
2ni  J  t 
L 


dt  =  0, 


(18.8) 


and  the  coefficient  of  1/z'  is 

4^1  +  dt- 


2jii 


=  0.  (18.9) 
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It  follows  from  (18.8)  that  the  first  integral  in  (18.7)  always  van¬ 
ishes.  We  rearrange  (18.9)  in  the  form 

-2^  rff  -  cp  (i)  -4r  (/ (0  + 

L  L 

The  first  term,  as  well  as  the  second  one,  hy  (18.6),  is  real,  and  the 
third  term  is  imaginary.  Consequently,  the  third  term  in  (18.7) 
is  zero. 

Let  us  prove  that  Eq.  (18.3')  is  solvable  for  any  right-hand  side* 
To  do  this,  we  must  show  that  the  homogeneous  equation  has  no 
non-trivial  solutions.  Suppose  that  such  a  solution  exists.  Denote 
it  by  (po  (t).  Since  the  right-hand  side  of  the  equation  is  zero,  condi¬ 
tion  (18.6)  is  automatically  fulfilled,  and  hence  sum  (18.7)  becomes 
zero  when  the  function  cpo  (i)  is  substituted  in  it.  Consequently,  the 
function  (t)  must  also  be  a  solution  of  the  homogeneous  equation 
(18.3),  and  it  is  the  fore  equal  to  at  p.  Substituting  this  function 
in  (18.7),  we  find  from  the  condition  of  each  term  being  zero  that 
the  constants  a  and  P  vanish.  This  proves  the  solvability  of  Eq.  (18.3') 
with  an  arbitrary  right-hand  side,  and  in  particular  when  condi¬ 
tion  (18.6)  is  fulfilled.  In  the  latter  case,  as  has  been  proved  above^ 
the]  solution  of  Eq.  (18.3')  is  also  a  solution  of  Eq.  (18.3). 

Muskhelishvili’s  integral  equations  can  be  constructed  for  the 
case  of  a  multiply  connected  region  and  an  exterior  problem. 
D.  I.  Sherman  [21  has  made  an  analysis  of  these  equations  and  proved 
their  solvability.  However,  the  actual  implementation  of  solutions 
in  these  cases  is  difficult  because  of  the  necessity  for  first  solving 
auxiliary  problems  for  some  particular  types  of  loading.* 

D.  I.  Sherman  has  established  that  the  characteristic  numbers 
of  Eq.  (18.3')  are  greater  than  unity  in  modulus,  and  this  ensures 
the  convergence  of  the  method  of  successive  approximations.  Natu¬ 
rally,  this  conclusion  also  holds  for  Muskhelishvili’s  integral  equa¬ 
tion  (of  course,  provided  the  condition  for  zero  resultant  moment 
of  the  external  forces  is  fulfilled). 

The  numerical  solution  of  Muskhelishvili’s  equation  by  the  me¬ 
chanical  quadrature  method  is  difficult  because  of  the  presence  of  an 
eigenfunction  since  the  determinant  of  the  corresponding  system  of 
linear  equations  is  zero  (to  the  present  approximation),  which  ac- 

*  From  the  results  of  the  work  of  D.  I.  Sherman  (The  Static  Plane  Problem 
of  the  Theory  of  Elasticity  for  an  Anisotropic  Medium,  Trudy  Seismologicheskogo 
Inst.  Akad.  Nauk  SSSR,  No.  86,  1938),  applied  to  an  isotropic  medium  one  can 
obtain  always  solvable  integral  equations  differing  from  Muskhelishvili’s  equa¬ 
tions  by  additional  operators  of  an  elementary  kind. 
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counts  for  unstable  values  of  the  unknowns.  To  eliminate  this  defect, 
N.  I.  Muskhelishvili  [1]  and  also  A.  Ya.  Gorgidze  and  A.  K.  Rukhad- 
ze  [1]  proposed  that  the  density  function  should  be  fixed  at  some- 
points,  excluding  the  consideration  of  the  corresponding  equations. 
P.  I.  Perlin  and  Yu.  N.  Shalyukhin  [11  suggested  a  different  proce- 
dure.  The  authors  consider  Eq.  (18.3').  Because  of  the  error  inherent  in 
the  quadrature  formulas  used  and  because  of  the  piecewise  constant 
(or  some  other)  representation  of  the  density  function,  the  terms 
included  additionally  are  different  from  zero,  but  the  error  intro¬ 
duced  by  them  is  small  (of  the  order  of  the  error  involved  in  using 
the  quadrature  formulas);  however,  the  structure  of  the  system  of 
algebraic  equations  is  radically  improved  since  the  equation  in 
question  has  no  eigenfunctions. 

Note  that  the  solution  of  Muskhelishvili’s  equation  by  the  method 
of  successive  approximations  also  involves  complications  of  c  similar 
kind  (because  of  the  error  in  numerical  implementation)  (see  Sec.  12). 
P.  I.  Perlin  and  Yu.  N.  Shalyukhin  also  suggested  that  Eq.  (18.3') 
should  be  used  to  construct  a  convergent  solution. 

Attention  is  drawn  to  the  fact  that  when  there  are  two  axes  of 
symmetry  in  problems,  the  process  in  both  approaches  is  stable  if, 
of  course,  the  discretization  of  the  contour  necessary  for  numerical 
implementation  has  the  corresponding  symmetry. 

The  investigation  of  the  integral  equation  corresponding  to  the 
first  fundamental  problem  is  conducted  in  a  simple  way.  In  this 
case  it  is  necessary  to  introduce  an  additional  functional 


1 

27ii 


j 


9  W 


dt. 


19.  Sherman-Lauricella  Integral  Equations 

We  now  turn  to  the  construction  of  other  integral  equations  for 
the  fundamental  plane  problems  of  elasticity  known  as  the  Sherman- 
Lauricella  equations  (see  D.  I.  Sherman  [6,  7]). 

Let  a  region  D  be  bounded  by  one  or  several  contours,  Lj,  Z/2,  .  .  . 

.  .  .,  Lm^  Lq,  where  the  first  m  contours  are  situated  outside  each 
other,  and  the  last  one  contains  all  the  others  (the  contour  Lq  may 
be  absent).  Let  the  finite  regions  bounded  by  the  contours  be 
denoted  by  (/c  =  1,  2,  .  .  .,  m),  and  the  infinite  region,  i.e., 
the  outside  of  the  contour  Lq,  by  D~. 

We  begin  the  consideration  with  the  second  fundamental  problem. 
Suppose  that  the  resultant  vectors  oi  the  external  forces 

applied  to  the  contours  are  zero  (otherwise  it  would  be  necessary 
to  make  an  obvious  transformation  of  the  boundary  conditions). 
The  unknown  functions  cp  (z)  and  \p  (z)  are  then  single  valued. 
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The  boundary  conditions  are  written  as  (L  =  +  Lq) 

(p  (^)  +  W  (0  +  '^  (0  =  /  (0  Ck  (^6  L)»  (19.1) 


Here  /  {t)  is  a  given  function,  single  valued  and  continuous  on  each 
of  the  contours,  the  constants  Cq  and  are  determined  in  solving 
the  boundary  value  problem.  One  of  them,  say  may  be  fixed 

arbitrarily  by  setting  it  equal  to  zero.  Naturally,  it  is  assumed 
that  conditions  (18.6)  are  fulfilled. 

The  functions  (p  (z)  and  'yp  {z)  are  sought  in  the  form* 


dt  -j- 


/V  1  f  a)  (0 
L 

J_f 

'  2ni  J  t  —  z 


(19.2) 


t  f  bfj 

2jli  J  (t-zy2  ~^Zjz-Zk'  ^  ' 

L  h=i 

Here  co  (i)  is  the  unknown  function,  Zf^  are  arbitrarily  prescribed 
points  in  the  regions  DJ,  are  real  constants  defined  as  follows: 


bk=i  J[o)(^)di  —  (d{t)dt].  (19.4) 

Note  that  representations  (19.2)  and  (19.3)  resemble  in  form 
similar  representations  of  the  solution  of  the  problem  for  a  half¬ 
plane. 

Suppose  that  the  function  co  (t)  satisfies  the  H-L  condition.  By 
applying  a  limiting  process  in  (19.2)  and  (19.3),  as  well  as  in  a  repre¬ 
sentation  for  the  function  cp'  (z)  obtained  from  (19.2),  we  pass  to 
the  points  of  the  contours  from  the  outside,  and  to  the  points 
of  the  contour  Lq  from  the  inside.  Substituting  the  resulting  expres¬ 
sions  in  the  boundary  conditions  (19.1),  we  obtain  a  Fredholm  integral 
equation,  namely 

»  «•)  +  )■  “  w  -4r  j 

m 

-1-2  +  {t^L).  (19.5) 


*  In  the  works  of  D.  I.  Sherman  [6,  7]  the  expression  for  (p  (z)  contains  addi¬ 
tional  terms  for  which  there  is  no  special  need  (this  was  pointed  out  by  the  author 
later). 
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The  left-hand  side  of  this  expression  incorporates  the  term 


L 

and  Zq  0  has  been  included  for  uniformity  in  writing. 

Let  the  constants  be  defined  by  relations  of  the  form 


ds, 


(19.8) 


where  ds  is  a  differential  arc  length  of  the  contour.  With  this  equa¬ 
tion,  (19.5)  transforms  into  an  integral  equation  for  co  (i). 

Let  us  show  that  every  solution  of  Eq.  (19.5)  makes  the  number 
&o  zero  if  the  condition  for  zero  resultant  moment  of  the  forces  applied 
to  the  whole  body  is  fulfilled.  To*  prove  this,  Eq.  (19.5)  is  repre¬ 
sented  as 

cp(^)  +  i^^)+^+-^-C,-  =  /(f)  {teL).  (19.9) 

We  multiply  both  sides  of  this  equality  by  dt  and  integrate.  Since 
the  functions  (p  (t)  and  'll?  (^)  are  single  valued,  we  obtain 

^  [(p(0  dt—^{t)  dt^  —  2nibQ  =  ^  f{t)dt.  (19.10) 

L  L 

Since  all  terms  in  this  equality,  except  2nibQ,  are  imaginary,  it 
follows  that  6o  —  0. 

Let  us  prove  that  Eq.  (19.5)  is  always  solvable.  Assume,  as  usual, 
that  there  is  a  non-trivial  solution  coq  (0  of  the  homogeneous  equa¬ 
tion.  The  corresponding  functions  (p  (z)  and  (z)  are  furnished  with 
the  subscript  zero,  and  the  constants  b^  and  Ck  defined  by  relations 
(19.2)  to  (19.4)  and  (19.8)  with  the  superscript  zero.  The  functions 
cpo  (z)  and  (z)  must  satisfy  the  boundary  conditions 


<Po(^)-|-^<Po  (O-H'jJo  w  — ^h  =  0  (t^L).  (19.11) 

The  uniqueness  theorem  gives 

(Po(z)-=  jaz  +  p,  i|)o(z)=— p,  Ci  =  0.  (19.12) 

Referring  to  formulas  (19.2)  and  (19.3),  and  noting  (19.12),  we  arrive 
at  the  equalities 

L 


h=i 


11-01554 


162 


INTEGRAL  EQUATIONS  FOR  TWO-DIMENSIONAL  PROBLEMS 


[IV 


We  now  introduce,  on  all  the  contours  functions 

icp*  (t)  =  (Do  (t)  —  iat  —  p,  (19.14) 

m 

i^.*t)=(Oo{t) —~twl(t)+  (19.15) 

A=1 

Since  these  functions  are  analytic  in  the  regions  Z)J,  equalities 
(19.13)^may  he  rewritten  as 


1  r  rw 

2ni  J  t  —  z 

L 


dt  =  0. 


It  follows  from  the  property  of  the  Cauchy-type  integral  (Sec.  2) 
that  the  functions  (p*{t)  and  yp*  (^)  are  boundary  values  of  functions 
analytic  in  the  regions  and  D"  with  cp*  (oo)  =  0  andtp*  (oo)  =  0. 

It  has  been  previously  shown  that  =  0  if  condition  (18.6) 
is  fulfilled.  It  is  obvious  that  in  our  case  this  condition  is  also  ful¬ 
filled  and  therefore  we  have  fc®  =  0.  Substituting  the  expression 
for  (Oq  (t)  from  (19.14)  on  the  right-hand  side  of  (19.7),  we  arrive  at 
the  equality  a  =  0.  By  further  eliminating  the  function  coq  (0 
from  (19.14)  and  (19.15),  we  obtain 

_  ^  fcO 

A=1 


By  multiplying  both  sides  of  this  equality  by  dty  and  integrating 
over  each  contour  we  arrive  at  the  equalities 

J  [cp*  (0  dt  -  qp*  (t)  d«]  =  —2nbl  (19.18) 

H 


from  which  it  follows  that 

6J  =  0.  (19.19) 

We  therefore  obtain 


cp*  («)  +  f(p*  (i)i))  + 1])*  (i)  =  —  2ip 

Thus,  the  functions  cp*  (z)  and  i]?*  (z)  solve  the  second  fundamental 
problem  for  each  of  the  regions  D*  with  zero  values  on  the  boundary. 
By  the  uniqueness  theorem  for  the  region  D~  [noting  that  cp*  (oo)  = 
=  i])*  (oo)  =  0  and  hence  cp*  (z)  =  i|)*  (z)  =  0],  we  find  that^  =  0. 
Then 

cp*(z)  =  iaftZ  +  Pfc,  \|3*(z)=~pft  (z6^ft). 

r'rom  this,  on  the  basis  of  formulas  (19.14),  (19.15),  it  follow?  that 

coo(i)= — Ptftf  +  iPft 
X  coo(t)  =  0  {t^Lo). 
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Now,  by  using  (19.19)  and  the  equalities  Cl  =  0,  we  find  that  all 
and  are  zero.  Hence,  coq  (0  =  0-  Thus,  Eq.  (19.5)  is  always 
solvable.  If  the  resultant  moment  is  zero,  Bq  =  0,  and  the  solution 
of  Eq.  (19.5)  is  therefore  identical  with  that  of  the  original  integral 
equation.  Consequently,  this  equation  is  always  solvable. 

We  next  consider  the  first  fundamental  problem.  The  boundary 
condition  is 

Kcp  —  {t)  — Ip  (^)  =  /  {t)  (t  6  L).  (19.20) 

In  this  case  the  representations  for  the  functions  cp  (2)  and  \\)  (z) 
are  chosen  as 

m 

2  — Zft),  (19.21) 

L  k=i 


»).  (19  22) 

where  are  constants  to  be  determined.  We  express  them  in  terms 
of  the  function  co  {t): 

Ak=  J  (i>{t)ds.  (19.23) 

We  pass  to  contour  points  in  the  expressions  for  cp  (z),  cp'  (z), 
and  yp  (z)  by  a  limiting  process.  After  some  manipulation  we  obtain 
the  following  integral  equation: 

■“i  ^  I  “  1 "  lEt + ^  I  ^  -Si  + 

m 

+  2  2  >cln|^— z^l  f  (o{t)ds=f{t)  (19.24) 

The  solvability  of  Eq.  (19.24)  can  be  proved  by  much  the  same 
argument  as  used  above. 

In  the  case  when  the  contour  Lq  is  absent,  the  argument  (with 
slight  modifications)  holds. 

An  integral  equation  similar  in  structure  to  the  Sherman-Lauricella 
equations  for  the  second  fundamental  problem  has  been  obtained 
by  I.  Kh.  Khatsirevich  [1].  The  right-hand  side  of  this  equation 
is  expressed  directly  in  terms  of  the  external  stresses. 
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20.  Sherman- Lauricella  Integral  Equations  (Continued) 

The  integral  equations  constructed  and  investigated  in  the  pre¬ 
ceding  section  are  applicable  for  the  case  of  arbitrary  multiply 
connected  regions.  Below  is  given  a  modification  of  these  equations 
taking  account  of  the  specific  features  of  regions  and  the  nature  of 
boundary  conditions  and  making  it  considerably  easier  to  obtain  so¬ 
lutions. 

For  a  problem  where  the  region  itself  and  the  boundary  condi¬ 
tions  have  mirror  and  cyclic  symmetry  of  some  order,  V.  M.  Buivol 


Fig.  9.  Parallelogram  of  periods  in  a  plane  with  doubly  periodic  arrangement  of 
holes 

[1]  has  made  appropriate  transformations  of  Eq.  (19.5)  and  obtained 
equations  in  which  the  contour  of  integration  is  an  irreducible  part 
of  the  contour.* 

Let  us  consider  a  doubly  periodic  problem  following  L.  A.  Fil’sh- 
tinskii  [1],  who  has  treated  it  in  the  most  general  formulation.  Let 
there  be  a  parallelogram  of  periods  (Fig.  9),  where  coi  and  cog  are 
the  primitive  periods  of  the  lattice,  Im  =  0,  Im  (cog/coi)  =  0, 
cog  =  Im  c  0^  let  therd  be  a  group  of  I  non-overlapping  holes 
inside  each  of  the  parallelograms,  denoted  by  where  the  super¬ 
script  corresponds  to  the  numbering  adopted  within  the  primitive]paral- 
lelogram,  and  the  subscripts  refer  to  the  respective  parallelogram. 

In  formulating  the  second  fundamental  problem  it  must  be  assumed 
that  the  load  applied  to  each  of  the  contours  is  independent  of  the 
subscripts,  the  resultant  vector  and  the  resultant  moment  being 
zero  in  all  cases  (otherwise  the  periodicity  is  violated).  Moreover, 
the  formulation  of  the  problem  must  include  the  so-called  mean 
values  of  stresses  Oi,  Ug,  and  a^g  applied  on  the  sides  of  the  paral- 


*  Some  corrections  have  been  introduced  by  S.  B.  Vigdergauz  [1]. 
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lelogram  of  periods  and  equivalent  to  a  uniform  state  of  stress  at 
infinity  (with  the  same  stress  values). 

The  representations  used  for  the  functions  (p  (z)  and  i])  (z)  are 

i 

=  2  Kl{z-Zk)  +  Az,  (20.1) 

L  h=\ 

'I' j  dt  +  (ii (t) it]  [£;  {t— z)-i (f)] - 

L 

[^p(^  —  z)— Pi(^— z)]  dt+ 

L 

I 

+  2  — 2ft)  4-pi  (2  — (20.2) 

k=i 

where  ^  (z)  is  Weierstrass’  zeta  function,  p  (z)  is  a  Weierstrass  ellip¬ 
tic  function,  the  points  Zft  are  situated  in  the  regions  the  con¬ 
stants  &ft  are  determined  by  formulas  similar  to  (19.4),  A  and  B 
are  constants  expressed  in  terms  of  the  mean  stress  values  and  the 
lattice  parameters.  The  function  (z)  is  of  the  form  (see  V.  Ya.  Na- 
tanzon  [1]) 

Pi(z)=2  {  ■(7_^p)2  j-}  {p  =  m(Oi  +  n(i)2).  (20.3) 

mn 

The  corresponding  integral  equation  has  been  obtained  and  inves¬ 
tigated  in  the  work  of  L.  A.  Fil’shtinskii  cited  above. 

Note  that  V.  P.  Toropina  [1]  has  considered  a  periodic  problem 
for  a  plane  with  holes.  The  author  has  mapped  the  strip  of  periods 
onto  a  plane  with  a  cut  and,  using  a  representation  for  the  functions 
(p  (z)  and  (z)  of  the  type  of  (19.21)  and  (19.22),  has  obtained  the 
corresponding  integral  equations.  From  an  analysis  of  the  spectral 
properties  it  follows  that  these  equations  can  be  solved  by  the  method 
of  successive  approximations. 

Consider  now  the  question  of  the  numerical  solution  of  the  Sher- 
man-Lauricella  integral  equations  and  their  modifications.  These 
equations  are  regular,  and  their  solutions  can  therefore  be  carried 
out  directly  by  the  mechanical  quadrature  method  (see  Sec.  11) 
taking  into  account  the  additional  term  (19.6).  To  improve  the  ac¬ 
curacy,  use  must  be  made  of  the  fact  that  the  integrals  of  the  kernels 
appearing  in  the  Sherman-Lauricella  equations  are  evaluated  in 
closed  form.  Each  term  in  the  integral  sums  can  therefore  be  repre¬ 
sented  as  the  product  of  the  value  of  the  density  function  at  a  pivotal 
point  and  the  corresponding  expression. 

We  now  turn  to  the  determination  of  stresses  in  an  elastic  body 
after  finding  the  solution  of  the  integral  equation.  For  interior  points, 
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this  problem  is  solved  in  an  elementary  way  since  the  representations 
for  the  functions  cp  {z)  and  (z),  (19.2)  and  (19.3),  are  regular.  How¬ 
ever,  the  points  of  principal  interest,  and  at  the  same  time  involving 
the  greatest  difficulties  particularly  because  of  the  determination 
of  the  function  q)'  (t)  are  those  of  the  contour. 

K.  I.  Zapparov  and  P.  I.  Perlin  [1]  used  the  techniques  of  the  spline 
theory  to  solve  this  problem  (see  Sec.  9).  Let  the  pivotal  points  be 
denoted  by  and  the  nodal  points  by  4.  The  representation  for  the 
function  9  (z),  for  example,  is  then 

N 

(P  (t%)  =  4-  +  E  “  In  >  (20.4) 

j=i 

We  construct  a  cubic  spline  in  each  interval  tl: 

m=0 

The  derivative  co'  {t)  at  the  point  ig  is  then  equal  to  — ag. 

For  the  function  9'  (t)  we  have  the  following  representation: 

“5  tj-tl  ■  (20.5) 

Expression  (20.5)  enables  one  to  determine  the  tangential  component 
of  stress  at  the  points  of  the  contour  according  to  the  formula  Of  = 
=  4  Re  9'  (^)  —  Im  f  (t). 

Figure  10  shows  the  results  of  the  calculations  of  Ot  for  the  outside 
of  a  square,  and  Fig.  11  for  the  outside  of  a  contour  of  a  special  kind, 
the  loading  reducing  to  a  hydrostatic  pressure  p  in  all  cases.  Also 
shown  in  Fig.  10  is  a  solution  (dashed  line)  found  by  conformal 
mapping  (see  G.  N.  Savin  [1]).  The  cwlic  and  mirror  symmetries 
have,  of  course,  been  takenMpto  account. 

Let  us  consider  the  integral  equations  for  the  bending  of  simply 
supported  plates.  The  boundary  relations  for  the  functions  9  (z) 
and  I])  (z)  are  given  in  Sec.  16,  namely  (16.20)  and  (16.21).  Note 
that  a  similar  boundary  value  problem  arises  both  in  plane  stress 
and  in  plane  strain  when  a  normal  component  of  displacement  and 
a  shearing  component  of  stress  are  prescribed  on  the  boundary. 

The  first  approach  to  the  construction  of  the  integral  equations 
for  the  bending  of  simply  supported  plates  has  been  realized  in  the 
work  of  Z.  I.  Khalilov  [1].  The  author  proceeds  in  a  direction  similar 
to  that  which  has  led  N.  I.  Muskhelishvili  to  the  integral 
equation  of  Sec.  18,  and  obtains  a  singular  integro-differential  equa¬ 
tion  which  is  then  transformea  into  a  Fredholm  equation.  In  the 
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Fig.  10.  Distribution  of  the  tangential  component  of  stress  in  a  plate  with  a 
square  hole  under  a  hydrostatic  pressure  p  (for  one  octant) 

Division  of  the  side  of  the  square:  n-tO  intervals;  A -20  intervals;  X-4  0  intervals, 
dashed  line— solution  of  G.  N.  Savin  [1] 


Fig.  11.  Distribution  of  the  tangential  component  of  stress  in  a  plate  witli  a 
complex-shaped  cutout  under  a  hydrostatic  pressure  p  (for  one  octant) 
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course  of  the  discussion  the  author  had  to  introduce  a  restriction 
on  the  shape  of  the  contour  (the  curvature  must  be  different  from 
zero  everywhere)  dictated  only  by  the  techniques  used.  A  procedure 
suggested  by  M.  M.  Fridman  [1]  is  free  from  this  restriction.  At 
the  initial  stage  the  author  also  constructed  a  singular  integro-differ- 
ential  equation,  and  the  investigation  was  conducted  for  a  multiply 
connected  region. 

A.  I.  Kalandiya  [1]  used  the  representations  of  I.  N.  Vekua  [1] 
for  analytic  functions,  namely 

^(2)=  j  (l  — -f)  j  M-W  ds,  (20.6) 

L  L 

to  obtain  a  system  of  singular  integral  equations  and  to  give  a  proof 
of  its  solvability  based  on  the  general  principles  of  the  theory  of 
such  systems  (see  N.  P.  Vekua  [11).  It  should  be  noted  that  at  the 
initial  stage  the  author  made  an  equivalent  transformation  of  the 
boundary  conditions  (16.20)  and  (16.21)  by  integrating  one  of  them 
and  adding  the  result  to  the  remaining  one.  In  contrast,  D.  I.  Sher¬ 
man  [181  makes  a  different  transformation  of  the  boundary  condi¬ 
tions,  namely  by  differentiation  of  one  of  them  and  addition  to  the 
remaining  one.  The  purpose  of  these  transformations  is  to  obtain 
conditions  containing  derivatives  of  the  same  order.  In  the  work 
mentioned  above  the  representations  constructed  for  the  functions 
cp  (z)  and  \\)  (z)  led  to  regular  integral  equations.  The  general  case 
of  a  multiply  connected  region  has  been  investigated  on  a  similar 
basis  by  D.  I.  Sherman  [19]. 

21.  Multiply  (Doubly)  Connected  Regions 

Solution  of  elasticity  problems  for  multiply  connected  regions 
has,  in  fact,  already  been  the  subject  of  the  discussion  in  Secs.  19, 
20,  where  the  investigation  covers  the  case  of  regions  of  arbitrary 
connectivity.  Moreover,  it  is  possible  to  solve  problems  for  mul¬ 
tiply  connected  regions  by^sing  an  alternating  algorithm  reducing 
the  problem  to  a  set  of  successively  solvable  problems  for  multiply 
connected  regions.  For  example,  for  a  region  bounded  from  the 
inside  by  a  contour  Lj,  and  from  the  outside  by  a  contour  Lq,  one 
can  proceed  as  follows:  solve  the  interior  problem  for  the  region 
with  a  boundary  condition  prescribed  on  the  contour  Lj,  next 
solve  the  exterior  problem  for  the  region  D~  with  a  boundary  con¬ 
dition  representing  the  difference  between  the  given  one  and  that 
determined  from  the  solution  just  obtained,  and  so  on.  The  questions 
of  the  convergence  of  such  a  procedure  have  been  discussed  by 
S.  L.  Sobolev  [1].  The  actual  implementation  of  this  algorithm,  how¬ 
ever,  presents  difficulties  since  when  the  boundaries  are  brought  closer 
together  the  number  of  such  steps  must  be  considerably  increased. 
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Moreover,  since  the  data  on  the  solution  of  problems  by  using 
the  Sherman-Lauricella  integral  equations  (or  other  equations )  for 
multiply  connected  regions  when  the  distance  between  the  boundaries 
is  small  are  not  available  in  the  literature,  of  some  interest  is  a  spec¬ 
ial  method,  though  it  is  actually  suitable  only  for  doubly  connected 
regions.  The  first  publication  (see  D.  I.  Sherman  [12])  was  concerned 
with  the  solution  of  a  harmonic  potential  problem  (in  reference  to 
the  torsion  of  bars)  and  was  subsequently  followed  by  a  rather  large 
number  of  vrorks  dealing  with  the  plane  problem.  A  detailed  list 
may  be  found  in  the  review  of  D.  I.  Sherman  [21]. 

This  method  will  be  illustrated  by  considering  the  plane  problem 
(with  stresses  given  on  the  contours  Lq  and  L^).  It  is  required  to 
determine  the  functions  cp  (z)  and  il)  (z)  in  the  region  D  for  the  bound¬ 
ary  conditions 

cp  (i)  +  iq)' (01+ W  =  /i(i)  {t^Lo),  (21.1) 

(p(0  +  i(p' (0  +  '»l5W=/2(^)  (21.2) 

We  introduce  an  auxiliary  function  co  (t)  on  one  of  the  contours, 
say  on  Lq,  defining  it  by  the  relation 

2(o(^)  =  cp(^)  — icp'  (^)--^  (^)  {t  6^o)-  (21-3) 

From  conditions  (21.1)  and  (21.3)  it  follows  immediately  that 

(p  (^)  =  (0  (i)  0.5fi  (t), 

ij:  (^)  =  —  CO  (t)  —  to'  (t)  4-  0.5|[/j  (^)  +  tf[  (^)]. 

It  is  proved  that  the  functions 

/  N  /  s  1  f  CD  W  +  O.S/i  (t) 

Cf*  =  ‘P  (2)  J  - i-z 

r.o  "" 

4’*  (2)  =  4  (2)  + 

,  1  f  ^^+r(o'«)-o.5[/7(<)+<7(WI  ,,, 

+  2ni  J  t—z  " 

LO 

are  analytic  in  the  region  D~,  We  can  therefore  pass  [assuming 
the  function  o  (t)  to  be  given]  to  an  auxiliary  problem  for  this 
region  with  suitably  modified  boundary  conditions.  We  have 

(0  +  (^)  +  (^)  =  /2  W  +  ^  /l)»  (21 

where  H  (t,  co,  /j)  stands  for  the  sum  of  terms  in  the  boundary 
condition  formed  by  the  added  terms. 

Denote  by  cp^  (z,  /g,  II)  and  (z,  /2,  II)  the  solution  of  this 
boundary  value  probiem  (without  going  into  the  process  of  obtaining 


(21.4) 

(21.5) 
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it)  and,  taking  up  condition  (21.3),*  express  it  in  terms  of  the  func¬ 
tions  9,1,  (z)  and  'll)*  (z).  The  result  is  a  regular  Fredholm  integral 
equation,  namely 


(i)  =  9*  (^o)  -  (^o)  —  (to)  + 

+ 


2jti 


Lo 


t - tn 


j 

Lo 


CO  (t)d^^ 


t  —  to 

■  + 

1 

c 

ini 

] 

Lo 

i  1  ( 

‘  7 

din 


t  —  to 


t  —  to 


(21.7) 


Lo 


It  should  be  noted  that  in  specific  problems  solved  by  this  method 
one  of  the  contours  was  generally  a  circle  (see  D.I.  Sherman  [21]); 
it  is  on  this  contouKthat  the  auxiliary  function  is  introduced  and 
expanded  at  once  in  aNFourier  series,  which  enables  all  additional 
terms  to  be  found  without  much  effort.  At  the  final  stage,  a  system 
of  linear  equations  is  constructed  instead  of  an  integral  equation. 
Since  this  system  corpsponds  to  a  second-order  integral  equation, 
its  structure  is  favourable.  In  the  work  of  P.  I.  Perlin  [1]  it  is  proved 
that  these  systems  are  quasi-regular  under  sufficiently  general  as¬ 
sumptions. 

We  shall  mention  the  work  of  P.  N.  Moshkin  [1]  where  neither 
of  the  contours  is  a  circle,  they  are  both  taken  in  the  form  of  ellipses. 
The  author  introduces  an  auxiliary  contour,  namely  a  circle  in  the 
region  occupied  by  an  elastic  body,  and  then  solves  two  independent 
problems  of  the  equilibrium  of  a  pair  of  doubly  connected  regions 
bounded  by  a  circle,  respectively,  from  the  inside  and  outside,  requir¬ 
ing  the  coincidence  of  the  stresses  and  displacements  on  it.  It  should 
be  noted  that  the  difficulties  in  calculating  the  terms  defined  by  the 
function  co  (^)  (if  the  contour  is  different  from  a  circle)  can  also 
be  overcome  by  using  Faber’s  polynomials. 

A  periodic  problem  for  a  plane  with  circular  holes  whose  centres 
lie  on  the  same  straight  line  has  been  considered  by  D.  I.  Sherman 
[25].  A  problem  for  a  plane  with  three  identical  circular  holes  whose 
centres  form  an  equilateral  triangle  with  a  single  axis  of  symmetry 
in  the  boundary  conditions  has  been  solved  by  N.  M.  Kryukova  [2]. 
A  problem  for  a  circle  with  circular  holes  under  conditions  of  cyclic 
symmetry  has  been  studied  by  V.  G.  Kulish  and  B.  A.  Obodovskii  [1]. 

Of  course,  the  foregoing  method  is  also  applicable  when  the  boun- 


*  Recourse  to  condition  (21 .1)  is  not  always  desirable  since  a  sin^iar  integral 
equation  results. 
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dary  conditions  prescribed  on  the  contours  Lq  and  are  not  the 
same.  Moreover,  it  may  be  assumed  that  the  conditions  of  the  first 
or  second  problem  are  prescribed  on  one  of  the  contours,  say  on  Lq, 
and  the  conditions  of  the  mixed  type  on  the  other.  As  before,  it  is 
necessary  to  introduce  a  function  co  {t)  on  the  contour  Lq  and  pass 
to  an  auxiliary,  now  mixed,  problem  for  the  region  D~,  I.  G.  Ara- 
manovich  [1]  and  I.  G.  Aramanovich,  N.  N.  Fotieva,  V.  A.  Lytkin  [1] 
implemented  this  scheme  by  considering  the  problem  of  indenting 
a  half-plane  with  a  circular  hole  by  a  punch. 

22.  Problems  of  the  Theory  of  Elasticity 
for  Piecewise  Homogeneous  Bodies 

Consider  the  plane  problem  of  the  theory  of  elasticity  for  piecewise 
homogeneous  bodies.  Let  there  be  a  multiply  connected  region  D 
bounded  by  smooth  contours*  (fc  =  1,  2,  .  .  .,  m)  and  Lo» 
of  which,  except  Lq,  lie  outside  each  other,  and  the  contour  Lq 
encircles  all  the  rest.  The  region  D  is  filled  with  an  elastic  medium 
having  constants  x  and  p-.  The  regions  DJ  bounded  by  the  contours 
(k  =7^=  0)  are  filled  with  media  having  constants  and  Here, 
for  convenience,  a  constant  x  (different  in  the  cases  of  plane  strain  and 
plane  stress)  has  been  introduced  instead  of  Lame’s  constant  X. 
The  state  of  stress  in  each  of  the  regions  and  D  will  be  described  by 
functions  (z),  '1])^  (z).  Certain  conditions  are  assumed  to  be  pre¬ 
scribed  atthe  junction  of  the  media. The  conditions  of  particular  inter¬ 
est  in  applications  are  those  when  the  stress  vector  on  varies  in 
a  continuous  manner  and  the  displacement  vector  undergoes  a  given 
discontinuity  (^),  the  function  p^  (^)  belonging  to  the  class  H-L. 
The  conditions  prescribed  on  the  outer  contour  may  be  those  of  both 
the  first  and  second  (or  even  mixed)  problem. 

Below  are  given  all  boundary  conditions  required  to  determine 
the  functions  (z)  and 

<Ph(i)  +  ^9*  W  +  'l’ft(«)=!9  W  +  +  (f)  (22.1) 

{t)  —  Wh  {t)  —  {t)  = 

=  xq)  —  (f)  — +  (teik),  (22.2) 

(p(«)  +  f(p' (f)  +  'il)(«)  =  /(t)  (t^Lo),  (22.3) 

For  definiteness,  the  condition  of  the  second  fundamental  problem 
has  been  taken  on  the  contour  Lm+i- 

To  begin  with,  we  consider  the  particular  case  when  all  the  con¬ 
stants  x  and  p  are  the  same.  Following  D.  I.  Sherman  [5],  we  rearrange 


♦  The  notation  is  the  same  as  in  Sec.  19. 
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Eqs.  (22.1)  and  (22.2)  in  the  form 

(pft  (i)  =  (^ )  +  (i€Lk),  (22 A) 

'I’ft  (i)  =  ’*1’  (i)  +  (^)  +  TXTT  [M'A  (^)  +  (^)]» 

'  (22.5) 

It  can  be  shown  that  the  functions 


9ft 


w-wS4rJ^-« 


k=l 


\ 


ft=l 


represent  a  single  function,  analytic  in  the  whole  region  further 
dermed  by  cpo  (2).  A  similar  result  holds  for  the  functions 

— ^  771  —  , 

I  /  \  I  ^  1  r  +  W  ,  i  r  T\\ 


A=1 

m 


‘p(2)+-TT^2  4rJ 


A=1 


i^i(o+<nr  (<) 

t  —  z 


dt  (zeDt); 


this  leads  to  a  function  (z)  analytic  in  the  region  D^. 

It  follows  from  the  preceding  discussion  that  the  boundary  condi¬ 
tion  for  the  functions  (po  (z)  and  (z)  may  be  written  as 

9o  (0  +  ^9o  (^)  "f"  ^0  (i)  =  /  (^)  +  ^  (^1  l^ft)  6  ^0)7  (22.6) 


where  H  {t,  |ui/i)  stands  for  the  terms  defined  by  the  functions  {t). 
The  calculation  of  all  additional  terms  entering  into  the  expressions 
for  the  functions  cp/^  {z)  and  {z)  is  performed  in  an  elementary 
way  in  the  case  when  the  contours  are  circles  (by  expanding 
the  functions  in  Fourier  series).  In  other  cases  it  is  advisable  to 
resort  to  Faber’s  polynomials  (see,  for  example,  Yu.  A.  Amenzade, 
T.  Yu.  Agaev  [1]  and  Yu.  N.  Shalyukhin  [1]). 

Note  that  the  foregoing  approach  can  also  be  used  in  cases  where 
some  of  the  regions  themselves  have  holes  filled  with  elastic  media 
when  conditions  of  the  type  of  (22.1)  and  (22.2)  are  fulfilled  on  the 
contours. 

We  now  turn  to  the  consideration  of  the  general  case  when  the  elas¬ 
tic  constants  are  distinct.  We  shall  describe  a  method  proposed 
by  S.  G.  Mikhlin  [1]  where  the  complex  Green’s  function  for  each 
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of  the  regions  Dt  is  assumed  to  be  known.  This  makes  it  possible 
to  express  the  functions  cp/^  (z)  and  (z)  explicitly  (by  means  of 
a  Cauchy  integral  in  terms  of  regular  terms)  directly  from  the  boun¬ 
dary  conditions  (22.1),  or  (22.2),  assuming  both  sides  of  the  equality 
to  be  known.  After  this,  by  using  equality  (22.2)  or  (22.1),  respec¬ 
tively,  the  author  arrives  at  an  always  solvable  system  of  singular 
integral  equations  of  the  {m  +  l)th  order. 

In  the  work  of  D.  I.  Sherman  [9],  representations  of  the  type 
of  (19.2)  and  (19.3)  are  prescribed  for  the  functions  q)/^  (z)  and  (z) 
in  each  of  the  regions  Dt  and  then  a  limiting  process  is  applied  to 
pass  to  the  points  of  the  contours  and  Lq.  Equalities  (22.1)  to 
(22.3)  then  lead  to  regular  integral  equations  of  order  2m  -f  1. 
Representations  of  this  kind  have  been  used  by  L.  A.  Fil’shtinskii  [2] 
to  construct  regular  integral  equations  in  the  case  of  a  doubly  pe¬ 
riodic  problem  when  a  parallelogram  of  periods  contains  a  number 
of  inclusions. 

Let  us  now  discuss  in  greater  detail  the  method  of  D.  I.  Sherman 
[20]  reducing  the  problem  to  a  system  of  singular  equations  of  the 
second  kind  of  order  m  -r  i.  For  simplicity,  we  restrict  ourselves 
to  the  case  when  m  =  The  following  relations  hold  on  the  con¬ 
tour  L^: 

cpi  it)  +  {t)  +  \l5i  {t)  =  cp  (^)  +  tif'  {t)  + 1)3  (i), 

Xicpi  {t)  —  icp;  (t)  —  Vj;,  {t)  =  xcp  {t)  —  icp'  {t)  —  (f)  + -^  (f). 

We  introduce  an  auxiliary  function  co  {t)  according  to  the  equality 

®  it)  =  (pi  (t)  —  i(p'  {t)  —  i|)i  (^)  —  (f  (t)  +  icp'  (t)  +  \p  (t)  {t  6  Li). 

(22.8) 

Construct  Cauchy-type  integrals: 


cp*  (z)  = 

1 

^  f 

dt 

(i+x,) 

2ni  J 

t-z 

1 

(0  (<)  +  ico'  {t) 

Y  \^)  — 

2ni  J 

t  —  z 

Li 


By  means  of  the  equalities 

cpo(z)  =  (p(z)— <P*(z),  4’o  (z)  =  tj)  (z) -t- (z)  (zgO), 

<Po(z)  =  (Pi(z)  — (p*(z),  v|)o  (z)  =  \l;i  (z) -1- 1|)*  (z)  (zeD*) 
we  can  then  pass  to  the  problem  for  a  solid  region:  cpj  (t)  -f  fcp^  (t) 

+  ■'Po  (t)  =  H  (co,  t). 

The  solution  of  this  problem  is  represented  in  symbolic  form  as 
cpo  (z)  =  /Ti  (co,  z),  ijjo  (z)  =  .ffj  (co,  z).  (22.9) 
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We  now  make  an  inverse  transformation  to  the  functions  (z) 
and  'ypk  (2)  and  use  the  second  relation  of  (22.7);  it  leads  to  a  singular 
integral  equation,  namely 


aco  (^0)  +  ^  j  ^0)  —  M'l  (^)* 

Li  ^ 


a  = 


1  [Jhjtl 

2  L  \ii 


x  + 1 


]■ 


[i.- 


1  r  ^i--i 

2  L  fXi 


X— 1  1 

J- 


(22.10) 


The  terms  appearing  on  the  left-hand  side  of  Eq.  (22.10)  and 
denoted  all  together  by  iV  (co ,  fo)  ^re  regular  operators  in  the  unknown 
function  co  (t).  The  foregoing  method  has  found  wide  application 
(see  Yu.  A.  Amenzade  [1]). 

It  should  be  noted  that  the  above  methods  enable  one  to  obtain 
integral  equations  for  a  more  general  case  when  there  are  a  number 
of  other  boundary  contours  inside  some  contours  L^.  These  and  relat¬ 
ed  topics  are  studied  in  Sec.  36  from  the  general  standpoint  of  the 
three-dimensional  problem. 


Chapter  V 


SOME  SPECIAL  TOPICS 
OF  TWO-DIMENSIONAL  ELASTICITY 


23.  Problems  of  the  Theory  of  Elasticity 
for  Bodies  with  Cuts 

Let  there  be  m  smooth  unclosed  non-intersecting  contours 
in  the  plane  of  the  complex  variable  z  and  let  their  ends  be  denoted 
by  and  6/,,  respectively.  It  is  required  to  solve  the  elasticity 
problem  for  a  plane  with  cuts  along  the  contours  assuming  stresses 
or  displacements  to  be  given  on  the  sides  of  the  cuts.  For  definite¬ 
ness,  the  following  study  will  be  limited  to  the  second  fundamental 
problem.  It  is  necessary  to  determine  the  functions  q)  (z)  and  115  (2) 
in  the  whole  plane  under  the  conditions 

cp-(0  +  ^r'(«)  +  TM^)  =  /*(0  +  Ch  (23.1) 

6Lh). 

cp-  {t)  4- =  r  (t)  +  c,  (23.2) 

The  plus  sign  indicates  that  the  limit  is  taken  on  the  left  when  moving 
from  the  point  to  the  point  and  the  minus  sign,  on  the  right 
(as  in  Sec.  2).  The  functions  /±  (t)  are  assumed  to  be  given  and 
belonging  to  the  class  H-L.  The  constants  are  to  be  found  in 
the  course  of  the  solution.  The  condition  that  the  resultant  vector 
of  the  external  forces  is  zero  accounts  for  the  single-valuedness  of 
the  functions  /-  (t). 

The  solutions  of  problems  of  this  kind  for  special  cases  when  all 
cuts  are  situated  in  the  same  straight  line  or  circle  are  effectively 
found  by  the  method  of  linear  relationship  (Secs.  26,  27). 

Below  is  given  the  derivation  of  the  general  singular  integral 
equation  as  a  further  development  of  the  method  described  in  Sec.  22 
when  considering  problems  for  composite  bodies. 

We  first  simplify  the  formulation  of  the  problem  assuming  that 
the  functions  (t)  and  /“  (^)  coincide  (in  other  words,  assuming 
that  the  stress  vector  varies  in  a  continuous  manner  across  a  cut). 
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It  is  not  difficult  to  pass  from  the  general  case  of  loading  to  the  one 
indicated.  To  do  this,  it  is  necessary  to  introduce  additional  func¬ 
tions  in  the  whole  plane,  namely 

m 

k=i  Lu 


For  the  new  functions  (z)  =  (p  (z)  and  (z)  ==  ip  (z)  —  (z) 

we  then  arrive  at  the  required  conditions 


<  (t) + ^  K  (^)i ' + 'I’i  (0  =  (<) + ^  (i)] '  4-  4*  (t)  ■= 


2 


— /  (0  + 


(23.3) 


We  introduce  auxiliary  functions  jLi^  (t)  on  the  cuts  defined 
by  the  following  representations  (the  subscript  *  is  dropped): 

(0  =  (0  “^9^'  (i)  —  (t)  (0  +  (^)-  (23.4) 

The  physical  meaning  of  the  functions  is  obvious,  they  repre¬ 
sent  a  jump  in  the  displacement  (apart  from  the  factor  1/2  pi).  It 
is  therefore  natural  to  include  in  the  formulation  of  the  problem 
the  condition  that  these  functions  vanish  at  the  ends  of  the  seg¬ 
ments. 

By  direct  substitution  we  verify  that  the  functions 


III 

A=1  Lft 

m  -  — 

,  ,  .  TH  1  f  (t) 


h=^i 


t  —  z 


dt 


identically  satisfy  the  first  of  the  conditions  contained  in  (23.3), 
which  expresses  the  continuity  of  the  external  stresses  on  the  cuts. 
If  we  refer  to  the  second  of  equalities  (23.3)  defining  these  stresses, 
we  arrive  by  using  formulas  (2.9)  at  a  singular  integral  equation, 
namely 


m 


“■24r  j  =  +  +  (^o6i^h).  (23.5) 

Since  the  solution  of  this  equation  should  be  sought  in  the  class 
of  functions  bounded  at  the  end  points  (it  can  be  shown,  by  using 
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the  expression  for  a  canonical  function,  that  the  condition  for  boun¬ 
dedness  implies  that  the  solution  is  zero,  as  assumed  in  the  formula¬ 
tion  of  the  problem),  the  index  of  the  equation  is  found  to  be  — 
The  equation  is  therefore  solvable  only  if  condition  (18.6)  is  fulfilled, 
the  condition  expressing  the  orthogonality  of  the  real  component  of 
the  right-hand  side  to  all  eigenfunctions  of  the  companion  equation. 
If  the  cuts  are  situated  in  the  same  straight  line  (along  the  real  axis), 
the  equation  becomes  simpler  and  takes  an  elementary  form: 

m 

TZ^dt^{x  +  l)[f{t,)  +  C^]  (toeLk).  (23.6) 

In  a  number  of  works  (see,  for  example,  L.  L.  Libatskii  [1], 
L.  L.  Libatskii,  S.  T.  Baranovich  [1]  and  L.  L.  Libatskii,  M.  I.  Bida 
[1])  the  authors  use,  instead  of  Eq.  (23.6),  an  equation  obtained  from 
it  by  differentiation  with  respect  to  the  variable  tQ  followed  by  inter¬ 
changing  the  order  of  integration  and  differentiation,  which  leads 
to  a  singular  integral  equation  in  the  functions  (t): 


/  /  \ 

E  =  +  (to^Lk).  (23.7) 

Since  in  this  case  we  are  seeking  an  unbounded  solution  at  all 
ends,  it  will  contain  arbitrary  constants,  which  can  be  determined 
from  the  condition  for  single-valuedness  of  displacements  when  pas¬ 
sing  round  the  contours  L^. 

Unfortunately,  a  comparative  analysis  of  the  above  approaches 
is  not  available  in  the  literature.  We  shall  only  note  that  in  the  works 
of  L.  L.  Libatskii  et  al.  mentioned  above  and  also  in  the  work  of 
V.  V.  Kopasenko  it  is  recommended  that  the  solution  iik(t)  should 
be  represented  as  the  product  of  a  series  containing  undetermined 
coefficients  and  an  appropriate  factor  incorporating  the  singularity 
of  the  solution;  the  solution  may  also  be  represented  as  a  sum  con¬ 
sisting  of  terms  of  a  series  and  an  additional  term  (in  the  form  of 
the  same  factor)  with  coefficients  that  are  to  be  determined  simul¬ 
taneously. 

We  now  turn  to  the  consideration  of  the  case  when  the  region  oc¬ 
cupied  by  an  elastic  body  is  bounded  (from  the  outside  or  inside) 
by  a  contour  L.  The  functions  (p  (z)  and  ij)  (z)  are  sought  in  the  form 
of  sums: 


(p(z)  =  q)o(z)+2  + 

ft=l  Lft 

1  /  \  t  /  \  x\  1  f  (6  +  (<) 

i|)(z)=t|)o(z)-;S  (i+x)2nr]  — —z — 


(23.8) 

(23.9) 
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where  q)o  (z)  and  ypo  (z)  are  analytic  functions  in  a  solid  region  D. 
We  arrive  at  a  system  of  singular  equations  differing  from  (23.7) 

only  by  the  term  [(po  (^o)  +  (^o)  +  *^0  (^o)!-  addition,  we 

must  introduce  equations  taking  account  of  the  boundary  condi¬ 
tions  on  the  contour  L.  By  using  any  constructive  representation 
of  the  functions  (t),  we  can  pass  to  the  determination  of  the  func¬ 
tions  (Po  (z)  and  ipo  (z)  (with  the  assumed  right-hand  side)  and,  by 
inverse  transformation  to  the  functions  cp  (z)  and  (z),  determine 
the  preassigned  parameters  in  the  representation  of  the  functions 
fife  (i)  from  the  boundary  conditions  on  the  contours  L^, 

It  is  natural  to  expect  that  in  the  case  of  a  comparatively  close 
spacing  between  the  cuts  and  also  between  the  cuts  and  the  boundary 
contour  the  actual  construction  of  the  solution  inyolves  some  com¬ 
plication,  and  to  overcome  this  we  must  resort  to  more  refined  cal¬ 
culations  (see  S.  Ya.  Yarema  [1]).  When  the  cuts  are  spaced  suf¬ 
ficiently  far  apart,  the  alternating  method  is  believed  to  be  efficient 
(see  A.  M.  Lin’kov  [1]). 

The  foregoing  method  of  solving  problems  for  bodies*  with 
cuts;  consists  in  reducing  them  to  a  problem  for  a  solid  region 
(by  certain  additions).  We  may  proceed  in  a  different  way,  namely 
by  considering  an  auxiliary  problem  for  the  whole  plane  (with 
the  same  cuts)  (see  S.  S.  Zargaryan,  R.  L.  Enfiadzhyan  [1]). 
To  do  this,  we  must  introduce  an  unknown  function  on  the  outer 
contour  just  as  the  function  o)  (^)  was  introduced  in  considering 
doubly  connected  regions  (Sec.  21).  The  specific  form  assigned  to  this 
function  depends  on  the  nature  of  the  boundary  conditions.  After 
constructing  the  appropriate  additional  terms  (in  the  form  of  Cauchy- 
type  integrals),  we  transform  to  a  problem  for  the  whole  plane.  By 
solving  the  latter  in  some  way,  we  obtain  a  Fredholm  integral  equa¬ 
tion  of  the  second  kind  for  the  initially  introduced  function. 

The  calculation  data  given  in  the  work  mentioned  above  relate 
to  the  case  when  the  cut  is  far  removed  from  the  outer  boundary, 
and  this  prevents  a  very  desirable  comparison  of  the  two  approaches 
discussed  above. 

It  is  natural  to  expect  that  as  the  distance  between  the  cut  and 
the  outer  boundary  is  decreased,  the  convergence  of  the  above  algo¬ 
rithms  becomes  worse  as  is  the  case  in  solving  problems  for  doubly 
connected,  and  in  general  multiply  connected,  regions.  We  refer 
to  the  work  of  Yang  Wei  Hguin  [1]  where  this  statement  is  made  in 
solving  a  similar  singular  equation,  though  arising  in  studying  a  dif¬ 
ferent  problem,  namely  that  of  bending  a  plate  with  an  interior  rigid 
support. 

Note  that  a  number  of  authors  (see  R.  J.  Hartranft,  G.  C.  Sih  [2] 


•  Other  than  a  complete  plane. 
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apply  the  alternating  method  to  solve  problems  of  this  kind,  a  method 
consisting  in  successively  considering  problems  for  a  body  with 
an  internal  cut  and  for  a  solid  one. 

Consider  problems  of  the  bending  of  plates  with  cuts  (see 
A.  M.  Lin’kov,  V.  A.  Merkulov  [1]).  Before  proceeding  to  mathe¬ 
matical  formulation,  we  note  that  the  statement  of  such  problems 
(in  their  pure  form)  is  at  variance  with  the  principles  underlying 
the  bending  theory  since  problems  of  this  kind  are  essentially  three- 
dimensional.  Nevertheless,  they;^have  a  definite  practical  signifi¬ 
cance. 

In  this  case  (when  the  bending  moments  and  the  shearing  forces 
are  zero)  we  arrive  at  boundary  conditions  on  the  cuts  Z/^  similar 
to  (23,1),  (23.2),  namely 

’ix(p+  {t)  —  (t)  —  Ip-*-  {t)  =  /+  (t)  +  iDkt  +  C  ft  (23.10) 


-  (t)  -  icp"'  it)  -  r  it)  -  r  it)  +  iDkt  +  Cfe.  (23.1 1 ) 

The  functions  (^)  and  /"  (t)  stand  for  the  expressions  determined 
by  a  particular  solution  of  the  non-homogeneous  bending  equation 
(see  Sec.  18),  are  real  constants,  Ch  are,  as  before,  complex  con¬ 
stants.  Thus,  the  only  difference  from  the  plane  problem  is  that  the 
right-hand  side  involves  the  functions  (t). 

By  introducing  an  auxiliary  function  [similar  to  (23.4)1  a  singular 
integral  equation  is  obtained.  Here,  too,  the  auxiliary  function  must 
vanish  at  the  ends.  Moreover,  we  must  take  into  account  the  condi¬ 
tions  for  single-valuedness  of  displacements  (when  passing  round 
each  cut).  All  these  conditions  lead  to  a  system  of  equations  for  the 
constants  and  and  the  solvability  of  this  system  follows  from 
the  uniqueness  of  the  solution  of  the  bending  problem  itself. 

24.  Integral  Equations  for  Mixed  (Contact)  Problems^’ 

We  now  turn  to  the  formulation  of  a  mixed  problem  of  the  theory 
of  elasticity.  Let  a  body  occupy  a  finite  region  bounded  by  a 
smooth  contour  L.  Let  non-overlapping  arcs  be  chosen  on  this 
contour  with  their  ends  at  points  6/^  (A  =  1,  2,  .  .  .,  m)»  As 
before,  the  sense  of  description  is  such  that  the  region  under  consider¬ 
ation  is  on  the  left.  The  remaining  portions  of  the  contour  are  de¬ 
noted  by  LI  (fcfe,  a^+i)*;  we  thus  obtain  systems  of  arcs  V  and  L"'. 

The  mixed  problem  of  the  theory  of  elasticity  consists  in  deter¬ 
mining  the  functions  cp(z)  and  'i|)(z)  in  the  region  D  from  the  boundary 


♦  By  0^+1  is  meant  the  point  aj. 
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conditions 


q)  (t)  +  ^cp'  (t)  +  (i)  =  /  (t)  +  Cft  {t  ^  L'), 

—  xq)  (t)  +  ^q)'  {t)  +  }i){t)  =  f  (t)  {t  6  Z/"), 

t 

f{t)  =  i^iXn  +  iYn)dS  {teL'), 

“ft 

fl{t)  =  2n(u  +  iv)  {t^L"). 


(24.1) 

(24.2) 


Here  is  a  constant  on  each  arc  L'  to  be  determined  in  the  course 
of  the  solution  of  the  problem.  The  function  /  {t)  belongs  to  the  class 
H-L  on  all  arcs  of  the  contour  L. 

To  construct  an  integral  equation,  we  use  the  same  representations 
for  the  functions  q)  (z)  and  ij)  (z)  as  in  Sec.  19,  viz.  (19.2)  and  (19.3). 
On  the  basis  of  formulas  (2.9)  we  obtain  the  limiting  values  (from 
the  inside)  for  the  functions  (p"*"  (^),  q)*^'  (t),  and  (t).  Substituting 
these  values  in  the  boundary  conditions  (24.1),  we  arrive  at  the 
required  equation 

K(o=A  (to)  CD  (to)  +  ^^1'-  j  +  j  (^0.  t)  ®  (t)  dt  + 

L  L 

+  j  A:,  (to,  t)  CD  (i)  dt  =  f  (to)  +  C  (to),  (24.3) 

L 

Here 


{A  (to),  B(to),  C(fo)}  =  { 


^7’  =  i 

(1 — x)/2,  (l  +  x)/2, 
-X  0, 


dt 


t-tp 

t-to  ’ 

(^0  6  Z/') 
(^0  €  Z/'^). 


The  constants  Ch  are  determined  from  the  condition  for  the  solv¬ 
ability  of  the  integral  equation  in  the  class  /igmi  which  leads  to  the 
system 

Re  j  [/(^)  +  C(0]c^ft(0<^<  =  0  (k  =  l,  2,  ...,  m),  (24.4) 

L 

where  (t)  is  the  complete  system  of  solutions  of  the  class  for 
the  companion  equation. 

The  investigation  of  the  solvability  of  Eq.  (24.3),  and  in  par¬ 
ticular  of  system  (24.4),  has  been  carried  out  by  G.  F.  Mandzhavidze 

Ill.  ' 
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We  suggest  a  procedure  whose  implementation  does  not  require 
finding  the  functions  (t).  We  seek  a  solution  bounded  at  any  m 
ends.  The  equation  is  then  always  solvable  (since  the  index  is  zero)^ 
the  solution  depending  on  the  constants  In  addition,  we  now 
require  that  the  solution  should  be  bounded  at  the  remaining  ends. 
We  then  arrive  at  a  system  of  equations  equivalent  to  system  (24.4) 
and  hence  necessarily  solvable. 

Note  that  regular  equations  have  been  obtained  for  the  mixed 
problem  when  either  Schwarz’  function  is  known  (S.  G.  Mikhlin  [4]) 
or  the  function  effecting  the  conformal  mapping  is  known  (D.  I.  Sher¬ 
man  [3]).  In  the  latter  case  the  solution  of  the  equation  is  constructed 
explicitly  if  the  mapping  function  is  rational. 

In  conclusion,  we  turn  to  the  consideration  of  mixed  problems 
arising  in  the  theory  of  plate  bending.  Naturally,  the  case  when 
the  plate  is  clamped  in  some  portions  of  the  boundary  and  free  in 
the  remaining  portions  falls  into  the  class  of  mixed  plane  problems 
discussed  previously  [see  conditions  (15.14)  and  (15.15)].  We  shall 
only  consider,  therefore,  problems  where  simply  supported-edge 
conditions  are  fulfilled  in  some  portions  of  the  contour  while  in  the 
remaining  portions  there  may  be  either  clamped-edge  or  free-edge 
conditions  (or  a  combination  of  both). 

A.  I.  Kalandiya  [1]  has  studied  the  most  general  problem  of  plate 
bending  with  boundary  conditions  of  mixed  type  (a  combination 
of  simply  supported,  clamped,  and  free  edges).  Initially  the  author 
transforms  the  boundary  conditions  and,  after  introducing  repre¬ 
sentations  for  the  functions  cp  (z)  and  (z)  in  the  form  of  (19.2) 
and  (19.3),  arrives  at  a  system  of  singular  integral  equations  for 
the  real  and  imaginary  parts  of  the  auxiliary  function.  Further  the 
author  investigates  this  system  (on  the  basis  of  the  general  theory 
of  N.  P.  Vekua  [1]),  proves  its  solvability,  and  establishes  the  be¬ 
haviour  of  the  solution  at  the  points  of  transition  of  one  boundary 
condition  to  another. 

In  reference  to  the  case  when  there  are  no  portions  where  the  plate 
is  free  the  author  simplifies  the  results  by  transforming  the  derived 
system  of  singular  equations  into  a  regular  one. 

We  shall  mention  two  works  of  D.  I.  Sherman  [16,  17]  dea]ing 
with  probiems  of  the  bending  of  a  circuiar  plate.  In  the  first  work 
it  is  assumed  that  the  plate  is  clamped  on  one  semicircle,  and  simply 
supported  on  the  other.  In  the  second  work  the  plate  is  free  on  one 
semicircle,  and  simply  supported  on  the  other.  In  both  cases  the 
author  directly  obtains  singular  integral  equations  which  are  solved 
by  expanding  the  unknown  function  in  a  series.  The  resulting  systems 
of  algebraic  equations  are  completely  regular.  If  the  arcs  are  other 
than  a  semicircle,  it  is  advisable  to  make  a  change  of  the  variables 
in  the  integral  equation  by  a  linear  fractional  transformation. 
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25.  Problems  of  the  Theory  of  Elasticity 

for  Bodies  Bounded  by  Piecewise  Smooth  Contours 

To  solve  elasticity  problems  in  the  case  when  the  boundary  con¬ 
tour  is  piecewise  smooth,  we  cannot,  obviously,  directly  apply  the 
regular  integral  equations  given  in  Chap.  IV  (or  singular  equations 
that  will  come  under  consideration  in  Chap.  VI).  True,  the  formal 
use  of  the  corresponding  integral  representations  is  possible,  but  the 
kernels  of  the  equations  are  discontinuous,  and  moreover  the  coef¬ 
ficient  of  the  term  outside  the  integral  sign  takes  a  different  value 
at  an  angular  point  than  at  smooth  points. 

Note  that  in  the  case  of  one  angular  point  it  is  possible  to  construct 
an  integral  equation  of  a  special  class  (see  S.  M.  Belonosov  [1]). 
The  author  conformally  maps  a  given  region  onto  a  half-plane  and, 
applying  the  Laplace  transformation,  arrives  at  an  integral  equation* 
with  a  Garleman-type  kernel.  The  solvability  of  this  equation  is 
proved  and  considerations  are  stated  concerning  an  efficient  numer¬ 
ical  implementation. 

Comparison  of  the  integral  equations  for  the  original  region  and 
a  region  close  to  it  (with  rounded  corners)  permitted  the  author 
to  prove  that  the  solution  of  the  boundary  value  problems  are  close 
everywhere  except  in  a  small  neighbourhood  of  an  angular  point. 

It  should  be  noted  that  an  asymptotic  expansion  of  the  solution 
of  general  elliptic  boundary  value  problems  in  terms  of  a  parameter 
characterizing  the  rounding  has  been  constructed  in  the  work  of 
V.  G.  Maz’ya,  S.  A  Nazarov  and  B.  A.  Plamenevskii  [11.  The  imple¬ 
mentation  of  these  results  in  reference  to  the  plane  problem  of  the 
theory  of  elasticity  has  been  accomplished  by  S.  A.  Nazarov  [1]. 

The  foregoing  provides  the  justification  for  using  the  solutions 
of  problems  for  regions  with  smoothed  boundaries  to  determine 
the  stresses  and  displacements  outside  the  neighbourhood  of  angular 
points  in  the  case  of  irregular  boundaries.  Naturally,  these  solutions 
can  be  obtained  on  the  basis  of  the  Muskhelishvili  and  Sherman- 
Lauricella  integral  equations.  As  to  the  asymptotic  behaviour  of 
the  solution  at  angular  points,  it  should  be  noted  that  the  factors 
multiplying  the  eigenfunctions  (see  Sec.  7)  (actually  determining 
the  asymptotic  behaviour)  can  also  be  found  with  sufficient  accuracy 
from  approximate  solutions. 

Some  considerations  for  the  general  case  of  a  three-dimensional 
problem  will  be  given  in  Secs.  35  and  37.  Below  is  described  a  proce¬ 
dure  suggested  by  M.  Stern  [1].  For  definiteness,  it  is  assumed  that 
the  region  contains  an  unloaded  cut  intersecting  the  outer  boundary 
(Fig.  12).  Let  origin  of  coordinates  be  taken  as  the  end  of  the  cut. 
According  to  formulas  (17.4)  with  a  =  Jt,  the  displacements  and 


*  In  the  case  of  smooth  contours  the  equations  are  Fredholm  ones. 
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stresses  in  the  neighbourhood  of  an  angular  point  may  be  re¬ 
presented  as 

-[(2t-l)sm  |— 3  sin  X,,}  +o(rV!), 

-  i  (ir)'"  {[  -<2‘+‘)  xj 

-[(2*  +l)cos|— 3cos-^]i(:„}  +  o(ri/2), 

1  f  /  c  0  30  \  „ 

cos^-cos  K,- 

—  (5  sin  I — 3  sin  Kiij  +  o{r^/^), 

-3  (sin|-  +  3sin-|-)ii:n}+o(rV2), 

^  4(2nr)‘''^  {  (  sin  y  +  sin  )  ATi  +  (  cos  -^  +  3  cos  Zii }  + 

+  o(ri/2), 


Fig.  12.  Auxiliary  contours  in 
the  region  with  a  cut 


where  A:  =  3  —  4v  in  plane  strain  and  A:  =  (3  —  v)/(l  —  v)  in  plane 
stress.  Here  some  rearrangement  of  terms  has  been  made  in  compari¬ 
son  with  (8.26)  to  represent  the  results  in  the  form  used  in  fracture 
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mechanics  (see  V.  Z.  Parton,  E.  M.  Morozov  [1]).  Indeed,  we  have 
/?!  =  Iim(2jir)i/2a0|0=o,  iCii  =  lim  (2jir)V2x^0|0^,o-  (25.2) 

r-^0  r-»0 

We  now  introduce  into  consideration  a  displacement  field' «  and 
its  associated  stress  field: 


Ur 


Uu 


2(2nr)‘/2  (i-|-fc) 


CTr  = 


2(2.,)-/n<+it)  {[(2*  +  l)c«si-3cos^|c,+ 

+  j^(2A:+  1)  sin  —  sin  J 

— (2/c  — 1)  sin -^  +  3  sin -Ij  Ci  + 
+  [(2A:+1)  cos-^— cos  jj 

|[^7cos-^  — 3  cos  yJ  Cj  + 

-{-[7  sin-Y  — sin-ljCa}, 

|[cos-y  +  3cos-|-J  Ci4- 


(25.3) 


2(2nr3)*/2  (i^*) 


Oe  = 


T^r0  — 


2(2jtr3)‘/2  (i  +  fc) 

30 


+  [3in  Y  +  sin-ll  Cg}, 
{3  [sin 


2  (2jir3)*/2 

—  [cos -^4- COS  yj  C2}, 


+  sin-y  Ci- 


where  and  Cg  are  arbitrary  constants. 

We  now  draw  a  sufficiently  arbitrary  contour  C  in  the  body  joining 
the  sides  of  the  cut  and  sufficiently  far  removed  from  the  origin. 
We  apply  Betti’s  formula  (14.15)  to  the  solution  sought  and  to  solu¬ 
tion  (25.3)  introduced  above.  Let  a  contour  of  integration  be  chosen 
consisting  of  the  arc  the  corresponding  sides  of  the  cut,  and  a  circle 
of  small  radius  C  Note  that  the  solution  sought  has  the  asymptotic 
representation  (25.1)  on  the  arc  Cg.  In  Betti’s  formula  the  integrals 
over  the  line  segment  vanish,  and  the  integral  over  the  arc  Cg  is 
evaluated  in  closed  form  as  e  0.  It  can  be  shown  that  the  follow¬ 
ing  equality'  holds: 

/e= - J  {UT^U - UT^U) ds  =  J  {OrUr-TroUe - a’Ur+XreUQ) X rd0= 
Ce  -n 

=  J  (V r^U -  UT^U)ds  =  c^Kl  +  cjiu .  (25.4) 

c 
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Thus,  if  there  is  a  solution  of  the  problem  sufficiently  valid  outside 
the  neighbourhood  of  an  angular  point,  by  referring  twice  to  formula 
(25.4),  and  setting  =  i  and  Cg  =  0,  and  vice  versa  =  0 

and  Cg  =  we  arrive  at  values  for  the  factors  Kj  and  Ku. 

Note  that  the  calculation  data  of  M.  Stern,  E.  B.  Becker,  R.  S.  Dun¬ 
ham  [1]  demonstrate  the  efficiency  of  this  procedure  in  the  case  of 
the  mixed  problem;  the  approximate  solutions  have  been  construct¬ 
ed  by  the  finite  element  method.  Of  course,  the  algorithm  can  be 
extended,  with  some  error,  to  the  case  when  curved  portions  of  the 
boundary  are  adjacent  to  an  angular  point. 

V.  G.  Maz’ya  and  B.  A.  Plamenevskii  [1]  have  proposed  a  method 
for  determining  the  coefficients  of  eigenfunctions  in  the  case  of 
boundary  value  problems  for  elliptic  systems.  Its  implementation 
requires  the  construction  of  the  solution  of  an  auxiliary  boundary 
value  problem  for  the  same  region  and  the  adjoint  equation;  the 
solution  must  have  known  singularities  at  angular  points.  The 
resulting  representation  for  the  unknown  coefficients  takes  the  form 
of  a  boundary  integral  of  an  expression  involving  the  given  boundary 
conditions  and  the  solution  mentioned  above. 

In  reference  to  elasticity  problems  the  algorithm  is  simplified 
since  the  auxiliary  problem  is  a  problem  for  the  same  equations. 
The  required  formula  follows  from  Betti’s  identity  applied  to  the 
solution  sought  and  the  solution  having  the  asymptotic  repre¬ 
sentations  (25.3). 

Note  that  N.  F.  Morozov  [1]  gives  examples  illustrating  the  above 
method. 

Let  us  consider  an  approximate  approach  to  the  solution  of  prob¬ 
lems  for  regions  of  the  class  under  consideration  on  the  basis  of 
the  numerical  implementation  of  the  integral  equations  obtained 
in  Secs.  18  and  19.  (This  question  is  studied  in  detail  from  the  general 
standpoint  in  Sec.  37.)  The  point  is  that  the  use  of  the  same  approaches 
as  in  the  case  of  smooth  contours  leads  to  integral  equations  differing 
only  at  angular  points.  By  suitably  choosing  the  pivotal  points 
(they  must  not  coincide  with  the  angular  points),  it  is  therefore 
possible  to  evade  the  question  of  constructing  the  equations  them¬ 
selves  and  to  extend  formally*  each  of  the  algorithms  of  numerical 
solution  for  the  case  of  smooth  contours  to  piecewise  smooth  ones. 

We  shall  mention  the  work  of  Yu.  N.  Shalyukhin  [1]  in  which 
the  author  proposes  a  method  for  solving  Muskhelishvili’s  equation 
(as  well  as  the  Sherman-Lauricella  equation)  specially  adapted  to 
the  case  of  polygonal  contours.  The  unknown  function  on  each  of 
the  segments  is  given  in  the  form  of  a  polynomial  with  coefficients 
that  are  to  be  determined.  It  is  possible  to  obtain  explicit  expres¬ 
sions  for  all  integral  terms  of  the  equation.  The  above  coefficients^ 


♦  Without  rigorous  mathematical  proof. 
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can  be  determined,  for  example,  from  the  condition  for  the  coin¬ 
cidence  of  the  left-hand  and  right-hand  sides  of  the  equation  at  the 
corresponding  number  of  interior  points  of  the  contour. 


26.  Method  of  Linear  Relationship 

The^  foregoing  results  show  that  practically  in  all  cases  the  fun¬ 
damental  problems  for  bodies  with  cuts  and  also  mixed  problems 
can  be  reduced  to  singular  integral  equations.  The  solution  of  the 
latter  is  sometimes  carried  out  by  resorting  to  the  Riemann  bound¬ 
ary  value  problem. 

A  convenient  method  is  that  of  reducing  problems  of  the  classes 
under  consideration  (in  some  special  cases)  directly  to  the  Riemann 
boundary  value  problem.  This  method  is  known  in  the  literature 
as  the  method  of  linear  relationship. 

Let  be  the  upper  half-plane,  and  Z?”  the  lower  one.  Consider 
an  analytic  function  O  (z)  in  the  region  and  define  a  ^unction 
’O  (z)  in  the  region  D~: 


^(z)  =  0{z)  (zeD^),  (26.1) 

Below  are  given  some  relations,  which  will  be  needed  in  what 
follows,  between  the  limiting  values  of  the  functions  O  (z)  and 
O  (z)  (z  ^t,  z6Z)^  FeZ)“): 


(D-(t)=(D+(t),  (D-(t)==(D+  (t).  (26.2) 


From  these  relations  it  follows,  in  particular,  that  if  Im  (t)  =  0 
in  some  portion  of  the  real  axis,  the  continuation  of  the  function 
by  linear  relationship  is  analytic. 

Consider  the  elasticity  problem  for  the  half-plane  D~.  Suppose 
that  the  following  representations  hold  for  functions  O  (z)  and 
¥  (z):* 


(D(z)  = 


.X  +  iV  1 
2jt  z 


— tF  1 
2tc  z 


(26.3) 


where  X  and  Y  are  the  projections  of  the  resultant  vector  on  the 
x  and  y  axes.  Let  us  continue  the  functions  O  (z)  and  W  (z)  into 
the  upper  half-plane  D'^  hy  applying  the  method  of  linear  relation- 
snip,  by  introducing  into  consideration  the  functions  ®  (z) 
und  y  (z).  We  define  a  function  (z)  in  the  region  D'*‘: 


(z)  =  -  (D  (z)  -z(D'  (z)  -  ¥  (z)  (z  6  D^).  (26.4) 


*  In  conformity  with  the  results  of  Sec.  15  and  the  restrictions  imposed  on 
the  behaviour  of  stresses  at  infinity. 


25] 


BODIES  BOUNDED  BY  PIECEWISE  SMOOTH  CONTOURS 


187 


SubstitutiQg  the  point  z  (z  g  D”)  in  this  formula,  and  taking 
the  conjugate  of  both  sides,  we  arrive,  by  (26.1),  at  a  new  repre¬ 
sentation; 

Oj  (z)  -  O  (z)  — zCD'  (z)  -  ¥  (z).  (26.5) 

Relation  (26.5)  enables  one  to  express  the  function  'F  (z)  in  terms 
of  two  functions,  (D  (z)  and  (D^  (z).  The  first  function  is  analytic 
in  the  region  D",  and  the  second  in  the  region  Thus,  the  state 
of  stress  and  strain  in  the  region  D~  can  be  represented  in  terms  of 
two  functions  (with  different  regions  of  analiticity). 

Below  is  given  the  expression  for  the  combination  of  stresses 
<5y  —  tTxz/,  which  follows  from  formulas  (15.9)  if  the  function  Y  (z) 
is  replaced  with  (1)  (z)  and  (l)i  (z)  according  to  (26.5): 

Oy  —  ^  0  (z)  +  (z  — z)  O'  (^ — Oi  (z).  t(26.6) 

Suppose  that  the  function  O  (z)  has  the  limiting  values  O"  {t) 
at  almost  all  points  of  the  real  axis,  with  the  exception  of  some  points 
where  nevertheless  the  following  equality  holds:  lim  yO'  (z)  =  0. 

By  applying  a  limiting  process  in  formula  (26.6),  we  pass  to  the 
points  of  the  real  axis;  omitting  the  subscript  on  the  function  (z) 
(there  is  no  need  for  it  now),*  we  arrive  at  the  Riemann  boundary 
value  problem: 

O' {t)  -  o^-  {t)  it) ,  (26.7) 

where  /  (t)  is  a  given  function 

Thus,  the  solution  of  the  second  fundamental  problem  for  a  half¬ 
plane  [if  (26.3)  is  fulhlled]  can  at  once  be  represented  in  terms  of 
a  Cauchy-type  integral: 

— oo 

We  now  turn  to  the  consideration  of  the  first  fundamental  problem. 
Differentiate  the  displacement  boundary  condition  (15.15)  in  the 
direction  of  the  x  axis; 

(2)  —  O^Z)  —  z(D'(z)  -  =:  2|X  {u'  +  iv’)  =.  /  (t).  (26.9) 

Further,  referring  again  to  representation  (26.5),  we  obtain 

2[i  (w'  +  fy')  =1  xO  (z)  -{-  (z~— z)  0"  (zH-<l>i  (2).  (26.10) 


*  The  functions  <I>  (z)  and  <l>i  (z)  will  be  further  regarded  as  the  correspond¬ 
ing  values  in  D”  and  D'*’  of  a  single  piecewise  analytic  function  denoted  by 
0(z). 
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On  passing  to  the  points  of  the  real  axis  by  a  limiting  process,  wo 
arrive  at  the  Riemann  boundary  value  problem: 

xcD-(^)  +  (D+(^)  =  /W.  (26.11) 

The  solution  of  the  boundary  value  problem  (26.11)  can  be  found 
in  explicit  form.  To  do  this,  we  must  pass  to  an  auxiliary  piecewise 
analytic  function  Q  (z)  as  follows: 

^  (z)  =  (D  (z)  {y  >  0),  £2  (z)  =  — «<D  (z)  {y  <  0), 

The  funcjtion  Q  (z)  is  then  found  from  the  boundary  value  problem 
y  (t)  -  Q-  (t)  =  /  (t), 

whose  solution  is  also  represented  in  the  form  of  (26.8). 

A  combination  of  conditions  (26.7)  and  (26.11)  enables  one  to 
obtain  a  boundary  value  problem  for  the  case  of  the  mixed  problem 
of  the  theory  of  elasticity.  Naturally,  in  this  case  the  coefficients 
are  discontinuous.  The  questions  of  application  of  this  method  to 
the  solution  of  contact  problems  are  discussed  in  the  work  of 
N.  I.  Muskhelishvili  [3],  where  the  author  studies  various  cases 
of  boundary  conditions  (smooth  punches,  friction  between  a  punch 
and  a  deformable  body),  and  also  the  case  of  the  simultaneous  de¬ 
formation  of  two'elastic  half-planes  with  different  coefficients  x  and  |l. 

We  now  turn  to  the  elasticity  problem  for  a  plane  with  straight 
cuts  Z/  =  Z/i  -t"  Lg  +  •  •  •  +  Ljn  situated  along  one  straight  line 
taken  as  the  real  axis.  The  functions  O  (z)  and  T*  (z),  analytic  in 
the  whole  plane,  with  the  exception  of  the  cuts,  are  of  the  form 


a)(z)= 


X  +  iY  1 
2ji  2 


'P(z) 


x(X  —  iY)  1 


(26.12) 


where  X  and  Y  have  the  same  meaning  as  in  (26.3)  (for  simplicity, 
the  stresses  are  assumed  to  be  zero  at  infinity). 

We  determine  the  functions  O  (z)  and  "T*  (z)  in  the  whole  plane, 
with  the  exception  of  the  cuts,  and  introduce  a  new  function  Q  (z) 
defined  as 


Q  (z)  =  0(z)  +  z(D'(z)  +  Y(2;.  (26.13) 

The  function  Q  (z)  is  analytic  in  the  whole  plane,  with  the  exception 
of  the  cuts.  The  combination  of  stresses  Oy  —  iT^y  expressed  in 
terms  of  O  (z)  and  Q  (z)  is  of  the  form 

^i/“  =  ®  (2)  +  (2  —  (2)  +  ^  (2)*  (26.14) 

On  passing  to  the  points  of  the  cuts  in  (26.14)  by  a  limiting  process 
(from  the  upper  and  lower  half-planes),  we  arrive  at  the  Riemann 
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boundary  value  problem  for  O  (z)  and  Q  (z): 

(D+  (t)  +  Q-  (t)  =  p  (t),  O-  (t)  +  Q+  (t)  =  q  (t).  (26.15) 

The  functions  p  (t)  and  q  (t)  are  assumed  to  be  given.  In  deriving 
system  (26.15),  it  has  been  taken  into  account,  as  before,  that 
lim  y  O'  (z)  =  0, 

g-O 

System  (26.15)  reduces  to  two  Riemann  boundary  value  prob¬ 
lems  for  the  functions  O  (z)  +  Q  (z)  and  O  (z)  —  Q  (z): 

[O  +  Q]’*’  [O  £2]"  —  P  (i)  Q  (0»  (26.16) 

[O  —  Q]'*’  —  [O  —  Q]"  =  p  (t)  —  q  (t).  (26.17) 

The  solution  of  problems  (26.16)  and  (26.17)  is  obtained  in  an  ele¬ 
mentary  manner. 

Note  that  practically  all  results  obtained  for  the  case  of  a  half¬ 
plane  or  plane  with  straight  cuts  are  extended  to  the  case  of  the 

inside  or  outside  of  a  circle  and  also  to  the  case  of  a  plane  with 

cuts  situated  along  arcs  of  one  circle  (see  I.  N.  Kartsivadze  [1]). 

We  shall  mention  the  work  of  I.  A.  Prusov  [1]  dealing  with  the 
problem  for  a  plane  made  up  of  two  bonded  planes  with  different 
constants  when  there  are  arbitrary  holes  situated  strictly  in  the  interi¬ 
or  of  each  region.  The  problem  has  been  reduced  to  an  auxiliary 
one  for  the  entire  plane  by  the  method  of  linear  relationship. 

27«  Method  of  Linear  Relationship  (Continued) 

Consider  some  special  cases  of  the  plane  problem  where  the  method 
of  linear  relationship  is  used  to  advantage. 

Let  an  infinite  elastic  plane  be  weakened  by  a  doubly  periodic 
system  of  cuts  parallel  to  the  real  axis  (see  V.  Z.  Parton  [2]  and 
B.  A.  Kudryavtsev,  V.  Z.  Parton  [2]).  In  the  class  of  doubly  periodic 
problems  of  the  theory  of  elasticity,  most  studies  are  concerned  with 
the  equilibrium  of  plates  and  shells  with  circular  or  elliptical  holes 
(perforated  plates  and  shells). ^However,  similar  problems  for  straight 
or  curvilinear  cuts  are  also  of  interest  in  applications  (for  example, 
in  fracture  mechanics)  (see  V.  Z.  Parton  [1]).  Suppose  that  the  prim¬ 
itive  period  parallelogram  has  the  shape  of  a  rhombus,  and  the  prim¬ 
itive  periods  coi  and  cog  are  conjugate  complex  numbers.  Inside  the 
parallelogram  of  periods  there  are  two  cuts,  and  of  the  same 
length  situated  along  a  diagonal  symmetrically  with  respect  to  the 
centre  of  the  rhombus  (Fig.  13).  Let  %,  ag,  62  the  co-ordinates 
of  the  ends  of  the  cuts: 

a2  =  coi  -f-  CO2  —  62  ”  -f-  0)2  —  fli, 

coi  ^  a  —  iby  CO2  =  a  +  ib. 


(27.1) 
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Suppose  that  a  normal  load  p  (t)  is  given  at  the  edges  of  the  cuts^ 
and  the  shearing  stresses  are  zero;  in  consequence,  the  state  of  stress 
in  the  plane  is  symmetrical  about  the  x,  y  axes. 

According  to  the  general  approach  to  the  solution  of  problems 
for  a  plane  with  cuts  based  on  the  method  of  linear  relationship 


Fig.  13.  Half-plane  with  a 
doubly  periodic  system  of  cuts 


(Sec.  26),  it  is  necessary  to  determine  two  analytic  functions,  O  (z) 
and  Q  (z),  satisfying  some  additional  conditions  which  ensure  the 
doubly  periodic  nature  of  the  state  of  stress.  From  the  conditions 
for  the  double  periodicity  of  the  stress  components  it  follows  that 
O  (z)  is  a  doubly  periodic  function  and  Q  (z)  must  satisfy  the  con¬ 
ditions 

Q(z  +  (Oi)  — Q(z)  =  (coi  — ©i)cD'(z), 

Q(z4-co2)—Q(z)  =  (©2—0)2)  <D'  (z). 

Moreover,  from  the  conditions  of  mirror  symmetry  about  the  x,  y 
axes  it  follows  that 


(D(z)=(D(z),  Q(z)=Q(z)', 

0(z)  =  O(— z),  Q(z)=Q(— z). 


According  to  (26.16)  and  (26.17),  we  obtain 

[O  (t)  +  Q  (t)]+  +  [O  (t)  +  Q  {t)]-  =  2p  {t)  on  L,  (27.4) 

[(D  (t)  -  Q  (t)V  -  [O  (0  -  £2  (f)]-  =  0  on  L.  (27.5) 

Here  L]  is  a  line  of  discontinuity  in  the  primitive  period  paral¬ 

lelogram  consisting  of  the  segments  and  of  the  real  axis. 
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In  solving  the  boundary  value  problems  (27.4)  and  (27.5),  wo 
use  the  representation  of  doubly  periodic  functions  as  Cauchy-typo 
integrals  with  a  doubly  periodic  kernel  (see  L.  N.  Chibrikova  [1]). 
Consider  an  even  doubly  periodic  function 


p  1  rp'(t)f(t)dt 

^  J  p«-p(z)  • 

£ 

(27.6) 

Taking  into  account  the  well-known  relations  for 

Weierstrass' 

functions  (see  A.  M.  Zhuravskii  [1]),  it  can  be  shown  that  the  limit¬ 
ing  values  of  integral  (27.6)  as  the  point  z  approaches  the  contour 
L  from  the  left  and  right  are  related  by  equalities  similar  to  for- 

mulas  (2.9): 

FUr)-F-(r)  =  f(z), 

£ 

(27.7> 

In  exactly  the  same  way  it  can  be  established  that  for  an  odd  doubly 

periodic  function 

L 

(27.6') 

the  following  relations,  very  useful  in  applications. 

are  true: 

f;(t)-F7(t)  =  /,(t), 

Ft(T)  +  Fr(T)=  p'(t)  [  ,. 

L 

(27.7') 

The  functions  O  (z)  and  Q  (z)  are  sought  in  the  form 

m  /-\  If/  (<)  dt 

p«)-p(z)  ’ 

L 

(27.8) 

Q(z)  =  (D(z)  +  ^.  j/(f)  A:(z,  t)dt. 

(27.9) 

L 


Here 

•^Pi  (z  — ^)  +  Pi  — 

where  the  function  pj  (z)  is  defined  by  formula  (20.3).  The  functions 
Pi  (z)  and  p  (z)  satisfy  the  relations  (see  E.  I.  Grigolyuk  and  L.  A.  Fil’- 
shtinskii  [1]) 

Pi  (z  +  ®l)  —  Pi  (z)  =  ©iP  (z)  +  71,  p,  (z  +  (Oz)  —  Pi  (z)  =  ®2p  (z)  +  72. 
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By  using  these  relations,  it  can  easily  be  shown  that  the  following 
■equalities  hold  for  the  function  k  (z,  t)  —  k  {—z,  t): 

k(z  +  a)i,  t)  =  k(z,  +  — «i)p' 

k(z-\-(x)2,  t)  =  k{z,  t) (©2 — ®2)  (p(tj--p  (z)]2’ 

Thus,  conditions  (27.4)  and  (27.5),  which  must  be  satisfied  by  the 
function  Q  (z),  are  fulfilled.  It  is  easily  seen  that  the  function  k  (z,  t) 
has  no  singularities  at  the  points  z  =  t,  and  hence  the  integral  in 
(27.9)  is  continuously  extendible  across  the  contour  L, 
Substituting  (27.8)  and  (27.9)  in  (27.4)  and  (27.5),  it  can  be  veri¬ 
fied  that  condition  (27.5)  is  satisfied  identically,  and  equality 
(27.4)  takes  the  form 

(D+(i)  +  0-(i)  =  p(f)  — ^  j/(T)A;(f,  t)  dt  on  L.  (27.10) 

L 

Assuming  the  right-hand  side  of  (27.10)  to  be  known,  we  seek  the 
solution  of  the  boundary  value  problem  (27.10)  in  the  class  of  even 
doubly  periodic  functions. 

Following  the  work  of  L.  I.  Chibrikova  [1],  we  consider  the  canon¬ 
ical  function  of  the  homogeneous  boundary  value  problem  (27.10): 

Xo  (z)  =  a(z-^i)a(z-^) 

y  a  (z  —  ai)  a  (z  —  bi)  o{z  —  az)  o  {z  —  62)  * 

Here  a  (u)  is  Weierstrass’  sigma  function,  and  A  2  are  real  con¬ 
stants  lying  off  the  line  L  and  satisfying  the  relation  A-^  +  A^  = 
=  coi-l-co2.  Itis  easily  seen  that  Xq  (z)  is  an  even  elliptic  function 
having  two  simple  zeros  in  the  parallelogram  of  periods  at  the  points 
Ai  and  Ag.  For  the  limiting  values  of  Xq  (z)  on  the  contour  L  we 
have  the  equality  X^  (t)  +  X~  (t)  =  0. 

Let  us  transform  the  expression  for  Xq  (z)  using  (27.1)  and  the 
following  formulas  (see  A.  M.  Zhuravskii  [1]): 

p(u)-p(i;)= - + 

/  (02\ 

c(u-f ©2)=  —  62  =  2^ 

The  result  is 

y  02  (2Ai-iii-i>i)  (6i-h62)  _ [p  — p  (z)] _ 

a(ai)a(6i)  /[p(ai)-p(2)j  [p(&i-p(z)]- 

If  we  set  =  0  and  reject  the  constant  factor,  the  canonical  func¬ 
tion  of  the  homogeneous  boundary  value  problem  (27.10)  may  be 
taken  in  the  form 

X  {z)  =  {[p  (a,) -p  (z)]  [p  (60 - p  • 
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The  values  of  X  (z)  at  the  upper  edge  of  the  cut  are  determined  as 
follows 


X+(a:)=  i{(p(ai)  — p(a;)]  [p(x)  — p(6i)]}-i/2  with  aiCxCbi, 
Z+(x)=  —  I  {[p(a,)  — p(x)]  [p{x)  — p(6j)]}-i/2  with  a^Cixab^. 


With  the  help  of  the  canocical  function  X  (z)  we  can  find  the  general 
solution  of  the  homogeneous  problem  (27.10)  for  an  even  doubly 
periodic  function  Oq  (z),  which  satisfies  the  condition 


Oo{z)  =  <^oiz)  (27.3') 

and  has  no  poles  inside  the  parallelogram  of  periods  with  the  cut  L. 
This  solution  is 

(Do(z)==X(z)[p  +  p,p(z)].  (27.11) 


Here  P  and  Pi  are  arbitrary  constants.  By  virtue  of  condition  (27.3') 
and  the  equality  p  (z)  =  p  (z)  the  constants  P  and  Pi  are  real  quan¬ 
tities. 

By  using  the  canonical  function  X  (z),  we  obtain  (according  to 
Sec.  6)  a  boundary  condition  following  from  (27.10): 


(DM0  ^-(0  P(t) 
(0  X-  (0  x+  (t) 


L 


(27.12) 


On  the  basis  of  formulas  (27.6)  and  (27.7)  we  obtain  the  solution 
of  the  boundary  value  problem  (27.12): 


CD  (z)  =  0*  (z)  — 

I  X.-., ipw-pwi [g  1 

L  L 

Here 


(27.13) 

(27.14) 


in  the  case  of  a  constant  load  applied  at  the  edges  of  the  cut 

(2)  =  -|-  — -f-[p(ai)  +  p(6i)  — 2p(z)]  X  (z)-H-|-<Do(2).  (27.15) 


According  to  expressions  (27.6)  to  (27.8),  the  boundary  values  of 
O  (z)  taken  from  the  left  and  right  of  L  satisfy  the  relation  (^)  — 
—  O"  (^)  =  /  (0;  substituting  the  limiting  values  (27.13)  in  this 
relation,  we  find 

/  {u)  =  [Ol  {u)-CDl{u)]  + 

+  j  (27.16) 

L  L 
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/  Because  of  the  continuity  of  k  (t^  t)  the  order  of  integration  in 
the  last  term  on  the  right-hand  side  can  be  interchanged.  By  making 
this  interchange,  we  obtain  a  Fredholm  integral  equation  for  determ¬ 
ining  the  function  /  (^): 

/  (U)  =  [o:  (u)  -  (D;  (u)]  +  j  /  (T)  K  (u,  T)  dr.  (27.17) 

L 

Here 


k  (t,  t)  p'  (0  dt 

X*WlP(t)-p(u)]  • 


By  using  relations  (27.8)  and  (27.9),  we  determine  the  stress  com¬ 
ponents  on  the  real  axis 

(<Jy  iT'xy)y=0  ~  20  (x)  J  /  (^)  ^  (^»  0 


To  find  the  constants  P  and  Pi,  we  consider  the  resultant  vector  of 
all  forces  acting  along  an  arc  AB  joining  two  congruent  points. 
The  expression  for  the  resultant  vector  is  of  the  form  [(p'  (z)  =  ®  (z), 
cd'  (z)  =  Q  (z)] 

X+iY=^-  ig  (z)  1^  ==  -  i  [cp  (z)  +  (z _  J)  ^  +  (0  (i)]® . 


If  the  external  load  on  each  of  the  cuts  is  self-halanced,  the  resultant 
vector  of  all  forces  along  the  arc  AB  is  zero,  i.e., 

g(z  +  (Di)  — g(z)  = 

=  (p(z  +  (0j)  — (p(z)  +  (o(z  +  ©i)  — ®(z)+((0i  — (Oj)®  (z)  =  0, 

g(z  +  ®2)  — g(z)  = 

=  cp  (z  +  ©2)  —  cp  (z)  +  ©  (z  +  ©2)  —  ©  (z)  +  (©2  —  ©a)  ®  (z)  =  0. 

Since  the  function  ®  (z)  is  even  and  doubly  periodic,  the  following 
relations  hold  for  the  function  9  (z):  q)  (z  +  ©i)  —  <P  (z)  =  Cu 
cp  (z  ©2)  —  <P  (2)  =  Cz-  Here  Cj  =  2cp  (©i/2),  C2  =  2cp  (©2/2).  Sim¬ 
ilarly,  the  following  conditions  are  obtained  from  equalities  (27.2) 
for  the  function  ©  (z): 

©  (z  +  ©1)  —  ©  (z)  =  (©1  —  ©1)  ®  (z)  +  du 

©  (z  +  ©2)  —  ©  (z)  =  (©2  —  ©2)  ®  (z)  +  da’ 

di=2©  — ©2)® 

^2  =  2©  +  (©1  —  ©a)  ^  (■^)* 

By  using  the  above  relations,  from  the  condition  that  the  resultant 
vector  of  all  forces  along  the  arc  AB  is  zero  we  obtain  014-^1  =  0, 
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^2  +  ^2  =  0.  Substituting  the  values  of  the  constants  ^2,  di, 
we  find 

(P  ( -f- )  +  CO  { -^ )  -  4- (<Oi  -  CO2)  (D  ( -^ )  =  0, 

("l^)  ('1^) 

Consequently,  the  constants  p  and  pi  must  be  chosen  so  as  to  fulfil 
these  equalities. 

We  shall  now  describe  a  somewhat  difierent  procedure  for  solving 
the  boundary  value  problems  (27.4)  and  (27.5).  The  functions  0(  z) 
and  Q  (z)  are  sought  in  the  form 

0(z)  =  <Do(2)  +  I1  (t>y(z),  (27.18) 

j=i 

Q  (z)  =  (I)o  (z)-t- 

00 

S  j  (^)l  ^  (2  ,<)  df)*  (27.19) 

f-i  t 

Here  <t>}  (j  =  0,  1,  2,  .  .  .)  are  even  doubly  periodic  functions. 
Obviously,  conditions  (27 A)  and  (27.5)  are  fulfilled  if  the  functions 
(t)j  (7  =  0,  1,  2,  .  .  .)  satisfy  the  following  relations  on  the  con¬ 
tour  L: 

OS(i)  +  <I>o(f)  =  P(f)  (t^L),  (27.20) 

(I)|  (f)-}-(Dj(f)  = 

=  —  2^  j  [<1>/-i(t)  — cDj-_i(T)]A:(t,  T)dT  (7  =  1,2,...).  (27.21) 

L 

Thus,  we  have  a  sequence  of  boundary  value  problems  for  the 
doubly  periodic  even  functions  (z).  By  determining  the  functions 
Oj  (z)  (/  =  0,  1,  2,  .  .  .)  from  (27.20)  and  (27.21),  we  obtain,  in 
the  case  of  constant  loads  along  the  length  of  a  cut, 

(Do {z)  = 

J  x.(.HpW-PWI+T^WIP""-gPWl.  (27.22) 

L 

^  I  x*(0lP(t)-P(*)J  ^ 

L 

X  {-^  j  ia);_i(T)  — <D;_1  (T)]A:(t,  T)dT}  dt  + 

L 

+±  X  (z)  [p«-{-Pi»p  (z)]  (7  =  1,  2,  . . .).  (27.23) 
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The  coiiditions^hat  the  resultant  vector  of  all  forces  is  zero  may 
be  written  as 


9o  (-T")+®S(-^)=0,  (Po(-^)+®o(-^)=0, 

(27.24) 

+  (*)j(-|^)=  |-(co,  — ©a) 

(27.25) 

Here 

(7  =  1,2,  ...). 

z 

(P;  (2)  =  j  0); (Zl)  dz,  (7  =  0,  1,  2,  . . .), 

0 

®o(z) 

z 

=  <Po(2),  (i>*j  {z)  =  \  Qj  {Zi)  dZi,  (7  =  1,2,  ...), 

(27.26) 

0 


Qj  (z)  =  (D^  (z) + ^  J  [(d;_  1  (f)  -  ajj_  1  (i)]  k  (2,  t)  dt. 

L 

Relations  (27.24)  to  (27.26)  enable  one  to  determine  successively 
the  constants  p(/>. 

To  obtain  numerical  results,  use  has  been  made  of  the  approx¬ 
imate  solution  of  the  problem  taking  into  account  the  first  terms 
in  expansions  (27.18)  and  (27.19).  The  normal  stresses  on  the  real 
axis  for  x  <.  are  determined  as  follows: 

ly  =  0  ^  20q  {x)  = 

|x  <  ai 

_ _ £_  2p(a:)  — p(fli)  — p(6i)  . 

2  /(p  (^)-p(a,)]  [P  W-P(6i)] 

_j _ p(o>-[-pio>p  (j) _ 

/[p(x)-p(ai))  [p  (:*;)- p(6i)]  * 

From  conditions  (27.24)  we  find 

P  fP  (ai)  +  p(^i)l  + 

+  2p(o)} /o  (-¥)  +  ( -x)  ==  (27.28) 
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V2«l 


Here 

0 

V20>1 

/,(^)=/;  +  i/;=  j  p(z)X{z)dz, 

From  Eqs.  (27.28),  the  values  of  the  constants  and  PJ®’  are 

p>=-4-  p[pM+p(M+4-/>7f^j:/[;» 


6<«>  =  n -p 

Pi  P  2  ^  Wi-I'tll 


(27.29) 


1  1 

Here  ^  =  y  (^i  +  ^^2)*  ^  “  gi}  —  ^^i)«  In  accordance  with 
(27.27)  we  find  the  approximate  value  of  the  stress  intensity  factor 


Fig.  14.  Half-plane  with  a  doubly 
periodic  system  of  cuts  for  61  = 


Fig.  15.  Relation  between  the  cri¬ 
tical  stress  p*  and  the  crack  length 
(Ha)  for  several  values  of  6/a 
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at/uie  point  a^: 

Ki  =  lim  W 2n  (a, — x)  Oy  (x,  0)  I  *  <  „  J  » 

x-*ax 

_ l/;^  P  [p  M  -P  (fci)l-2pW-2Pl»)p  (ai)  ^ 

The  application  of  Irwin’s  fracture  condition  {Kj  =  Kj^., 
is  the  critical  stress  intensity  factor)  makes  it  possible  to  relate  the 
crack  length  and  the  applied  loads.  The  calculations  by  formula 
(27.30)  have  been  performed  for  the  case  =  ^2  (there  is  one  cut 
inside  the  parallelogram  of  periods;  see  Fig.  14).  Figure  15  shows 
the  relation  between  the  value  =  p  Y  2nalKj^  and  the  relative 
length  of  the  cut  II a  for  several  values  of  bla.  It  follows  from  the 
above  solution  that  the  development  of  a  system  of  cracks  may 
be  stable  for  some  values  of  the  ratio  bla  (mutual  strengthening  of 
cracks)  (see  V.  Z.  Parton  [1],  V.  Z.  Parton,  E.  M.  Morozov  [1]). 


Chapter  VI 

INTEGRAL  EQUATIONS 
FOR  FUNDAMENTAL 
THREE-DIMENSIONAL  PROBLEMS 
OF  THE  THEORY 
OF  ELASTIQTY 


28.  Generalized  Elastic  Potentials 


We  present  the  theory  of  generalized  elastic  potentials  following, 
for  the  most  part,  the  classical  theory  of  harmonic  potentials. 

Consider  a  space  filled  with  an  elastic  medium  having  Lame’s 
constants  X  and  \i.  Let  a  force  <p  [qpi  (g),  (pg  (g),  93  (g)l  he  applied 
at  a  point  q  ygt  ^3)*  As  noted  in  Sec.  14,  the  displacements  at 
an  arbitrary  point  p  {Xi^  Xs)  are  then  expressed  as  the  product 
of  the  Kelvin-Somigliana  matrix  F  (p,  q)  and  the  vector  q)  (g): 

9)(p(g).  (28.1) 


We  fix  some  plane  at  the  point  p  by  assigning  the  direction  of  its 
normal  n  (wj,  Wg,  Wa).  The  stress  vector  on  this  plane  corresponding 
to  the  displacement  field  (28.1)  is  then  represented  as  the  result 
of  applying  the  operator  (14.7)  to  displacements  (28.1). 

As  a  result,  as  shown  in  Sec.  14,  we  arrive  at  the  expression  for 
the  stress  vector  in  the  form  of  the  product  of  the  matrix  Fi  (p,  g) 
(14.22)  and  the  vector  q)  (g).  Below  is  the  expression  for  the  elements 
of  the  matrix  Fj  (p,  g)  written  out  in  full: 


{P.g)=—  [m6ky+3n 


S  (®i— yj)"z(P) 


+ 


+  ^  iP)  - nj  ip)  ■  ] .  (28.2) 


Suppose,  now,  that  forces  q)  (g)  are  given  on  some  closed  Lyapunov 
surface*  S;  the  function  q)  (g)  is  assumed  to  belong  to  the  class 


*  A  surface  is  called  a  Lyapunov  surface  if  the  following  conditions  are  ful¬ 
filled:  (1)  at  each  point  of  the  surface  S  there  exists  a  definite  normal  (tangent 
plane);  (2)  there  is  a  number  d  >  0  such  that  no  straight  line  parallel  to  the 
normal  at  any  point  q  of  the  surface  S  cuts  in  more  than  one  point  a  part  Sq 
of  the  surface  S  lying  inside  a  sphere  of  radius  d  centred  at  g;  (3)  the  angle 
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H-L.  The  to,tal  displacements  in  the  entire  space  are  then  represent¬ 
able  in  the  form  of  an  integral: 

u  (p)=\t'  {p,  q)  q)  {q)  dSq',  (28.3) 

s 

this  integral  is  called  the  generalized  elastic  potential  for  a  simple 
layer.  It  is  obvious  that  potential  (28.3)  satisfies  Lame’s  equations 
in  both  the  region  and  the  region  D~.  It  is  worth  speaking  of  the 
limiting  values  of  the  simple  layer  potential  from  both  the  inside  of 
the  surface  (from  the  region  D'^)  and  the  outside  (from  the  region  D~) 
and  also  of  the  so-called  direct  value  obtained  by  direct  substitution 
of  points  of  the  surface  S  in  the  integrand.  However,  by  using  the 
estimates  employed  in  similar  investigations  in  the  theory  of  a  sim¬ 
ple  layer  harmonic  potential,  it  can  be  shown  that  all  three  values 
coincide  (see,  for  example,  L.  N.  Sretenskii  [1]).  Consequently,  the 
generalized  elastic  potential  for  a  simple  layer  is  a  continuous  vector 
function  in  the  entire  space. 

Let  now  to  each  point  p  situated  in  a  sufficiently  thin  layer  enclos¬ 
ing  the  surface  S  be  related  in  a  one-to-one  manner  a  point  g'  of 
the  surface  S  in  such  a  way  that  the  normal  to  the  surface  at  the 
point  q'  passes  through  that  point.  This  circumstance  enables  values 
of  the  stress  vector  to  be  properly  determined  at  interior  points  of 
the  regions  and  D~  situated  in  the  layer  mentioned  above.  The 
stress  vector  is  represented  by  an  integral,  namely 

Tu  (O  F  (p)  =  I  r,  (p,  q)  q>  (q)  dS,.  (28.4) 

By  n  (g')  is  meant  the  direction  of  the  normal  to  the  surface  S  at 
a  point  g'  corresponding  to  a  point  p  in  the  sense  indicated  above. 

We  now  use  the  matrix  T]  (p,  g)  (14.28)  to  construct  a  generalized 
elastic  potential  called  the  potential  for  a  double  layer  of  the  first 
kind.*  This  potential  is  given  by 

Wl{p)=  (  ri(p,  g)^{q)dS,.  (28.5) 

s 

This  potential,Jjust  as  the  simple  layer  potential,  is  a  function  satis¬ 
fying  Lame’s  equations  outside  and  inside  the  surface. 

Note  that  the  matrix  Tl  (p,  g)  may  be  assigned  a  physical  mean- 


V  (9,  g')  =  (/^g,  Jiq,)  formed  by  the  normals  at  points  q  and  q'  satisfies  the  fol¬ 
lowing  equation:  y  (q,  q')  <  where  r  is  the  distance  between  the  points  q 
and  q\  A  and  6  are  some  constants,  and  0  c  6  ^  1. 

*  In  Sec.  14  this  was  taken  into  account  in  introducing  the  corresponding 
indexing. 
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ing.  The  product  of  this  matrix  and  a  vector  (p  {q)  represents  a  dis¬ 
placement  in  the  entire  space  produced  by  a  concentrated  moment 
(p  (g)  applied  at  a  point  g  in  a  plane  with  normal  n. 

The  direct  value  of  the  double  layer  potential  W\  (p)  can  only 
be  understood  as  a  principal  value  (see  Sec.  7)  since  the  elements 
o)ij  (28.2)  have  a  second-order  pole. 

To  study  the  limiting  values  of  displacements  represented  by  the 
generalized  elastic  potential  for  a  double  layer  of  the  first  kind,  we 
must  first  consider  the  simplest  case  when  the  density  is  constant. 
Denote  it  by  (po  and  refer  to  formula  (14.27)  assuming  that  the  vector 
q)o  is  the  displacement  of  the  whole  body  and  the  point  p  is  situated 
in  the  region  D^,  The  first  term  on  the  right-hand  side  of  the  equali¬ 
ty  vanishes,  and  in  consequence  we  obtain  the  following  expression: 

2q)o  =  —  j  rj  {p,  q)  <po  dSq.  (28.6). 

S 

If  the  point  p  is  taken  in  the  region  we  arrive  at  the  equality 

J  ri(p,  g)<pod5,  =  0.  (28.7) 


We  now  turn  to  the  calculation  of  the  direct  (singular)  value  of 
the  double  layer  potential  when  the  point  p  is  situated  on  the  sur¬ 
face  S,  Let  this  point  be  surrounded  by  a  sphere  Og  of  small  radius  e, 
and  let  parts  of  its  surface  situated  in  the  regions  and  D~  be 
denoted  by  aj  and  Og,  respectively.  Denote  by  SI  a  part  of  the  sur¬ 
face  S  situated  outside  the  sphere  Og. 

It  follows  from  the  preceding  discussion  that  the  integral  over 
the  surface  5*  -j-  Og  is  equal  to  — 2q)o,  and  over  the  surface  S*  +  Oe 
it  is  zero.  From  considerations  of  symmetry  we  conclude  that  in 
the  limit  as  the  radius  e  decreases  to  zero,  the  integrals  over  the  sur¬ 
faces  Og  and  Og  are  equal  (apart  from  the  sign).  Consequently,  the 
integral  over  the  surface  S*  is  equal  to  — (po  in  the  limit: 

J  ri  {p,  q)  <po  dSq  =  —  q)o  (/>  e  S).  (28.8) 


It  will  be  recalled  that  it  was  in  this  way  that  the  singular  value 
of  an  integral  was  defined  in  Sec.  7.  The  above  result  represents 
Gauss’  theorem  (in  the  generalized  form). 
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Sometimes  in  the  literature  formulas]  (28.6)  to  (28.8)^are  written 
symbolically  in  an  alternate  form  {E  is  the  unit  matrix): 

Jri(p,  (P  €£>+), 

S 

S 

g)dSg=-E  (j>eS). 

s 

In  this  case  the  integrals  are  understood  as  the  integrals  of  each 
element  of  the  matrix.  The  above  results  enable  us  to  establish  the 
limiting  theorems  for  the  double  layer  potential  of  the  first  kind. 
We  transform  the  expression  for  the  potential  as 

mip,  q)=  f  rj(p,  ?)[q)(?)-<p(901d5,+ 

s 

+  (28.9) 

s 

where  q  is  a  fixed  point  on  the  surface  S.  As  the  point  p  approaches 
the  point  g'  (from  the  inside  or  outside  of  the  surface  S),  the  first 
term  in  (28.9)  is  a  continuous  function;  the  behaviour  of  the  second 
term  has  been  studied  above.  The  foregoing  result  may  now  be  stated 
as  the  following  theorem. 

If  the  limiting  values  of  the  double  layer  potential  from  the  inside 
and  outside  are  denoted  by  and  W\-  (g'),  respectively,  and 

the  direct  (singular)  value  by  W\  (g),  the  resulting  conclusion  may 
be  written  as  follows: 

WV{q')-W\  (g')=-2q.(g'),  Wr{q')  +  W\  {q')^2W\{q'). 

(28.10) 

Relations  (28.10)  may  be  rewritten  in  an  alternate  (equivalent) 
form: 

^V{q')=-^{q’)  +  W\{q’),  Wl-{q')  =  i((q')  +  W\{q').  (28.10') 

Note  that  the  results  obtained  above  are  equally  valid  for  poten¬ 
tials  generated  by  the  matrix  (p,  g)  (14.33),  which  are  called 
double  layer  potentials  of  the  second  kind.  Equalities  (28.6)  to  (28.8), 
(28.10),  (28.10')  hold  since  the  matrix  FJ^  (p,  g)  differs  from  the 
matrix  F^  (p,  g)  by  terms  whose  integral  vanishes.  By  analogy,  this 
potential  is  denoted  by  TFP(p,  g). 
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Consider  another  potential  introduced  by  H.  Weyl  [1]  and  called 
the  antenna  potential^  in  which  the  kernel  is  taken  to  be  the  solution 
of  the  third  kind  M  {p,  q)  (14.36): 

^  (P’  ?)  J  ^  (P'  ?)  ’P  (9)  (28.11) 

s 

Potential  (28.11)  is  a  continuous  function  inside  the  surface  S 
if  the  density  function  cp  (q)  is  continuous.  As  to  the  physical  mean¬ 
ing  of  the  antenna  potential,  it  corresponds  to  the  solution  of  an 
elasticity  problem  obtained  by  superimposing  the  solutions  for 
a  half-space  loaded  by  a  concentrated  force  on  its  surface  (Boussinesq’s 
solution). 

We  now  turn  to  the  study  of  the  behaviour  of  the  stress  operator 
Trt  of  the  simple  layer  potential  (28.3).  It  is  obvious  that  direct 
substitution  of  the  points  of  the  surface  S  in  (28.4)  leads  to  an  integral 
that  must  be  understood  as  a  singular  one.  We  introduce  into  consid¬ 
eration  the  limiting  values  of  the  stress  operator  from  the  inside  and 
outside  and  denote  them  by  T^V  and  TzV,  respectively. 

We  transform  expression  (28.4)  assuming  that  the  point  p  ap¬ 
proaches  a  point  q'  of  the  surface: 

lim  Tn  (q>)  V  (p)  = 

=  lim{f  [ri(p,  ?)  +  rj(p,  q)]fpig)dSg—  f  rj(p,  g)  (?) . 

(28.12) 

By  introducing  a  local  co-ordinate  system,  and  making  estimates 
essentially  similar  to  those  for  a  harmonic  potential  (see  S.  L.  Sobolev 
[2]),  it  can  be  shown  that  the  first  term  varies  in  a  continuous  manner 
when  the  point  q  crosses  the  surface  moving  along  a  normal  to  it. 
The  behaviour  of  the  last  term  has  been  previously  studied.  Conse¬ 
quently,  there  exist  direct  T^V  (g')  and  limiting  values  of  the  stress 
operator^  and  they  are  related  by 

TIV  (q^)  -  TZV  (g')  =  2(p  (g'),  nV  (g')  TzV  (g')  =  (g'), 

(28.13) 

nV{q>)=<f{q')  +  T„V{g'),  T-J^(q')=-^(q’)+Tjr{q>),  (28.13') 


Operations  similar  to  those  given  above  show  that  the  following 
equality  holds  for  the  limiting  values  (from  the  inside)  of  the  stress 

dv 

♦  The  name  antenna  potential  comes  from  the  fact  that  the  function  — = 

Jdx 

—  ,  where  v  is  defined  by  (14.34),  is  the  electrostatic  potential 

due  to  charges  uniformly  distributed  along  a  normal  to  the  surface  S  of  an  anten¬ 
na. 
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operator  of  the  antenna  potential: 

nA{q’)=  J  T,M{q\  q)^{q)dS,.  (28.14) 

s 

The  expression  for  the  matrix  itself  is 

Tn  (q')  M  (g  ,  “ 


(  Sr  \2 

dr 

dr 

dr 

dr 

\  dx 

1  1 

dxi 

dx2 

dx^ 

dx2 

dr 

dr 

dr 

dr 

d  i  1  y 

dxi 

dX2 

V  dx.^ 

:  ) 

dX2 

dx^ 

dn  {q')  r  '  ' 

dr 

dr 

dr 

dr 

f. 

dr  \  2 

dxi 

dx^ 

dxo 

dX3 

[ 

dx^  ) 

(28.15) 

Consider  the  behaviour  of  the  limiting  values  of  the  stress  operator 
of  the  double  layer  potential,  and  As  in  the  theory 

of  a  harmonic  potential,  here  only  some  sufficient  conditions  for 
the  existence  of  these  limiting  values  have  been  obtained.  There  is, 
for  example,  the  following  analogue  of  Lyapunov’s  theorem.* 

Let  the  density  q)  (q)  of  the  double  layer  potential  of  the  first 
kind  be  such  that  there  exists  a  limiting  value  of  the  operator  Tt,Wl 
from  one  side  of  the  surface;  then  there  exists  a  limiting  value  of  the 
operator  TnW\  from  the  other  side,  and  these  limiting  values  coincide. 
To  prove  the  theorem,  suppose  that  there  exists  a  limiting  value  of 
the  operator  which  is  denoted  by  F  {q)  for  convenience.  This 

means  that  there  is  a  function  t/j  {p)  in  the  region  satisfying 
Lame’s  equations,  for  which  there  exists  a  limiting  value  of  the 
operator  equal  to  F  (g).  We  denote  the  value  of  this  function  on 
the  surface  by  (g)  and  form  the  double  layer  potential: 

W\{p)  =  W\{p,  U,)=  (  rRp,  q)U,{q)dS,. 

S 

We  now  introduce  a  new  function  w  {p)  defined  in  the  region 
by  the  formula  w  {p)  =  {p)  —  y  ^^2  (P)»  ^he  region  D~ 

I 

by  the  formula  w  =  (p)- 

This  new  function  is  continuous  in  the  entire  space  by  virtue  of 
property  (28.10).  Note  that  the  procedure  of  constructing  the  func¬ 
tion  U-^{p)  is  that  of  solving  the  second  fundamental  problem,  and 
this  is  accomplished  by  means  of  the  simple  layer  potential  (see 
Sec.  31).  As  has  been  previously  proved,  there  exist  limiting  values 
of  the  stress  operator  for  the  simple  layer  potential.  Hence,  the  dis- 

*  Known  as  the  Lyapunov- Tauber  theorem. 
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placement  U-^  {p)  also  has  this  property,  the  limiting  value  coincid¬ 
ing  with  the  function  F  (q). 

We  further  refer  to  Betti’s  formula  (14.27)  and  write  it  as 

^i(p)  =  4‘i  ^2^^’  — “T  i  7)f(7)dSg  = 

s  s 

=  ^Wl{p)-±^T{p,  g)F{q)dSg  (peD+),  (28.16) 

s 

Consequently,  the  function  w  (p)  (28.6)  is  represented  in  the  region 
as  a  simple  layer  potential: 

«’  (/^)  =  -  ^  (  r  ip,  q)  F  (q)  dSg.  (28.17) 

s 

It  follows  from  (28.17)  that  the  sum  (p)  +  y  j  T  (p,  q)  F  (q) 

dSq  vanishes  in  the  region  D^.  But,  as  proved  above,  the  function 
w  (p)  is  continuous.  The  second  term  is  also  continuous  since  it  is 
a  simple  layer  potential.  Consequently,  this  sum  is  identically  zero 
in  the  region  /)“,  too  (because  of  the  uniqueness  of  the  solution  of 
the  problem  /").  We  thus  arrive  at  the  following  representation  of 
the  function  W\  (p)  in  the  entire  space: 

W]  (p)  =  2U,  (P)  +  J  r  (p,  q)  F  [q)  dSg  (p  6  D-),  (28.18) 

S 

w^i(p)=  j  r(p,  q)F(q)dSq  (pen-).  (28.18') 

s 

Each  of  the  right-hand  sides  of  equalities  (28.18)  and  (28.18') 
has  limiting  values  of  the  stress  operator.  Hence,  the  potential  itself 
also  has  this  property.  A  direct  calculation  of  the  operator  from 
both  sides  of  the  surface  leads  to  the  required  equality.  In  the  case 
when  the  existence  of  a  limiting  value  of  the  operator  Tj,  is  assumed, 
the  proof  is  carried  out  in  a  similar  way. 

Note  that  the  properties  of  the  double  layer  potential  thus  obtained 
provide  an  elementary  way  of  solving  a  practically  important  pro¬ 
blem  of  negative  allowance.  Suppose  that  an  elastic  medium  is  situa¬ 
ted  both  outside  and  inside  a  Lyapunov  surface  S,  and  the  follow¬ 
ing  conditions  are  fulfilled  on  the  boundary: 

(^)  (^)  ^  F,  (q),  nU  (q)  =  T-JJ  {q). 

From  the  above  properties  of  the  double  layer  potential  of  the  first 
kind  it  follows  that  the  solution  of  this  problem  (assuming  that  the 
limiting  values  of  the  operator  exist)  is  representable  as  a  double 
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layer  potential: 

Wl  (p)  =  -^j  n  (p^  ?)  ^'i  (9)  (28.19) 

s 

This  approach  can  obviously  be  extended  to  include  the  case  when 
the  total  region  occupied  by  the  two  elastic  bodies  is  different  from 
a  complete  space.  In  this  case  the  difference  between  the  required 
displacements  and  potential  (28.19)  leads  to  a  new  problem  for  a  con¬ 
tinuous  body  with  properly  modified  boundary  conditions  on  the 
outer  surfaces.  It  should  be  noted  that  a  similar  plane  problem 
solved  in  Sec.  22  has  required  considerably  greater  efforts. 

29.  Regular  and  Singular  Integral  Equations 
for  Fundamental  Three-dimensional  Problems 

The  foregoing  generalized  elastic  potentials  for  a  simple  layer^ 
a  double  layer  of  the  first  kind,  a  double  layer  of  the  second  kind 
and  the  antenna  potential  enable  one  to  construct  the  corresponding 
integral  equation.  In  general,  to  solve  either  of  the  problems  (the 
first  or  second)  we  can,  in  principle,  use  any  one  of  the  potentials 
introduced  above  since  the  displacement  equations  of  elastic  equil¬ 
ibrium  (Lame’s  equations)  are  identically  satisfied.  It  is  desirable, 
however,  that  the  resulting  equations  should  have  a  favourable 
structure,  they  should  belong  to  the  classes  of  integral  equations 
of  the  second  kind.  It  follows  from  this  condition  that  the  solution 
of  the  first  fundamental  problem  (problem  I)  must  be  sought  in  the 
form  of  a  double  layer  potential  of  the  first  or  second  kind  (otherwise 
integral  equations  of  the  first  kind  are  obtained). 

Let  /  (q)  be  a  given  boundary  value  of  displacements  on  the  surface 
S.  If  the  solution  of  the  problem  is  sought  in  the  form  of  the  gener¬ 
alized  double  layer  potential  of  the  first  kind  (28.5),  we  obtain, 
by  formulas  (28.10'),  integral  equations  for  the  interior  and  the  ext¬ 
erior  problem,  respectively.  We  represent  these  equations  at  once 
in  the  standard  form  for  integral  equations  of  the  second  kind  by 
introducing  an  auxiliary  parameter  v: 

T(g)-v  (  ri(g,  q')^{q^)dS,.  =  F{q).  (29.1) 

s 

The  value  v  =  1  corresponds  to  the  interior  problem  (!■*■),  and 
the  value  v  =  —1  to  the  exterior  problem  (I").  The  function  F  (g) 
coincides  with  the  function  /  (g)  for  the  exterior  problem,  and  with 
the  function  — /  (g)  for  the  interior  problem.  Equation  (29.1)  is 
singular  since  the  matrix  FJ  (g,  g')  has  terms  with  a  second-order 
singularity  (co^;). 

If  the  solution  is  sought  in  the  form  of  a  double  layer  potential 
of  the  second  kind,  the  resulting  integral  equations  are  entirely  sim- 
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ilar  in  appearance  (the  so-called  Lauricella  equations): 

<p(y)— V  J  (29.2) 

s 

The  essential  difference  between  Eqs.  (29.1)  and  (29.2)  is  that, 
as  mentioned  above,  the  first  one  is  singular,  and  the  second  is  regular. 

We  now  turn  to  the  consideration  of  the  second  fundamental 
problem  (problem  II).  Let  stresses  f  (g)*  be  given  on  the  surface 
S,  If  this  problem  is  solved  by  means  of  a  double  layer  potential 
of  the  first  or  second  kind,  we  obtain  some  functional  equations  whose 
solvability  is  not  studied  at  all.  In  a  sense  these  quations  cannot 
even  be  called  integral  since  the  interchanging  of  the  order  of  inte¬ 
gration  and  the  stress  operator  is  ruled  out. 

We  seek  the  solution  of  the  second  problem  in  the  form  of  a  simple 
layer  potential.  The  integral  equation  that  follows  from  (28.13') 
can  conveniently  be  written  as] 

(p  (g’)  —  V  j  r,  {q,  q')  q)  (q’)  dSq>  =  F{q).  (29.3) 

s 

Here  the  value  v  =  1  corresponds  to  the  exterior  problem  (II"), 
and  the  value  v  =  —1  to  the  interior  problem  (II ■^).  The  function 
F  (q)  is  equal  to  /  (g)  in  the  interior  problem,  and  to  — /  (q)  in  the- 
exterior  problem.  The  integral  equation  (29.3)  is  a  singular  integral 
equation  of  the  second  kind. 

Similar  equations  (though  regular)  are  obtained  when  the  solu¬ 
tion  is  constructed  on  the  basis  of  the  antenna  potential.  These  equa¬ 
tions,  which  follow  directly  from  the  limiting  equality  (28.14), 
are  of  the  form 

(p  (9)  +  V  J  M  {q',  q)  <p  {q’)  dS^  =  F  {q),  (29.4) 

s 

where  v  =  — 1  (problem  II"^)  and  the  surface  S  is  convex.** 

We  now  turn  to  the  question  of  the  solvability  of  the  equations 
obtained***.  Suppose  that  the  Fredholm  alternative  applies  to  the 
signular  equations  introduced  above  (for  proof  see  Sec.  30). 

Consider  the  integral  equations  (29.1)  and  (29.3)  for  v  =  1.  These 
singular  equations  are  companion  to  each  other,  and  hence  the  ques¬ 
tion  of  their  solvability  is  decided  simultaneously.  Suppose  that  these 
homogeneous  equations  have  non-trivial  solutions  and  let  q)o  {q) 


♦  For  generality  of  writing  we  retain  the  notation  used  in  the  first  problem. 
**  Of  course,  the  results  of  Ya.  B.  Lopatinskii  [1],  which  enable  one  to  reduce- 
boundary  value  problems  for  elliptic  systems  to  regular  integral  equations,  are 
readily  extended  to  the  equations  of  the  theory  of  elasticity. 

♦♦♦  Equations  (29.1)  and  (29.3)  have  been  proposed  by  V.  D.  Kupradze  [2]. 
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be  the  corresponding  solution  of  the  equation  for  the  problem  II". 
We  resort  to  the  simple  layer  potential  V  (p,  q)©).  This  function 
solves  the  elasticity  problem  with  zero  stresses  on  the  surface  S, 
the  displacements  at  infinity  being  of  order  1/iZ,  and  the  stresses 
of  order  By  the  uniqueness  theorem,  such  a  solution  for  an 

infinite  region  is  identically  zero.  On  the  other  hand,  the  potential 

V  (p,  q)o)  is  a  continuous  function  in  the  entire  space.  Hence,  the 
displacement  field  generated  by  it  in  the  region  D'*'  vanishes  on  the 
surface  S.  For  the  first  fundamental  problem,  it  follows  from  the 
uniqueness  theorem  that  these  displacements  [i.e.,  the  potential 

V  (p,  (jpo)!  sire  zero  in  the  entire  region  D'^.  The  non-trivial  solution 
introduced  above  must  be  equal  to  half  the  difference  of  the  limiting 
values  of  the  operator  T^V  (p,  q>o)  at  the  points  of  the  surface  S 
[according  to  (28.13)],  and  therefore  it  is  zero. 

Thus,  the  integral  equations  (29.1)  and  (29.3)  do  not  have  the 
number  v  =  1  for  an  eigenvalue.  On  the  basis  of  the  Fredholm  alter¬ 
natives  we  conclude  that  the  singular  integral  equations  for  the 
problems  and  II"  are  solvable  for  arbitrary  right-hand  sides. 

The  integral  equations  have  been  derived  above  using  one  or 
another  representation  for  the  required  displacement  vector.  We 
now  give  another  method  of  constructing  integral  equations.  Let 
us  use  Betti’s  formula  for  an  arbitrary  vector  function  17  (p)  satis¬ 
fying  Lame’s  equations  in  the  region  Z)+.  Suppose  that  stresses 
(q)  are  prescribed  on  the  surface  S.  The  second  integral  in 
(14.27)  may  then  be  considered  known;  denote  it  by  O  (p).  By 
applying  a  limiting  process  in  (14.27),  we  pass  to  the  points  of  the 
surface  S  from  the  inside.  According  to  (28.10'),  we  obtain,  after 
collecting  like  terms,  an  integral  equation  for  the  displacements 
[/  (p)  on  the  surface  S: 

(9)  +  J  n  {q,  q')  U  (q')  dS,>  =  (D{q).  (29.5) 

s 

If  the  analogous  formula  (14.30)  for  the  displacement  in  the  region 
D~  is  used,  then  by  the  same  reasoning  we  arrive  at  the  integral 
equation 

(9)  -  J  rj  {q,  q')  U  {q')dS,.  =  O  (g).  (29.5') 

S 

It  is  obvious  that  the  two  equations  may  be  written  in  a  unified 
form  by  introducing  a  parameter  v: 

U{q)-v  J  ri(g,  q')U{q')dS,.  =  (i>{q).  (29.6) 

5 

The  value  v  =  1  corresponds  to  the  problem  II",  and  the  value 

V  =  — 1  to  the  problem  II+.  As  seen,  this  equation  is  completely 
identical  with  Eq.  (29.1). 


29] 


REGULAR  AND  SINGULAR  INTEGRAL  EQUATIONS 


209 


A  direct  derivation  of  integral  equations  for  the  first  fundamental 
problem  from  Betti’s  formulas  leads  to  an  integral  equation  of  the 
first  kind  with  a  regular  kernel.  A  singular  equation  of  the  second 
kind  can  be  obtained  by  applying  the  stress  operator  to  all  terms 
of  Betti’s  formula,  and  assuming  that  its  limiting  values  for  a  double 
layer  potential  with  a  given  density  function  U  (q)  exist.  The  result¬ 
ing  equation  coincides  with  Eq.  (29.3). 

In  the  works  of  T.  A.  Cruse  [1-3]  preference  is  given  to  singular 
integral  equations  obtained  from  Betti’s  formulas.  The  author  as¬ 
sumes  that  these  equations  are  also  applicable  to  piecewise  smooth 
surfaces  since  Betti’s  identities  hold  for  such  equations.  When  pas¬ 
sing  to  the  points  of  the  surface  by  a  limiting  process,  however,  it  is 
necessary  to  use  the  formulas  for  a  double  layer  potential,  and  they 
are  only  valid  for  Lyapunov  surfaces.  It  is  quite  a  different  matter 
that  the  actual  solution  of  the  problem  may  be  found  preferable 
because  of  the  greater  smoothness  of  the  boundary  condition. 

We  now  turn  to  the  analysis  of  the  equations  when  v  =  — 1,  this 
corresponding  to  the  problems  and  II “.  It  has  been  shown  in 
Sec.  14  that  there  exists  a  non-trivial  solution  of  the  interior  pro¬ 
blem  of  the  theory  of  elasticity  with  zero  stress  values;  it  corres¬ 
ponds  to  a  rigid  displacement  of  the  surface  of  the  body  and  is  repre¬ 
sented  in  Cartesian  co-ordinates  as 

t/i  d-^  q^s  ^^2’  ^2  ^2  px^j 


C/ 3  —  ^3  -|-  px2  »  (29.7) 

where  ag*  ^  ^re  arbitrary  constants,  and  there  can  be  no 

other  solutions.  Let  this  displacement  be  denoted  by  Uq  (p).  It  is 
obvious  that  the  corresponding  stresses  are  zero  in  the  entire  region 
We  shall  try  to  represent  the  displacement  Uq  (p)  in  the  form 
of  a  double  layer  potential  of  the  first  kind  extended  over  the  sur¬ 
face  S.  By  using  formula  (14.27)  in  reference  to  the  displacement 
^0  (p)i  obtain  ^ 

(P)  =  -  4  J  (P,  q)  Uo  (q)  dS^.  (29.8) 

s 

The  first  term  in  (14.27)  vanishes  since  T^Uq  (p)  =  0.  By  apply¬ 
ing  a  limiting  process  on  the  left-hand  and  right-hand  sides  of  rela¬ 
tion  (29.8),  we  pass  to  the  points  of  the  surface  S  from  the  inside. 
According  to  formula  (28.10'),  the  right-hand  side  becomes 

^U,{q')-^^T\{q\  q)Uo{q)dS^. 


14-01554 
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Thus,  it  follows  from  (29.8)  that  the  vector  Uq  {q)  must  satisfy 
the  equation 

Uo  {q')  +  (  r|  {q',  q)  U,  (q)  dSg  =  0,  (29.9) 

s 

which  is  the  integral  equation  for  the  problem  I“. 

It  is  obvious  that  the  displacements  Uq  (p)  characterized  by  six 
independent  constants  (%,  ag,  .  .  ciq)  may  be  represented  in  some 
way  or  other  as  a  set  of  six  linearly  independent  solutions.  We  may 
proceed,  for  example,  as  follows.  Assume  in  succession  only  one  of 
the  six  constants  to  be  different  from  zero;  then  corresponding  to  each 
such  variant  there  is  a  distinct  linearly  independent  solution  of 
Eq.  (29.9)  [denoted  byipft  (/c  =  1,  2,  .  .  .,  6)]. 

It  follows  from  Fredholm’s  theorems  that  the  companion  equation 
(the  equation  for  the  problem  II^)  has  at  least  six  linearly  indepen¬ 
dent  solutions.  We  denote  them  by  (q)  (k  =  3,  2,  .  .  .,  6)  and 
prove  that  they  form  a  complete  system  of  linearly  independent  solu¬ 
tions  of  the  equations  for  the  problem  IIJ.*  Let  tfo  (q)  be  one  more 
solution  linearly  independent  of  the  six  solutions  introduced  above* 
Consider  the  simple  layer  potentials 

V  (p,  ylpo)  =  ]  r  (p>  q)  M’o  (q)  dSq, 

S 

Vk{p^  %)=  j  r(p,  q)^l;>k{q)dSq. 

S 

These  potentials  solve  the  problem  II^  with  zero  stress  values  on  the 
boundary,  and  hence  they  must  represent  a  rigid  displacement.  Con¬ 
sequently,  the  potential  V  (p,  tfo)  is  a  linear  combination  of  the 

Vh  (p,  'I’ft): 

6 

Vip,  ^o)=  E  <^kVkip,  %).  (29.10) 

k=i 

We  rewrite  this  equality  in  an  alternate  form: 

6 

jr(p,  g')[M5o(5’)— 

S  k=i 

Let  the  bracketed  expression  be  denoted  by  (q).  The  potential 
V  (p,  tf)  is  then  identically  zero  in  the  region  Z)"**.  By  the  argument 
used  previously  it  can  be  shown  that  this  potential  is  zero  in  the 
region  D~,  which  proves  the  linear  dependence  of  the  function  (q) 
on  the  functions  (g).  From  this  it  follows  that  the  system  (q) 


* 


The  additional  subscript  zero  indicates  that  the  right-hand  side  is  zero. 


29] 


REGULAR  AND  SINGULAR  INTEGRAL  EQUATIONS 


211 


is  complete,  and  on  the  basis  of  (29.8)  we  conclude  that  all  double 
layer  potentials  W  (p,  q)fe)  =  0  {p  ^  D~), 

We  now  turn  to  the  proof  of  the  existence  of  the  solution  of  the 
integral  equation  for  the  problem  II According  to  Fredholm’s 
third  theorem,  the  necessary  and  sufficient  condition  for  the  solvabi¬ 
lity  of  the  non-homogeneous  equation 

q)(g)-vjr,(g,  g')^{g')dSg.  =  F{q)^f{q)  (29.3) 

when  V  =  — 1  is  that  the  right-hand  side  /  (q)  should  be  orthogonal 
to  the  complete  system  of  eigenfunctions  cp^  (q)  of  the  companion 
equation: 

j/(g)<PA(9)‘^-5,=  0  (/c=l,  2,  6).  (29.11) 

S 

These  conditions  have  a  definite  mechanical  meaning,  which  be¬ 
comes  clear  if  we  use  the  form  of  writing  the  functions  ipt  (q)  intro¬ 
duced  above  [see  (29.7)1  assuming  in  succession  any  one  of  the  con¬ 
stants  to  be  different  from  zero.  In  this  case  conditions  (29.11)  take 
the  form 

]  ft  (g)  dSq  =  o, 

8 

+  l — ft+lXt}dSq  =  0,  (29.12) 

8 

j  {fi^i+2  —  fi+zXi}  dSq=0, 

s 

where  ft  (i  =  1,  2,  3)  are  the  components  of  the  vector  /  (q)  and  Xi^ 
=  Xj,  X5  =  X2,  /4  =  /i,  /s  ==  /2-  It  is  obvious  that  formulas  (29.12) 
express  the  conditions  that  the  resultant  vector  and  the  resultant 
moment  of  the  forces  applied  to  the  surface  are  zero.  Note  that  the 
solution  of  the  integral  equation  (29.3)  when  v  =  — 1  is  not  unique. 
The  complete  solution  of  this  equation  is  represented  as  the  sum 

6 

<p  (<7)  =  S  C'fttfc  (?)  +  <P*  (?). 

where  are  arbitrary  constants  and  q)*  {q)  is  a  particular  solution 
of  the  non-homogeneous  equation.  The  simple  layer  potentials 
V  (p,  y^k)  are  a  solution  of  the  problem  II’^  for  zero  values  of  the 
stress  vector.  By  the  uniqueness  theorem,  these  potentials  represent 
a  rigid-body  displacement  and  have  no  effect  on  the  stresses. 

Thus,  (29.11)  are  not  only  conditions  for  the  solvability  of  Eq. 
(29.3)  (determined  by  the  very  representability  of  the  solution  in  a 
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specially  chosen  form  in  terms  of  a  simple  layer  potential), 
but  also  conditions  for  the  solvability  of  the  original  physical 
problem. 

In  contrast  to  the  problem  II^,  the  conditions  for  the  solvability 
of  the  equation  for  the  problem  I"  have  no  physical  meaning  and 
only  determine  the  representability  of  the  solution  in  terms  of  a 
double  layer  potential.  It  can  be  shown  that  the  double  layer  poten¬ 
tial  decreases  at  infinity  as  Meantime  the  solutions  of  problems 
decrease  at  infinity  as  R~^  in  general. 

If  the  conditions  for  the  orthogonality  of  the  right-hand  side  to 
the  eigenfunctions  of  the  companion  equation  are  not  fulfilled,  then, 
in  accordance  with  the  general  procedure,*  additional  terms  are 
introduced  into  the  representation  of  displacement.  It  is  simplest  to 
take  them  in  the  form  of  concentrated  forces  applied  in  the  region 
Z)'*’,  their  magnitudes  being  determined  from  the  orthogonality  con¬ 
ditions.  It  can  be  shown  that  the  resulting  system  of  equations  is 
always  solvable.  The  practical  implementation  of  this  approach 
presents  difficulties  since  it  requires  a  knowledge  of  the  eigenfunctions 
%  (?)  (A:  =  1,  2,  .  .  6). 

We  now  turn  to  the  investigation  of  the  integral  equations  obtained 
on  the  basis  of  Betti’s  formulas.  Since  these  equations  are  com¬ 
pletely  identical**  with  Eqs.  (29.1)  and  (29.3)  (with  appropriate 
rearrangement),  the  foregoing  analysis  is  fully  extended  to  these 
equations. 

The  problem  IP  requires  an  additional  analysis  since  the  right- 
hand  side  is  complicated  and  the  orthogonality  conditions  are  not 
explicit.  The  integral  equation  is  identical  with  Eq.  (29.1)  for  the 
problem  1“  and  may  be  written  as 


(?)  +  J  Tl  {q,  q')  U  iq')  dS,.  =  J  T  (g,  q')  f  {q')  dS,..  (29.13) 


The  necessary  and  sufficient  conditions  for  the  solvability  of  this 
problem  are 

5%(?)5r(g,  g')/(g')^i-5,'d5,  =  0  (A:  =  l,  2,  6),  (29.14) 


where (g)  are  the  eigenfunctions  of  the  companion  equation.  It  has 
i-been  shown  above,  however,  that  the  potentials  V  (p,  '^k)  are  the 
jrigid  displacement  vectors.  By  interchanging  the  order  of  integra- 


*  By  analogy  with  the  Dirichlet  problem. 

The  right-hand  sides  of  the  equations  will  come  under  consideration  later. 
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tion  in  (29.14),  we  therefore  obtain 

%  (?)  j  r  {q,  q')  t  (q')  dSq^dSq  = 
s 

=  lv{q',  ^k)f{q')dSr  =  0.  (29.15) 

s 

Consequently,  the  conditions  for  the  solvability  of  thejintegral  equ¬ 
ation  (29.13)  are,  as  before,  the  conditions  for  the  existence  of  the 
solution  of  the  original  physical  problem,  and  hence,  by  the  formu¬ 
lation,  they  are  automatically  fulfilled. 

We  now  turn  to  the  analysis  of  regular  integral  equations.  Let  us 
solve  the  first  fundamental  problem  by  using  the  generalized  elastic 
potential  for  a  double  layer  of  the  second  kind.  The  corresponding 
equation  is  rewritten  as 

‘P(?)-vjrn(g.  g')if,(q')dSq.=F{q)  (29.16) 

s 

The  value  v  =  1  corresponds  to  the  problem  and  the  value  v  = 
=  — 1  to  the  problem  I“.  The  function  F  (q)  coincides  with  given 
displacements  /  (q)  in  the  exterior  problem,  and  is  equal  to  their 
negative  in  the  interior  problem. 

Consider  the  problem  and  prove  that  the  corresponding  equation 
is  always  solvable.  Otherwise  the  companion  homogeneous  equation 

^  (q)  -  J  r«  (q',  q)  ^  iq')  dS^  =  0  (29.17) 

S 

would  have  a  non-trivial  solution.  Suppose  that  tfo  (q)  is  such  a  solu¬ 
tion  of  Eq.  (29.17),  and  form  a  simple  layer  potential  with  the  den¬ 
sity  function  (g).  Condition  (29.17)  means  that  the  limiting  value 
of  iV-operator  (14.19)  [for  a  =  p  (?l  -f-  |i)/(X  +  3|li)]  of  this  potential 
from  the  inside  is  zero.  But  the  potential  itself  solves  the  elasticity 
problem  for  the  region  D~  with  a  given  zero  value  of  the  operator 
N  on  the  surface.*  By  the  uniqueness  theorem  proved  in  Sec.  14, 
this  potential  is  zero  in  the  region  Z)“.  But  a  simple  layer  potential  is 
a  continuous  function.  It  is  therefore  zero  in  the  region  D'*',  too. 
Consequently,  the  density  of  this  potential,  which  is  proportional  to 
the  jump  in  the  limiting  values  of  the  operator  N,  is  identically  zero. 

By  a  reasoning  similar  to  that  used  above,  we  find  that  since  the 
solution  of  the  interior  problem  is  not  unique,  the  value  v  =  —1  is 
an  eigenvalue  of  Eq.  (29.16). 

The  study  of  the  integral  equations  (29.16)  with  v  =  — 1  can  be 
carried  out  successfully  only  when  the  eigenfunctions  of  the  com¬ 
panion  equations  are  known  (the  analogy  with  the  exterior  Dirichlet 


1 


*  It  will  be  recalled  that  this  problem  has  no  physical  meaning,  but  its 
formulation  is  necessary  for  the  proof  of  the  solvability  of  Lauricella’s  equations. 
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problem  is  quite  appropriate  here).  The  general  formal  procedure  of 
solution  is  completely  similar  to  the  foregoing  solution  of  the  pro¬ 
blem  I"  by  means  of  a  double  layer  potential  of  the  first  kind. 

The  question  of  the  solvability  of  the  integral  equation  (29.4)  is 
left  open.  Of  course,  from  the  fact  that  the  problem  is  solvable  only 
if  the  body  is  in  equilibrium  it  automatically  follows  that  the  num¬ 
ber  V  —1  is  an  eigenvalue.  But  it  is  quite  possible  that  these  con¬ 
ditions  are  inadequate. 

Naturally,  the  results  obtained  here  and  in  Sec.  28  are,  in  fact 
fully  extended  to  the  plane  problem  of  the  theory  of  elasticity.  At 
the  same  time  it  should  be  noted  that  the  integral  equations  given 
in  Secs.  18  and  19  do  not  admit  a  direct  generalization  to  the  three- 
dimensional  case,  and  that  is  why  they  have  been  considered  in  a 
separate  chapter. 

The  starting  point  for  construcling  the  corresponding  theory  is 
the  solution  of  the  problem  of  displacements  at  a  point  in  the 
plane  under  a  force  (p  (cpi,  92)  applied  at  a  point  p  (y^,  y^.  Consider 
a  second-order  matrix 


r(Pi,  p)  2jip(?.+2|Li) 


%  -j- 

In  r 

_  / 

dr  \ 

2 

dr 

dr 

+  M' 

1 

dxi  j 

dxi 

dx2 

dr 

dr 

X-]-3p 

In  — 

~(—V 

dxi 

dX2 

1 11  /  “ 

\  dX2  I 

corresponding  to  the  Kelvin-Somigliana  matrix  (14.21)  and  often 
called  the  Boussinesq  matrix,  N.  S.  Kakhniashvili  [11  uses  the  funda¬ 
mental  solution  (29.18)  to  construct  a  similar  theory  of  the  plane 
problem.  The  author  has  formed  simple  and  double  layer  potentials 
of  the  first  and  second  kind.  The  corresponding  limiting  theorems 
have  been  obtained  for  the  case  of  smooth  contours  and  a  density 
function  belonging  to  the  class  H-L. 

The  integral  equations  for  the  second  fundamental  problem  simi¬ 
lar  to  Eq.  (29.3)  may  be  written  as 

q)if{q)ds^=F  {q')  (29.19) 

^  L  ^ 

where  the  matrix  fj  {q',  q)  =  7’«(5')r  {q' ,  q)  is 

r(g',  g)  = 


(  dr 

dr  dr 

^  V  dxi 

)  dxi  dx2 

dr 

dr 

,  /  dr  \2 

dX2 

0 

—“12(9'- 


In  r  + 


q) 

q)  0 


In  r. 
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Here 

_  ix  _  2  (a  -j-  jii) 

+  2jji)  ’  n:  +  2|,i)  ’ 

(*>i2  =  ;^cos(AZgs  a:i)  — ^cos(A^gs  x^). 


As  in  the  three-dimensional  case,  the  elements  of  matrix  (29.18) 
are  doubled. 

We  shall  mention  some  new  features.  Here  there  is  a  complete 
<jlarity  in  respect  to  the  Lyapunov-Tauber  theory.  If  the  density 
function  together  with  its  derivative  satisfies  the  H-L  condition, 
there  exist  the  limiting  values  of  the  stress  operator  and  they  are 
•equal  (from  the  two  sides).  In  the  case  of  the  exterior  problem  II", 
for  the  solution  to  be  regular  at  infinity,  the  resultant  vector  of  the 
forces  must  vanish.  The  question  of  the  index  of  the  resulting  system 
of  one-dimensional  singular  equations  is  solved  on  the  basis  of  the 
well-known  results  of  the  theory  of  systems  of  this  kind  (see  N.  P.  Ve- 
kua  [1]).  A  direct  calculation  shows  that  this  index  is  zero,  and  hence 
the  Fredholm  alternatives  apply  to  the  systems  of  singular  integral 
equations  of  the  plane  problem  in  elasticity,  and  this  in  combination 
with  the  uniqueness  theorems  enables  one  to  answer  the  question  of 
their  solvability. 

As  in  the  three-dimensional  case,  the  integral  equations  for  the 
second  fundamental  problem  can  be  constructed  on  the  basis  of 
Betti’s  formula  (in  its  two-dimensional  form)  (see,  for  example, 
F.  J.  Rizzo  [1]): 


Here  Fg  (g',  q)  denotes  a  matrix  companion  to  (g',  g). 

In  conclusion  it  might  be  well  to  point  out  the  research  specially 
devoted  to  the  construction  and  investigation  of  (regular  and  singu¬ 
lar)  integral  equations  for  axially  symmetric  problems  and  also  to 
the  development  of  methods  for  their  solution.  We  shall  mention 
the  investigations  of  A.  Ya.  Aleksandrov  [2-4],  Yu.  D.  Kopeikin 
[3],  T.  Kermandis  [1],  G.  N.  Polozhii  [1,  2],  Yu.  I.  Solov’ev  [1-4], 
D.  L  Sherman  [1]  and  others. 


30.  Extension  of  the  Fredholm  Alternatives 

to  Singular  Integral  Equations  of  the  Theory 
of  Elasticity 

In  the  preceding  section  we  have  obtained  singular  integral  equ¬ 
ations  for  the  first  and  second  fundamental  problems  of  the  theory 
of  elasticity.  Each  of  Eqs.  (29.3)  and  (29.6)  represents  a  system  of 
singular  equations.  In  these  equations,  the  singular  part  of  the  kernel 
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(of  the  i/th  element)  is  of  the  form,  apart  from  a  factor  [see  (14.22)1: 


1  r  —  —  (xj  —  yj)  m 

2jr  L  r3 


(30.1) 


It  will  be  recalled  that  if  the  variables  are  changed,  the  argument 
of  each  element  of  the  symbolic  determinant  undergoes  a  linear 
transformation;  the  argument  of  the  symbolic  determinant  undergoes 
the  same  transformation,  and  in  consequence  the  set  of  its  values  is 
invariant  under  a  change  of  variables  (see  Sec.  7).  We  therefore  intro¬ 
duce  local  co-ordinates  at  each  point  q  of  the  surface  bounding  the 
elastic  body  with  the  and  axes  taken  in  the  tangent  plane  and 
the  x^  axis  along  the  normal.  The  unknowns  are  chosen  to  be  the 
components  of  vectors  q)  (g)  in  the  local  co-ordinate  system  (cp^,  (par 
(Ps),  which  also  leaves  the  index  of  the  system  unaltered.  The  system 
of  equations  (29.6),  for  example,  is  then  written  as 


91  (9)  ±  ^  J {q')  dSg-  +  T,  (q)  =  F,  {q), 

s 

92  (?)  ±  ^  J  93  (?')  dSq>  +  {q)  =  Fa  (q), 

s 


(^1— yi)  9i  (?')+(j^2— yg)  <P2  (g') 


dSq>  -\-T^{q)  — 


(30.2) 

Fsiq)- 


Here  Ti  (q)  are  regular  integral  operators  with  a  singularity 
acting  on  the  functions  (p^  (g),  (pa  (g),  cpg  (g)  (a  is  the  Lyapunov  index 
of  the  surface  5),  ^4  is  a  constant. 

The  characteristics  of  the  singular  integrals  appearing  in  Eqs. 
(30.2)  are  (x^  —  i/i)/r  =  cos  0  and  (ajg  —  1/2)/^  =  sin  0.  The  symbols 
for  these  characteristics  are  obtained  by  multiplying  them  by  2ni 
(with  the  argument  0  replaced  by  X). 

We  now  write  out  the  symbolic  determinant: 


1  0  iA  cos  0 

0  1  »^sin0  (30.3) 

—  iA  cos  0  —iA  sin  0  1 

This  determinant  is  different  from  zero  for  values  of  Poisson’s 
ratio  of  interest  in  the  theory  of  elasticity. 

Since  the  symbolic  matrix  is  Hermitian  {0^  =  a^j),  Fredholm’s 
theorems  are  fulfilled  for  Eq.  (29.6).  A  similar  conclusion  can  be 
drawn  with  regard  to  Eq.  (29.3). 

It  is  natural  that  a  direct  regularization  of  integral  equations  of 
elasticity  is  unnecessary,  if  only  because  of  the  difficulties  involved 
in  constructing  the  corresponding  equivalent  system  of  Fredholm 
equations.  Note  also  that  V.  G.  Maz’ya  and  V.  D.  Sapozhnikova  [11 
give  a  constructive  expression  for  the  regularizing  operator. 
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31.  Spectral  Properties  of  Regular 
and  Singular  Integral  Equations. 

Method  of  Successive  Approximations 

The  theorems,  proved  in  Sec.  29,  on  the  solvability  of  regular  and 
singular  integral  equations  for  the  fundamental  three-dimensional 
problems  of  elasticity  completely  solve,  in  principle,  the  problem  of 
the  mathematical  justification  of  the  integral  equation  method.  How¬ 
ever,  in  actually  solving  these  equations  (for  example,  Lauricella’s 
equations  for  problems  I"*^)  by  the  mechanical  quadrature  method,, 
the  problem  is  reduced  to  a  system  of  algebraic  equations,  frequently 
of  very  high  order.  At  the  same  time  we  remark  that  the  solution  of 
two-dimensional  singular  equations  by  the  mechanical  quadrature 
method  requires  a  corresponding  mathematical  justification  similar  to 
that  given  in  Sec.  12  for  the  case  of  one-dimensional  equations. 

A  very  promising  method  for  the  solution  of  the  equations  for  the 
fundamental  three-dimensional  problems  is  the  method  of  successive 
approximations.  Its  computational  advantages  will  be  discussed  in 
detail  in  Sec.  33.  Here  we  only  note  that  its  justification  is  equally 
valid  for  both  regular  and  singular  equations  and  follows  from  the 
spectral  properties  of  these  equations  (see  Sec.  1). 

We  now  prove  that  in  a  circle  of  unit  radius  centred  at  the  zero, 
the  point  v  =  — 1  is  the  only  eigenvalue,  and  it  is  a  first-order  pole 
of  the  resolvent.  We  begin  the  corresponding  analysis  with  the'consid- 
eration  of  Lauricella’s  integral  equation  (see  Pham  The  Lai  [1]) 

<P(9)-vfrn(9,  g')<f>(q')dSg>^f{q)  (31.1) 

S 

whose  companion  equation  is  of  the  form 

n’(5)-v  jrn(g',  q)y\?{q’)dS,>  =  g(q).  (31.2) 

s 

This  equation  may  be  interpreted  as  an  integral  equation  obtained 
by  using  a  simple  layer  potential  V  (p,  il?),  namely 

V{p,^)  =  {p,  q)  It  (?)  dSq 

8 

for  the  solution  of  the  boundary  value  problem  with  a  given  value  of 
the  iV-operator  on  the  surface  S, 

Similarly  to  (28.13),  we  write  the  equalities 

iV^+-iVF-  =  2^1)(?),  W+  +  W-  =  2  jr*i(?,  (31.3) 

S 
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Equation  (31.2)  then  becomes 

(1  -  v)  [iVF+]  -  (1  +  v)  [NV-]  =  2g  (q).  (31.4) 

By  applying  generalized  Betti’s  formula  (14.14)  to  the  displace¬ 
ment  V  (Pj  '^)  in  the  region  we  obtain 

F((7,  ^^)NV+dSg=  -  j  E{V,  F)dQ,  (31.5) 

D+ 

where  E  (F,  V)  is  defined  by  formula  (14.17). 

In  a  similar  way,  the  formula  for  the  displacements  in  the  region 
is  obtained  as 

{  V  (q,  NV-dS,  =  -  J  £■  (F,  V)dQ.  (31.6) 

S  D- 

The  last  two  formulas  show  that  the  left-hand  side  in  (31.5)  is  always 
negative,  and  in  (31.6)  it  is  always  positive. 

We  assign  two  continuous  functions,  (q)  and  (q),  on  the 
.surface  S  and,  regarding  them  as  density  functions,  we  form  simple 
layer  potentials  V  (p,  tfo)  and  V  (p,  i^b): 

V  (p,  ^a)  =  j  r  (p,  g)  (q)  dSq,  (31 .7) 

s 

V{P,  %)  =  Jr(p,  q)y^,{q)dSg.  (31.8) 

S 

On  the  basis  of  the  generalized  formula  (14.15)  we  have 

J  {F„iV+F6-F6iV+FJd5,  =  0,  J{F„iV-Fb-F,iV-F„}d5,  =  0.  (31.9) 

s  s 

We  now  prove  that  all  poles  of  the  resolvent  of  Eq.  (31.1)  are  real. 
Suppose  that  there  exists  a  complex  root  Vq  =  a  +  ib  and  consider 
the  corresponding  solution  of  the  homogeneous  equation  (31.2) 
*^0  (q)  =  vJ  +  By  using  the  functions  and  v?,  we  form  simple 
layer  potentials  V  (p,  vl)  and  V  (p,  vg),  respectively,  and  make  a 
change  in  Eq.  (31.4)  (the  appropriate  change  consists  in  replacing 
V  by  Vo): 

(1  ~  Vo)  [NWa  +  iN^V,]  =  (1  +  Vo)  [N-Va  +  iN-V,].  (31.10) 

WeJ  multiply  both  sides  of  the  last  equality  by  Va  —  iV^,  and  in- 
1;egrate  over  the  surface  S  using  formulas  (31.9).  The  result  is 

(l-Vo)  J{F,iV+F„  +  F6iV+F6}d5  = 

s 

=  (H-Vo)  J{F„iV-F„  +  F,Ar  F6}d5.  (31.11) 

s 
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Since  the  first  integral  is  different  from  zero  when  0  and 

vj;  0,  it  follows  that  the  ratio  (1  —  Vo)/(l  +  Vq)  is  real,  and  con¬ 
sequently  6  =  0.  From  equality  (31.11)  it  also  follows  that  the  ratio 
(1  —  Vo)/(l  +  Vq)  is  negative  (or  zero).  Hence,  the  value  of  Vq  must 
not  be  numerically  less  than  unity.  It  will  be  recalled  that  the  in¬ 
vestigation  made  in  Sec.  29  has  shown  that  the  value  v  =  1  is  not  a 
pole  of  the  resolvent  while  v  =  — 1  is  a  pole. 

The  last  result  of  spectral  theory  is  the  proof  of  the  fact  that  all 
poles  are  simple. 

Let  be  a  pole  of  order  other  than  unity.  Then  [see  (1.29)  and 
(1.30)]  there  exist  two  functions  on  the  surface  5,  which  will  be 
denoted  by  and  q)^,  satisfying  the  following  equalities: 

<Pa  (q)  =  j  r”  {q',  q)  {q')  dSq-, 
s 

<P6('/)— <p«(<7)/vi=vi  j  r“(9'.  q)<fb{q')dSg>. 

S 

We  represent  these  equalities  in  terms  of  potentials  Va  and  Vb  de¬ 
termined  by  q)^  and  q)^  as  density  functions: 

7V+F,  -  iV-F,  =  +  7V-F ,] , 

mV,-N-V,  +  mVb-N-Vb  =  vAN^Vb  +  N-Vb].  ^  ^ 

By  multiplying  the  first  equality  by  Vb  and  the  second  by  Fa,  adding 
together,  and  integrating,  we  obtain,  noting  (31.9), 

F„.V+F<,  =  J  V^N-V^dS.  (31 .13) 

s  s 

According  to  (31.5)  and  (31.6),  the  expressions  appearing  on  the 
left-hand  and  right-hand  sides  of  equality  (31.13)  must  be  of  oppo¬ 
site  sign  (the  expression  on  the  right-hand  side  is  different  from  zero). 
Thus,  we  come  to  a  contradiction,  and  hence  all  poles  of  the  resol¬ 
vent  are  simple. 

It  follows  from  what  has  been  proved  above  that  the  integral  equa¬ 
tion  (29.2)  can  be  solved  by  the  method  of  successive  approxima¬ 
tions  when  V  =  1  using  the  solution  in  the  form  of  (10.7)  and  (10.9). 

We  now  turn  to  the  consideration  of  singular  integral  equations. 
We  rewrite  the  singular  equations  for  the  fundamental  three-dimen¬ 
sional  problems  of  the  theory  of  elasticity:  in  the  case  of  the  first 
fundamental  problem 

<j)  (^)  —  V  j  rj  (g,  q')  (p  (q')  dSq’=F  (q), 
s 


(29.1) 
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in  the  case  of  the  second  fundamental  problem 

9(9)  — V  jri(gr,  q’)<f{q’)dSqr  =  F{q),  (29.3) 

s 

(9)  -  V  j  {q,  q')  U  {q')  dS,-  =  O  (?).  (29.6) 

S 

Since  Eqs.  (29.1)  and  (29.3)  are  companion,  and  Eqs.  (29.1)  and 
(29.6)  are  identical  (except  for  the  values  of  the  right-hand  sides  and 
the  unknown  functions),  it  is  advisable  to  consider  their  spectral 
properties  simultaneously. 

By  repeating  much  of  the  analysis  described  above  in  reference  to 
Lauricella’s  equations  with  the  operator  N  accordingly  replaced 
by  the  operator  T  [and,  of  course,  with  generalized  Betti’s  formu¬ 
la  (14.14)  replaced  by  the  conventional  one],  it  can  be  shown  that  all 
these  singular  equations  have  only  real  eigenvalues  numerically  not 
less  than  unity.  The  values  v  =  1  and  v  =  —1  have  been  previously 
considered  in  Sec.  29. 

It  is  obvious  that  the  proof  of  the  applicability  of  the  Fredholm 
alternatives  to  Eq.  (29.3)  given  in  Sec.  28  is  extended  to  the  other 
equations.  As  shown  in  Sec.  30  from  the  existence  of  equivalent 
regularization  it  follows  that  the  solutions  of  the  singular  equations 
can  be  represented  by  means  of  the  resolvent.  The  study  of  the  behav¬ 
iour  of  the  resolvent  in  the  neighbourhood  of  the  point  v  =  — 1 
[carried  out  in  the  same  way  as  for  the  regular  equation  (29.2),  i.e.^ 
by  means  of  equalities  (1.29)  and  (1.30)]  shows  (V.  D.  Kupradze  [3]) 
that  this  point  is  a  simple  pole  of  the  resolvent,  and  the  coefficient 
multiplying  l/(v  +  1)  in  its  expansion  is  the  solution  of  the  com¬ 
panion  homogeneous  equation  (as  a  function  of  the  argument  q). 

It  follows  from  the  above  discussion  that  the  singular  integral 
equations  for  the  fundamental  problems  of  the  theory  of  elasticity 
can  be  solved  by  the  method  of  successive  approximations,  with  the 
exception  of  the  equations  for  the  problem  I  “  (since  the  conditions  for 
their  solvability  cannot  generally  be  established).  This  fact  has  been 
pointed  out  by  Pham  The  Lai  [1]. 

Equation  (29.1)  for  v  =  1  (problem  I"*")  can  be  solved  by  using 
series  (10.8)  or  (10.10).  Equations  (29.3)  and  (29.6)  should  be  solved 
in  a  similar  way  in  the  case  of  the  problem  II".  In  the  problem  II ^ 
the  original  series  (10.2)  is  convergent. 

We  now  turn  to  a  direct  solution  of  the  above  equations.  Let  us 
first  consider  a  singular  equation,  obtained  by  combination*  of 


♦  Since  they  are  identical  (in  the  proper  notation). 
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<29.1)  and  (29.6),  and  Eq.  (29.3): 

<p(g)  — V  jrj(g,  g')<(){q')dSqe  =  F  (q),  (31.15) 

s 

<P(9)— v  jri(g,  q‘)(p{q')dSg>  =  F  (q).  (29.3) 

s 

The  implementation  of  the  method  of  successive  approximations  in 
reference  to  Eqs.  (31.15)  and  (29.3)  consists  in  evaluating  integrals 
of  the  form 

<Pn  (q)  =  j  {q,  q')  <p„_j  (g')  dSg', 
s 

<Pn  (q)  =  J  Ti  {q,  q')  (fn-i  (?')  dSg..  (31.16) 

s 

These  integrals  are  singular,  and  hence  the  application  of  the  well- 
known  cubature  formulas  for  their  evaluation  is  ruled  out.  P.  I.  Per- 
lin  [7,  9,  10]  has  suggested  that  the  following  identities  should  be 
used: 

(  n  (qi  q')  «P  (?')  dSg>  =  —  (p  (g)  +  J  rj  (g,  g')  [<p  (g')  — 
s  s 

—  ^(g)]^^,-,  (31.17) 

\  Tj  (g,  g')  q)  iq')  dSg’  =  —  <p  (g)  + 
s 

+  j  {r.  (g,  g')  (P  (g')  -  rj  (g,  g')  <p  (g)}  dSgr,  (31 .18) 
8 

they  have  been  termed  regular  representations  of  singular  integrals 
since  their  right-hand  sides  are  improper  integrals*  [when  the  fun¬ 
ction  q)  (q)  belongs  to  the  class  H-L].  The  derivation  of  these  identi¬ 
ties  is  based  on  the  method  of  reducing  singularities,  proposed  by 
L.  V.  Kantorovich  [1],  using  equality  (28.8)  and  the  fact  that  the 
singular  terms  of  the  matrices  FJ  (g,  g')  and  F  (g,  g')  are  the  same. 

By  applying  these  representations  to  evaluate  the  right-hand 
sides  of  relations  (31.1),  we  arrive  at  recurrence  relations 

<pn(g)=  -<iPn-i(5')+  J  ri(g,  g')[(p„-i(g')- 

s 

—  <Pn-iiq)]dSg’.  (31.17') 

«Pn(?)=  —  q>n-l(9)+  j  {ri(g,  g')<Pn-l(9')  — 

_  -ri(?.9')‘Pn-i(<7)}d-5,'.  (31.18') 

♦  Note  that  for  the  integral  with  the  kernel  {q\  q)  we  have  an  identity 
similar  to  (31.17),  which  can  be  used  to  improve  the  efficiency  of  calculations. 
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In  the  work  of  V.  M.  Likhovtsev  and  P.  I.  Perlin  [1]  the  following 
question  is  discussed.  Let  an  equation  be  solved  when  the  boundary 
conditions  are  different  from  zero  only  over  a  certain  small  part  of 
the  bounding  surface.  The  use  of  the  foregoing  recommendations  is 
not  advisable  since  it  may  be  stated  with  sufficient  certainty  that  the 
unknown  density  functions  will  differ  only  slightly  from  zero  values 
on  the  surface  (enclosing  the  zone  of  loading).  In  solving  integral 
equations,  it  is  therefore  advantageous  to  perform  the  integration 
only  over  the  remainder  of  the  surface.  It  is  then  necessary  to  introd¬ 
uce  new  regular  representations  since  representations  (31.17)  and 
(31.18)  are  based  on  identity  (28.8),  which  is  only  valid  for  a  closed 
surface. 

Consider  a  procedure  suggested  by  N.  V.  Kurnosov  and  V.  M.  Li¬ 
khovtsev  [11.  Denote  by  the  part  of  the  surface  S  that  will  be  used 
in  calculations.  Formula  (28.8)  is  rewritten  as 

jTl{q,q')dSg-=-E-  J  Tl{q,q')dSg,. 

Si  S  — Si 

A  recurrence  relation  similar  to  (31.17')  is  of  the  form* 
q)n(g)=  —  •Pn-ag)  J  q')  dSq>]  + 

S-Si 

+  j  rj(5r,  gr')  |(q)„_i(g')  — (31.19) 

Si 

The  additional  integral  is  regular  since  it  is  determined  only  at  the 
points  of  the  surface  Sj.  No  questions  arise  in  evaluating  this  integ¬ 
ral  along  the  line  bounding  the  surface  since,  first,  it  is  advis¬ 
able  to  carry  out  the  calculations  only  at  the  interior  points  of  S-^ 
and,  second,  the  corresponding  densities  at  the  edge  points  must  be 
very  small  (by  the  formulation  of  the  problem);  hence,  the  error  in¬ 
volved  in  evaluating  the  integral  comes  to  naught. 

The  construction  of  a  recurrence  relation  corresponding  to  (31.18') 
is  now  obvious. 

The  representations  introduced  above  are  also  useful  in  solving 
problems  for  semi-infinite  regions.  Naturally,  by  drawing  an  auxil¬ 
iary  surface  of  sufficiently  large  size  inside  or  outside  the  body,  it  is 
possible  to  pass  to  the  corresponding  interior  or  exterior  problem. 
If  the  original  boundary  conditions  are  required  to  be  self-balanced, 
it  appears  unnecessary  to  perform  the  integration  over  the  entire 
closed  surface  in  solving  the  integral  equation,  and  this  involves  the 
use  of  recurrence  relations  of  the  form  of  (31.19). 

*  A  special  case  when  the  surface  Si  is  flat  has  been  considered  in  the  work 
of  V.  M.  Likhovtsev  and  P.  I.  Perlin  [1]  mentioned  above. 
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32.  Differential  Properties  of  Solutions 
of  Integral  Equations 
and  Generalized  Elastic  Potentials 

In  formulating  the  boundary  value  problems  of  the  theory  of  elas¬ 
ticity  it  was  required  that  the  solution  should  be  regular  (i.e.,  it 
should  have  continuous  first  derivatives  in  the  closed  region  D  and 
continuous  second  derivatives  in  the  open  region  D),  From  the  fore¬ 
going  results  it  follows  that  if  the  bounding  surface  belongs  to  the 
class  of  Lyapunov  surfaces  and  if  the  boundary  conditions  belong 
to  the  class  H-L,  then  the  solution  of  integral  equations  belongs  to 
the  class  It  is  necessary  to  answer  the  last  question,  namely  Avheth- 
er  the  simple  or  double  layer  potentials  now  generated  are  regular 
functions  (in  the  sense  noted  above).  This  is  a  very  complicated  mathe¬ 
matical  question.  We  therefore  restrict  ourselves  to  some  definitions 
and  the  statement  of  basis  results.*  A  function  q)  (p)  is  said  to  belong 
to  the  class  {D)  if  at  each  point  of  the  region  D  it  has  all  deriva¬ 
tives  up  to  order  k,  which  can  be  continued  to  the  surface.  If,  in 
addition,  the  derivatives  of  order  k  belong  to  the  class  H-L  witli 
index  a,  we  write  cp  6  ^  {D)-  Note  that  in  this  notation  the  be¬ 

longing  of  a  function  to  the  class  H-L  is  denoted  as  (p  g  (D). 
A  surface  S  is  said  to  be  a  surface  of  the  class  Jl^  (a)  if  its  equation 
?3  =  7  ^2)  ill  a  local  co-ordinate  system  ^2) 

plane  is  tangential  and  the  ^3  axis  is  directed  along  the  normal]  is 
such  that  the  function  y  (gj,  I2)  belongs  to  the  class  The  be¬ 

longing  of  a  surface  to  the  class  of  Lyapunov  surfaces  is  then  denoted 
as  5  6  Jli  (a). 

We  introduce  a  generalized  formulation  of  boundary  value  prob¬ 
lems  of  the  theory  of  elasticity.  Suppose  that  the  potentials  con¬ 
structed  by  means  of  the  solutions  of  the  integral  equations  (29.1), 
(29.3),  and  (29.6),  with  the  above  restrictions  on  the  surface  and  the 
boundary  conditions,  give  a  solution  of  just  generalized  boundary 
value  problems. 

Below  are  given  some  results  permitting  an  introduction  of  so 
severe  restrictions  on  the  surface  and  the  boundary  conditions  that 
the  solution  of  the  integral  equations  leads  to  the  construction  of 
regular  displacements  (i.e.,  ensures  the  solution  of  the  problem  in 
the  classical  formulation). 

(1)  If  5  6  JIn+i  (o^),  (p  6  (S)  (0  <  P  <  a),  then  the  double 

layer  potential  W  (cp)  6  ^  (D)- 

(2)  If  5  g  Jl^+i  (oc),  (p  6  C'^'  ^  (S)  (0  <  p  <  a),  then  the  simple 
layer  potential  V  (q))  6  P  (D). 

(3)  If  the  density  of  the  simple  layer  potential  cp  ^  Lp,  then  at 
all  points  of  a  surface  S  6  Jli  (<^)  there  exist  limiting  boundary 

*  See  T.  G.  Gegelia  [1,  2]  and  also  V.  D.  Kupradze,  T.  G.  Gegelia  et  al,  [1]. 
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values  (along  a  non-tangent  path)  defined  by  the  formulas 

w±  (q))  =  ±  9  (p)  +  J  r|  ip,  q)  q)  {q)  dSg. 

S 

It  will  be  recalled  that  in  the  case  of  a  density  q)  6  we  have 
the  same  formula,  and  the  potential  itself  is  continuously  extendible. 

Consider  the  properties  of  the  derivatives  (with  respect  to  Carte¬ 
sian  co-ordinates)  of  a  simple  layer  potential.  If  its  density  belongs 
to  the  class  P,  then  there  exist  limiting  values  of  the  derivatives 
(along  a  non-tangent  path),  and  in  the  case  of  q)  g  C  they  are  con¬ 
tinuously  extendible  to  the  surface. 

We  also  give  the  following  result.  Let  S  6  Jlr+i  (a)»  /  6  ^ 

(a  >  P  >  0).  Then  every  solution  of  the  integral  equations 
(29.1),  (29.3),  and  (29.6)  belonging  to  the  class  Lg  belongs  to  the 
class  as  well.* 

It  appears  from  the  above  discussion  that  if  5  ^  JI2  (a)  and  /  6 
6  then  the  solution  of  the  integral  equations  leads  to  the  solu¬ 
tion  of  the  boundary  value  problem  in  the  classical  formulation. 

33.  Approximate  Methods  of  Solving  Integral  Equations 
for  Fundamental  Three-dimensional  Problems 

Numerical  methods  of  solving  integral  equations  are  based  in 
the  first  place  on  the  possibility  of  evaluating  the  integrals  appearing 
in  the  equations,  no  matter  which  method  of  solution  used:  whether 
it  is  the  method  of  successive  approximations  (when  the  whole 
integrand  is  known  at  each  stage)  or  the  mechanical  quadrature 
method  (when  the  unknown  function  is  assumed  to  be  constant  or 
varying  in  a  certain  manner  within  a  small  region,  which  enables 
one  to  pass  to  an  integral  of  a  known  expression). 

Let  the  surface  S  be  divided  into  small  (elementary)  regions  Sj 
{7  =  1,  2,  .  .  .,  N).  Denote  by  qj  the  centre  points,  and  by  q)  the 
nodal  points  (the  superscript  indicates  the  numbering  within  each 
region  iSj  (i  =  1,  2,  .  .  .,  Nj).  It  will  be  recalled  that  the  points  qj 
-are  commonly  termed  pivotal,  and  the  points  q]  nodal,  since 
the  latter  are  naturally  defined  as  the  nodes  of  a  curvilinear  net. 

Since  the  integrals  appearing  in  Eqs.  (29.1),  (29.3),  and  (29.6)  are 
singular,  their  evaluation  at  any  point  qj  requires,  by  difinition 
(see  Sec.  7),  such  a  discretization  of  the  surface  that  the  set  of  re¬ 
gions  Sj  adjacent  to  the  point  qj  is  close  to  a  region  determined  by  its 
intersection  with  a  circular  cylinder  of  small  radius  whose  axis 
passes  through  the  point  qj  along  the  normal  to  the  surface.  The 


♦  We  mention  the  work  of  A.  A.  Khvoles  [1]  where  similar  results  have  been 
obtained  under  less  severe  restrictions. 
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integral  over  the  remainder  of  the  surface  gives  an  approximate  value 
of  the  singular  integral.  Naturally,  this  approach  is  very  laborious 
since  it  requires  a  different,  at  least  local,  discretization  for  each 
arrangement  of  points  g;  (and  there  must  be  sufficiently  many  such 
points  for  a  valid  solution  of  an  integral  equation).  True,  if  the  small 
region  in  question  is  a  plane  polygon,  the  singular  integrals  under 
consideration  can  be  evaluated  in  closed  form  (A.  Ya.  Aleksandrov  [1], 
T.  A.  Cruse  [1]).  It  is  obvious  that  in  the  general  case  when  the  sur¬ 
face  is  curved,  the  application  of  cubature  formulas  virtually  based 
on  the  polygonization  of  the  surface  entails  a  considerable  loss  of 
accuracy. 

Another  way  of  constructing  cubatures  for  the  singular  integrals 
under  consideration  is  to  use  the  regular  representations  (31.17) 
and  (31.18)  reducing  them  to  improper  (regular)  integrals.  Such  an 
approach  opens  up  possibilities  for  constructing  simple  cubature 
formulas  on  a  difierent  basis. 

As  regards  an  estimate  of  the  efficiency  of  particular  cubature 
formulas  (in  reference  to  the  solution  of  integral  equations)  the  fol¬ 
lowing  must  be  kept  in  mind.  Asufficiently  high  accuracy  is  of  value 
only  if  it  coiubines  with  ease  of  programming  and  little  labour  in 
debugging  a  computational,  scheme.  The  point  is  that  the  program 
debugging,  as  a  rule,  requires  calculations  for  several  discretizations 
(in  order  to  establish  the  actual  accuracy  of  solution),  and  it  is 
therefore  extremely  desirable  that  the  amount  of  work  involved  in 
altering  the  source  information  should  be  minimum. 

We  now  turn  to  a  direct  consideration  of  the  algorithms  themselves. 
Let  the  integral  equations  be  fulfilled  at  the  pivotal  points.  The 
density  is  assumed  to  be  constant  within  each  region  Sj  and  equal  to 
its  value  at  the  pivotal  point.  The  implementation  of  the  mechanical 
quadrature  method  then  reduces  to  a  system  of  algebraic  equations  of 
order  3A"  (9A^  coefficients).  Note  that  in  the  case  of  the  problem 
II"^  there  may  be  difficulties  since  the  system  is  close  to  a  degenerate 
one  (the  determinants  decrease  with  increasing  order  of  the  system). 
Attention  is  also  drawn  to  the  fact  that  the  question  of  the  convergence 
of  approximate  solutions  to  the  exact  one  (with  increasing  N)  is 
left  open  for  the  method  under  discussion  since  the  corresponding 
proof  is  only  available  for  the  case  of  regular  equations  (see  Sec.  11) 
and  when  the  equation  does  not  involve  the  eigenvalue. 

We  now  consider  the  method  of  successive  approximations  in  great¬ 
er  detail  and  point  out  some  of  its  advantages.  First,  its  implementa¬ 
tion  requires  the  retention  of  only  the  last  iteration  and  the  sum  of 
the  preceding  ones  (altogether  6N  numbers)  in  the  memory  of  a  com¬ 
puter.  Second,  since  there  is  a  proof  of  convergence  (in  the  case  of 
its  exact  implementation)  and  the  approximate  determination  of 
a  finite  sum  of  the  series  (see  Sec.  10)  reduces  to  a  finite  number  of 
cubatures,  it  may  be  stated  that  the  numerical  algorithm  leads  to 
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a  solution  with  given  accuracy  for  a  sufficiently  fine  discretization. 

True,  it  may  happen  that  the  convergence  of  iterations  in  a  partic¬ 
ular  problem  is  very  slow  and  a  direct  implementation  of  the  algo¬ 
rithm  becomes  more  complicated.  However,  calculations  show  (and 
this  agrees  with  the  results  following  from  the  properties  of  the 
resolvent)  that  the  functions  (q)  begin  fairly  quickly  to  coincide 
with  the  terms  of  a  geometric  progression  with  a  common  (for  all 
points  of  the  surface)  denominator  (determined  by  the  position  of 
the  second  pole  of  the  resolvent).  As  the  denominator  of  the  progres¬ 
sion  settles  down  to  a  stable  (averaged)  value,  the  ramainder  of  the 
series  can  therefore  be  summed  up  analytically. 

Let  us  now  consider  the  question  concerning  the  solution  of  the 
integral  equations  for  the  problem  II'*’.  As  noted  in  Sec.  10,  the  im¬ 
plementation  of  an  arbitrarily  large  number  of  iterations  for  a  fixed 
discretization  of  the  surface  must  lead  to  the  divergence  of  the  algo¬ 
rithm.  If,  however,  the  series  is  understood  in  the  asymptotic  sense, 
its  convergence  can  be  guaranteed.  In  this  case  the  following  proce¬ 
dure  should  be  adopted.  For  a  given  number  of  terms  of  the  series, 
perform  calculations  with  decreasing  size  of  the  regions.  This  process 
necessarily  converges  since  it  reduces  to  evaluating  a  finite  number  of 
integrals.  Further  the  number  of  terms  of  the  series  is  increased,  and 
the  calculations  are  performed  for  a  suitably  chosen  discretization. 
In  the  work  of  P.  I.  Perlin  [10]  a  method  is  proposed  in  which  a  cor¬ 
rection  is  made  in  each  iteration  in  reference  to  Eq.  (29.3): 

6 

(?')  =  <Pn  (?')  —  2  'I’i  (?)  (23-1) 

i=l  S 

where  ipi  (q)  is  the  orthonormal  system  of  eigenfunctions  of  the  com¬ 
panion  equation  (these  functions  are  linear). 

Note  the  following.  Whatever  the  right-hand  side  of  Eq.  (29.3), 
series  (10.9)  must  be  convergent,  and  this  means  that 

lim  (pn  (q')  =  —  lira  (p^-i  {q')  =  lim  f  Tj  (q',  q)  (p„_,  (q)  dSq.  (33.2) 

n-^oo  n->oo  n^oo 

S 

Thus,  the  recurrence  process  (10.2)  must  lead  to  the  construction  of 
the  eigenfunction  of  Eq.  (29.3)  with  an  arbitrary  right-hand  side.* 
Hence,  though  series  (10.2)  may  be  divergent,  it  will  lead  (with 
a  sufficiently  fine  discretization)  to  stable  stress  values  since  the 
eigenfunctions  determine  only  a  rigid-body  displacement. 

Below  are  given  some  implementation  schemes  for  the  method  of 
successive  approximations  on  the  basis  of  regular  representations. 

*  Similar  considerations  in  reference  to  an  equation  involving  the  eigen¬ 
value  X  =  1  are  presented  in  the  monograph  of  P.  P.  Zabreiko  ei  al.  [1]. 
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The  problem  reduces  to  the  following  cubatures: 

[  (ri  {q\  q)  <P„-1  (?)—  Tj  {q\  q)  (?')}  dSq, 
s 

j  Ta  {q',  q)  [<Pn.j  {q)  —  (pn_i  (q')]  dSg. 
s 


(33.3) 


We  first  assume  that  the  integrand  is  constant  within  each  region. 
The  integral  sum  at  the  point  qj  is  then  represented  as 

N 

2  tri  (<?,-,  (7^)]  A5i,  (33.4) 

i=l 


where  ASi  is  the  area  and  a  prime  indicates  that  the  jih  term  is 
omitted.  The  remaining  equations  are  obvious. 

The  approach  leading  to  more  exact  cubature  formulas  is  more 
difficult  to  realize.  Let  each  term  of  the  integral  sum  be  represented 
as  the  product  of  the  average  value  (over  the  nodal  points)  of  the 
integrand  and  the  area  of  the  region.  We  then  have 

V 

2  ^  {  2  ‘Pn-i  (?{)  ~  ^2  {qj,  q^}  (p„_,  (9^-)]  }  (33.5) 

i=l  ^  k=\ 


As  before,  the  calculation  of  the  functions  (p„  (g)  is  carried  out  by 
numerical  integration  at  the  pivotal  points.  The  calculation  of  these 
functions  at  the  nodal  points  required  for  the  implementation  of 
formulas  (33.5)  is  performed  by  interpolation  between  the  nearest 
pivotal  points.  Naturally,  it  is  advisable  to  rearrange  the  terms  in 
(33.5)  in  each  specific  case. 

Below  are  given  the  results  of  model  calculations  on  the  basis  of 
the  above  algorithm.  Consider  the  interior  and  exterior  problems  for 
a  sphere.  The  load  reduces  to  a  unit  hydrostatic  pressure.  The  surface 
is  divided  by  means  of  a  geographic  coordinate  system  (8  by  8). 
Table  1  gives  values  of  the  moduli  of  the  functions  (g)  (/z  =  1,  2, 
3,  4),  the  corresponding  sums,  and  the  exact  values*  for  two  points 
of  the  surface:  at  the  pole  (point  A)  and  at  the  equator  (point  B). 
The  calculations  were  performed  for  v  =  0.3.  The  discrepancy  be¬ 
tween  the  values  at  the  points  A  and  B  is  due  to  a  difference  in  the 
actual  size  of  the  elementary  regions. 


*  An  example  of  constructing  exact  solutions  for  a  spherical  surface  is  dis¬ 
cussed  at  the  end  of  this  section. 
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Table  1 


Densities  for  Spherical  Surface 


Oo 

(pl 

0)2 

<P4 

Cp- 

Cp  + 

^^exact 

^exact 

A 

B 

1.000 

1.000 

0.247 

0.269 

n 

0.015 

0.016 

0.004 

0.004 

-1.329 

-i.353 

0.804 

0.784 

-1.312 

-1.312 

Table  2  gives  similar  data  for  the  case  of  a  spheroidal  surface.  The 
surface  was  divided  into  15  by  15  and  25  by  25  parts.  The  loading 
also  reduced  to  a  unit  hydrostatic  pressure. 


Fig.  16.  Space  with  two  cubic  cavities 

Let  us  now  consider  an  example  of  practical  interest  (see  E.  M.  Sha- 
farenko  [1]).  Suppose  that  there  are  two  identical  cubic  cavities  in 
space  (Fig.  16),  which  are  subjected  to  a  unit  hydrostatic  pressure.* 
The  discretization  of  the  surface  is  determined  by  a  specification  of 
several  points  at  the  edges.  The  straight  lines  joining  them  form 
a  corresponding  rectangular  mesh.  The  calculations  were  carried  out 
for  6,  8,  and  10  points  specified  at  the  edges.  Below  are  given  the 

*  The  questions  concerning  the  irregularity  of  the  boundary  are  considered 
in  Sec.  37. 
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Table  2 


Densities  ior  Spheroidal  Surface 
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results  for  eight  points  since  the  transition  to  ten  points  does  not 
substantially  affect  the  accuracy  of  solution.  The  subdivision  of  the 
edges  into  portions  is  not  uniform:  0.05a,  0.1a,  0.15a,  0.2a  and  in 
reverse  order. 

The  calculations  were  carried  out  for  the  case  of  a  single  cavity 
{b  =  oo),  b  =  2a  and  b  =  0.75a.  Table  3  gives  values  of  the  compo¬ 
nents  (ip,\  and  (p^  (the  latter  in  parentheses)  at  several  points  of  the 


Fig.  17.  Stresses  Oi,  03,  0.3  along  a  line  joining 
the  centres  of  cubic  cavities 


boundary  whose  co-ordinates  are  indicated.  For  the  case  of  one  cavity 
the  origin  is  placed  at  its  centre,  and  for  two  as  shown  in  Fig.  16. 

The  number  of  iterations  is  seven.  The  error  in  fulfilling  the  integ¬ 
ral  equation  does  not  exceed  0.5  per  cent.  Figure  17  gives  the  stress 
diagrams  =  O2  and  Ug  along  a  line  joining  the  centres  of  cavities, 
with  partition  thicknesses  being  different:  2b  =  3a  (solid  lines) 
and  2b  =  0.5a  (dashed  lines).  The  calculations  show  that  the  solu¬ 
tions  for  one  and  two  cavities  with  6=  2a  are  practically  the  same. 
To  check  the  accuracy  for  the  given  discretization,  the  solution  of 
the  interior  problem  is  constructed.  In  this  case  the  error  for  the 
stresses  does  not  exceed  1  per  cent. 

It  might  be  well  to  point  out  a  procedure  permitting  a  considerable 
reduction  of  the  amount  of  calculations  without  any  significant  loss 
of  accuracy  (S.  F.  Stupak  [1]).  The  calculation  of  q)^  (q)  is  performed 
only  at  some  of  the  pivotal  points,  and  at  the  others  the  values  are 
found  by  interpolation  of  one  kind  or  another  using  the  previously 
calculated  values  at  the  first  group  of  points  as  the  base.  The  ques¬ 
tions  of  implementation  of  such  an  approach  in  reference  to  three- 
dimensional  problems  for  bodies  bounded  by  a  set  of  surfaces  fre¬ 
quently  encountered  in  applications  are  studied  in  the  work  of 
E.  M.  Shafarenko  and  A.  Z.  Shternshis  [1].  The  authors  also  describe 
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another  procedure  of  improving  the  efficiency  of  the  algorithm.  The 
idea  is  to  use  a  mesh  with  a  so-called  variable  interval  introducing 
a  local  (fairly  fine)  discretization  in  the  neighbourhood  of  a  point  q 
when  calculating  (f)„  {q)  along  with  the  global  (general)  discretiza¬ 
tion.  The  function  q);,  (^)  is  determined  by  interpolation  at  the  res¬ 
ulting  additional  nodal  points. 

In  the  same  work  the  authors  suggest  that  a  surface  should  be 
described  by  so-called  shape  functions  widely  used  in  the  implemen¬ 
tation  of  the  finite  element  method  (see  0.  C.  Zienkiewicz, 
Y.  K.  Cheung  [1]).  The  whole  surface  is  divided  into  large  portions 
each  of  which  is  mapped  by  means  of  a  curvilinear  coordinate  system 
into  a  square  in  an  auxiliary  plane.  Shape  functions  of  the  second 
order  require  eight  points  for  their  specification,  namely  vertices 
and  middle  points  of  the  sides.  After  such  a  descretization  the  genera¬ 
tion  of  a  fine  mesh  required  in  the  implementation  of  cubatures  can 
easily  be  automated.  To  do  this,  it  is  necessary  to  specify  several 
points  on  the  sides  of  each  of  the  squares.  The  square  itself  is  then 
subdivided  by  segments  joining  these  points  into  rectangles.  The 
quadrilaterals  formed  on  the  original  surface  are  curvilinear. 

The  division  of  a  surface  into  portions  is  performed  so  that  the 
approximation  by  functions  of  some  order  is  sufficiently  close  to  the 
surface.  Moreover,  it  is  necessary  to  allow  for  a  different  degree  of 
discretization  of  the  surface.  It  might  be  well  to  explain  this.  Suppose 
there  is  reason  to  think  that  a  fine  discretization  is  needed  in  a  partic¬ 
ular  portion.  If  this  portion  is  included  in  a  large  one  (and  not  made 
into  a  separate  one),  it  turns  out  that  because  of  the  construction 
adopted  in  automation  an  excessively  fine  (parasitic)  mesh  is  gener¬ 
ated  in  four  adjacent  regions,  and  this  naturally  reduces  the  total 
resource  of  the  computational  scheme. 

Consider  a  special  case  of  the  three-dimensional  problem  for  bodies 
of  revolution  (N.  F.  Andrianov  [11).  In  this  case  it  is  natural  to 
perform  discretization  by  parallels  and  meridians.  Let  a  matrix 
Ti  {q  1  q)  be  calculated  for  a  pair  of  points  q  and  q.  Before  passing 
to  a  matrix  Fj  {q\  q^),  where  is,  in  general,  an  adjacent  point  to  g, 
we  construct  a  matrix  F^  (gj,  g^)  for  which  the  points  q[  and  gi  are 
obtained  from  g'  and  g  by  rotation  through  one  division.  It  is  easily 
seen  that  the  elements  of  this  matrix  are  the  elements  of  the  preceding 
matrix,  which  must  therefore  be  retained  in  the  memory  of  a  com¬ 
puter.  This  procedure  is  continued  until  a  complete  revolution  about 
the  axis  of  rotation  is  performed.  Of  course,  one  may  speak  of  the 
efficiency  of  the  proposed  techniques  under  loading  conditions  for 
which  uniform  (in  angle)  discretization  is  advisable. 

Let  us  now  study  specific  features  of  axially  symmetric  problems 
on  the  basis  of  the  general  equations  for  the  three-dimensional  prob¬ 
lem.  Naturally,  in  this  case  it  is  well  to  use  parallels  and  meridians 
for  discretization.  Because  of  axial  symmetry  the  vector  q)  (g)  and, 
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of  course,  each  of  the  functions  (q)  at  the  points  of  each  parallel 
is  constant  in  magnitude  and  lies  in  a  meridional  plane.  The  rela¬ 
tions  between  its  projections  in  a  Cartesian  co-ordinate  system  (this 
is  the  system  used  in  integral  equations)  and  a  cylindrical  co-ordi¬ 
nate  system  are  of  the  form 

ffa:  =  (pr  ('■- 2)  cos  (p,  cpy  =  cp^  (r,  z)  sin  fp.  (33.6) 

Let  the  order  of  evaluation  of  the  integral  sum  be  such  that 
meshes  on  one  parallel  are  passed  in  succession.  It  is  then  possible 
(S.  F.  Stupak  [11)  to  sum  numerically  the  corresponding  combina¬ 
tions  of  integrands  having  the  factors  cos  cp  and  sin  cp.  As  a  result,  all 
the  information  required  to  perform  iterations  is  so  compact  that  it 
can  be  entered  into  the  storage  of  a  computer.  Hence,  the  calcula¬ 
tion  of  each  iteration  (after  this  preparatory  work)  does  not  take 
much  time.  Later,  in  the  work  of  V.  G.  Kostylev  and  N.  F.  Andria¬ 
nov  [11  the  integration  with  respect  to  the  angle  was  performed  ex¬ 
plicitly,  which  led  to  elliptic  integrals. 

Let  us  consider  procedures  for  solving  integral  equations  by  the 
mechanical  quadrature  method.  Based  on  his  cubature  formulas, 
T.  A.  Cruse  [1]  has  obtained  solutions  of  several  model  problems 
(the  exterior  and  interior  problems  for  a  sphere)  using  Eqs.  (29.6). 
Since  the  above  cubatures  require  polygonization  of  the  surface, 
a  discretization  of  the  surface  (unsuitable,  in  the  author’s  opinion) 
has  been  made  leading  to  a  significant  error. 

A.  Ya  Aleksandrov  [7]  constructs  a  solution  of  Eq.  (29.3).  The 
procedure  of  constructing  the  cubatures  is  such  that  it,  in  fact,  imme¬ 
diately  leads  to  the  calculation  of  the  left-hand  side  of  the  equation. 
The  author  assumes  a  load  uniformly  distributed  over  a  rectangle. 
By  summing  the  Kelvin-Somigliana  solutions,  it  is  possible  to 
determine  the  stresses  from  the  two  sides  of  the  area.  By  symmetry, 
these  stresses  are  numerically  equal,  but,  according  to  (27.13), 
their  difference  is  equal  to  a  given  load.  The  limiting  values  are 
therefore  equal  to  half  the  load.  Note  that  approximate  formulas  are 
proposed  for  calculating  the  regular  terms.  The  resulting  system  of 
algebraic  equations  is  solved  by  successive  approximations.  In  the 
same  work  a  specific  example  is  given:  the  solution  of  the  problem 
for  a  cube  subjected  on  two  opposite  faces  to  normal  loads  uniformly 
distributed  over  a  square.  The  lack  of  an  exact  solution  or  a  solution 
for  several  discretizations  prevents  an  error  estimation. 

In  the  work  of  J.  C.  Lachat,  J.  0.  Watson  [2]  it  is  noted  that  the 
use  of  cubature  formulas  based  on  the  surface  requires  a  very  fine 
discretization  to  attain  a  reasonable  accuracy.  Taking  into  account 
the  variation  of  the  density  in  each  polygon  did  not  lead  to  any 
significant  improvement  of  the  algorithm.  On  this  account,  apparent¬ 
ly,  it  has  been  suggested  that  the  cubature  formulas  should  be 
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constructed,  in  fact,  on  the  basis  of  the  same  formula  (31.17)  using 
generalized  Cxauss’  theorem  (27.8)  (T.  A.  Cruse  [4]). 

Note  that  in  the  case  where  the  boundary  surface  is  a  sphere  the 
solution  of  the  integral  equations  can  be  obtained  as  series  in  as¬ 
sociated  Legendre  polynomials.  The  construction  of  the  solution  calls 
for  the  complete  set  of  particular  solutions  of  the  elasticity  problem 
for  the  outer  and  inner  regions  (see  A.  I.  Lur’e  [1]).  By  considering 
the  corresponding  pair  of  solutions  (for  the  inner  and  outer  regions) 
as  a  simple  layer  potential  (the  displacements  must  be  identical  on 
the  surface),  its  density  can  be  determined  by  using  formula  (28.13). 
By  performing  the  inverse  procedure,  the  potential  can  be  restored. 
The  boundary  condition  is  therefore  expanded  in  a  series  of  poly¬ 
nomials,  and  a  solution  is  found  for  each  harmonic.  This  procedure 
has  been  used  in  the  works  of  P.  I.  Perlin  [4]  and  P.  I.  Perlin  and 
S.  F.  Stupak  [1]  in  a  certain  stage  of  the  solution  of  axially  symmet¬ 
ric  problems  for  bodies  bounded  by  two  surfaces. 

D.  G.  Natroshvili  [1]  was  able  to  sum  up  the  solution  in  series, 
which  led  to  the  construction  of  the  Green’s  function  for  a  sphere. 

The  foregoing  will  be  illustrated  by  a  simple  example.  Let  the 
problem  be  solved  for  a  sphere  of  radius  R  subjected  to  a  hydrostatic 
pressure  In  spherical  co-ordinates  we  have 


Ur^ 


3X-r2\i^ 


o,  =  p+. 


(33.7) 


The  correspondingsimple  layer  potential  in  the  outer  region  obvious¬ 
ly  leads  to  a  solution  depending  only  on  the  radius.  Let  p~  be  the 
corresponding  limiting  value  of  the  stress  vector  from  the  outside  of 
the  region.  The  solution  itself  is  then  represented  as 


Ur=  - 


p-m 
4pr‘-2  ’ 


(33.8) 


By  equating  the  displacements  on  the  surface,  we  obtain 


The  jump  in  the  stresses  is  equal  to  twice  the  density: 


2(p  =  p+-p-  =  p+^|^.  (33.9) 


The  results  of  calculation  by  this  formula  for  v  =  0.3  have  been 
previously  given  in  Table  1. 

After  the  solution  of  the  integral  equations  is  obtained  in  some 
way  or  other,  the  stresses  and  displacements  must  be  calculated. 
For  the  case  of  interior  points  this  problem  involves  no  difficulties  of 
principle  since  it  reduces  to  that  of  evaluating  the  corresponding 
integrals  of  regular  kernels  obtained  by  differentiating  the  matrix 
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r  {q  ,  q)  and  possibly  Fg  {q  ,  q).  It  should  be  noted  that  the  stress 
tensor  can  be  obtained  directly  from  the  integral 

j  ri(p,  q)(^{q)  dSq  (33.10) 

s 

by  assigning  successively  three  normal  directions  at  the  point  p 
parallel  to  the  co-ordinate  axes. 

It  should  be  remembered  (especially  in  calculations  at  points  near 
the  boundary)  that  it  is  necessary  to  introduce  an  additional  discreti¬ 
zation  (along  with  the  original  one  used  in  solving  the  integral  equa¬ 
tion).  Of  course,  this  applies  to  the  part  of  the  surface  that  is  close 
to  the  points  under  consideration. 

The  problem  of  determining  the  stresses  at  points  situated  on  the 
surface  is  more  complicated.  If  the  polygonization  of  the  surface  has 
been  performed  (it  now  suffices  to  perform  this  procedure  in  the  neigh¬ 
bourhood  of  the  point  under  investigation),  one  can  use  the  formu¬ 
las  resulting  from  the  constructions  of  A.  Ya.  Aleksandrov  [7]  and 
T.  A.  Cruse  [1]. 

In  the  general  case  the  regular  representations  (31.18)  can  only 
be  applied  for  the  stress  components  that  enter  into  the  boundary 
conditions  (it  is  worth-while  to  use  them  as  a  check  on  the  accuracy). 
The  stress  components  that  do  not  enter  into  the  boundary  condi¬ 
tions  can  be  determined  by  a  procedure  originally  suggested  by 
P.  I.  Perlin  and  V.  N.  Samarov  [11  for  somewhat  different  purposes 
(see  Sec.  35).  Its  justification  follows  from  the  differential  properties 
of  a  simple  layer  potential  whose  density  is  the  solution  of  the 
integral  equation  (see  Sec.  32).  The  displacements  (unlike  the  stresses) 
are  calculated  rather  easily  on  the  boundary  since  here  we  have 
to  deal  with  improper  integrals.  Obviously,  after  calculating  the 
displacements  at  the  points  of  the  boundary,  we  can  find  three  com¬ 
ponents  of  the  strain  tensor.  By  using  three  components  of  the 
stress  tensor  known  from  the  boundary  conditions,  we  can  determine 
the  remaining  ones  by  Hooke’s  law. 

In  solving  the  problem  I  (by  means  of  the  double  layer  potential), 
it  is  well  to  determine  the  displacements  at  points  located  near  the 
surface  as  follows.  Let  a  point  q  be  chosen  on  the  surface  in  the  imme¬ 
diate  vicinity  of  the  point  pat  which  the  displacements  are  calculat¬ 
ed.  Next  the  identity  following  from  Gauss’  theorem  (28.8)  is  used. 
The  result  is 

u  {p)=  \  T2(p,  q)l<f{q)—<p(q')]dSq  —  a(f{q')  (33.11) 

s 

where  a  =  0  for  the  exterior  problem,  and  a  =  2  for  the  interior 
problem. 

Suppose,  now,  that  the  second  fundamental  problem  has  been 
solved  using  Eq.  (29.6).  The  displacements  on  the  boundary  are  then 
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determined  directly  from  the  integral  equation.  The  stresses  are 
therefore  most  easily  found  by  differentiating  the  displacements.  It 
should  be  noted  that,  in  general,  the  determination  of  the  stresses 
in  this  case  at  points  close  to  the  boundary  is  a  more  complicated 
task  than  in  the  case  of  Eq.  (29.3)  since  the  double  layer  potential 
has  to  be  differentiated  as  well.  Similar  difficulties  arise  when  the 
problem  I  is  solved  with  the  help  of  Eq.  (29.1). 

As  has  already  been  noted,  the  solution  of  the  second  fundamental 
problem  can  be  carried  out  using  either  Eq.  (29.3)  or  Eq.  (29.6). 
In  principle  they  are  completely  equivalent,  being  companion  to 
each  other.  Let  us  compare  them  from  the  standpoint  of  computational 
implementation.  An  apparent  disadvantage  of  Eq.  (29.6)  is  that  the 
right-hand  side  has  to  he  calculated  beforehand.  Since  it  is  an  improp¬ 
er  integral,  the  calculations  will  obviously  involve  a  significant 
error.  Of  course,  the  loading  conditions  may  be  such  that  the  forces 
are  zero  over  part  of  the  surface,  and  the  evaluation  of  integrals  is 
therefore  simplified.  A  certain  advantage  in  that  the  displacements 
on  the  surface  are  found  directly  from  the  solution  of  the  integral 
equation  does  not  appear  to  be  so  important.  The  point  is  that  in 
using  Eq.  (29.3)  to  determine  displacements,  the  same  improper 
integrals  must  be  evaluated,  but  generally  only  at  several  boundary 
points.  There  are  also  difficulties  in  determining  the  stresses  at 
points  near  the  boundary  (as  has  already  been  noted). 

Thus,  in  our  opinion  Eq.  (29.3)  is  more  preferable.* 

We  now  turn  to  the  consideration  of  numerical  procedures  for  solv¬ 
ing  three-dimensional  problems,  also  based  on  potential  methods. 
V.  D.  Kupradze  141  has  proposed  a  method  for  the  solution  of  the 
fundamental  three-dimensional  problems  of  the  theory  of  elasticity 
using  functional  equations  obtained  from  Betti’s  formulas: 

\T,(p.  q)U(q)dSg-  f  r(p,  q)T„Uiq)dS,^=0  (14.30') 

S'  s 

for  all  points  p  not  belonging  to  the  region  in  which  the  solution  of 
the  boundary  value  problem  is  sought.  In  the  case  of  the  first  funda¬ 
mental  problem  the  first  term  is  prescribed,  and  in  the  case  of  the 
second  fundamental  problem  the  second.  Accordingly,  the  unknown 
functions  are  the  external  stresses  or  the  displacements  on  the  bound¬ 
ary.  Several  points  are  chosen  outside  the  region.  It  is  required  that 
Eq.  (14.30')  should  be  fulfilled  at  these  points.  Next  the  surface  S  is 
discretized  into  the  same  number  of  portions,  and  the  unknown  func¬ 
tions  are  assumed  to  be  constant  within  each  portion.  By  evaluating 
the  corresponding  integrals,  we  arrive  at  a  system  of  algebraic  equa¬ 
tions.  The  questions  of  actual  implementation  of  this  algorithm  are 
discussed  in  the  monograph  of  Yu.  V.  Veryuzhskii  [1]. 

*  Note  that  American  authors  construct  the  solution  using  Eq.  (29.6). 
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In  the  work  of  N.  M.  Khutoryanskii  [1]  a  system  of  functional 
relations  is  constructed  by  expanding  the  kernels  of  the  functional 
relation  (14.30').  It  is  shown  that  this  system  falls  into  a  set  of  in¬ 
dependent  systems  for  bodies  of  revolution. 

The  functional  equations  under  consideration  serve  as  the  basis 
for  a  method  called  the  generalized  series  method  (V.  *D.  Kupradze 
and  M.  A.  Aleksidze  [1]).  To  implement  it,  a  surface  is  taken  outside 
the  body  and  a  countable  set  of  points'  is  chosen  on  it.  Particular 
solutions  (corresponding  to  concentrated  forces  applied  at  these  points) 
are  used  to  construct  a  set  of  orthonormal,  average  complete  func¬ 
tions  on  S.  It  can  be  shown  that  explicit  expressions  in  integral  form 
are  obtained  for  the  Fourier  coefficients  of  the  unknown  func¬ 
tion. 

In  conclusion  we  discuss  the  solution  of  plane  elasticity  problems. 

Note  that  in  contrast  to  the  three-dimensional  case  the  solution  of 
the  equations  for  the  plane  problem  reducing  to  one-dimensional 
singular  integral  equations  involves  no  difficulties  of  principle.  As 
noted  in  Sec.  12,  the  evaluation  of  one-dimensional  singular  integrals 
can  be  performed  directly  by  formulas  of  sufficiently  simple  struc¬ 
ture.  The  specific  features  of  the  singular  integrals  appearing  in 
Eqs.  (29.19)  and  (29.20)  make  it  possible  to  use  regular  representations. 

In  the  work  of  F.  J.  Rizzo  [1]  a  numerical  method  is  proposed  for 
solving  the  integral  equation  (29.20).*  The  contour  of  integration 
is  divided  into  a  number  of  arcs  by  points  and  a  point  is  chosen 
on  each  of  them  denoted  by  and  equidistant  from  and 
The  displacements  U  {t)  are  assumed  to  be  constant  within  each  arc 
and  are  assigned  to  the  appropriate  point  The  solution  of  the 
integral  equation  is  performed  by  equating  the  left-hand  and  right- 
hand  sides  at  all  points  The  necessary  values  of  the  singular  terms 
are  found  in  explicit  (elementary)  form  since  the  arc  is  re¬ 
placed  by  a  broken  line  ^^+1  and  actually  the  angle  between 

and  tk+\  is  calculated.  The  regular  terms  are  found  by  Simpson’s 
formula. 

In  Rizzo’s  work  some  calculations  are  given.  The  author  considers 
a  problem  for  a  circle  loaded  by  a  normal  pressure  whose  relation  to 
the  polar  angle  is  of  the  form  N  =  P  cos-  (p.  The  solution  is  construct¬ 
ed  for  12  and  24  arcs  of  equal  length.  The  position  and  numbering 
of  portions  are  chosen  so  that  the  point  corresponds  to  the  angle 
(p  =  0.  Table  4  gives  values  of  the  relative  error  in  displacements 
Aj  and  A2  (as  fractions  of  the  maximum  displacement)**  at  points  of 
one  quadrant.  Poisson’s  ratio  is  v  0.25. 


*  Note  that  a  method  for  solving  the  singular  integral  equations  of  N.  S.  Ka- 
khniashvili  [1]  has  been  previously  proposed  by  A.  Ya.  Aleksandrov  [1]. 

**  The  projections  of  displacement  on  the  directions  (p  —  0  and  9  =  tl/2 
are  meant.  The  error  is  determined  by  the  exact  solution. 


33] 


approximate  :\iethods  of  .solutions 


237 


Table  4 

Error  in  Displacements  for  a  Circle  with  Two  Divisions 


Points 

n  = 

12 

Points 

n  = 

=  24 

Ai 

A2 

Ai 

A2 

1 

0.0482 

0.0000 

1 

0.0268 

0.0000  . 

2 

0.0185 

0.0211 

2 

0.0003 

0.0601 

3 

0.0000 

0.0313 

4 

0.0184 

0.0258 

3 

0.0519 

.  0.0165 

5 

0.0261 

0.0091 

6 

0.0184 

0.0085 

4 

■0.0000 

0.0317 

7 

0.0000 

0.0157 

A  solution  is  also  obtained  of  the  problem  for  a  rectangle  with 
a  side  ratio  of  8.  The  loading  reduces  to  a  pressure  uniformly  distrib¬ 
uted  along  the  shorter  sides.  The  contour  is  divided  into  48  parts 
so  that  the  centre  points  are  off  the  corners  and  the  portions  are  of 
the  same  length.  The  numbering  is  chosen  so  that  the  point  cor¬ 
responds  to  the  middle  of  the  shorter  side.  Table  5  gives  errors  in 
displacements  (Ai  and  Ag)  at  points  of  one  quadrant.  Poisson’s  ratio 
is  V  =  0.2. 


Table  5 


Error  in  Displacements  for  a  Rectangle 


Points 

Ai 

Ai 

Points 

Ai 

A2 

1 

0.0036 

0.0000 

5 

0.0033 

0.0138 

2 

0.0015 

6 

0.0126 

3 

0.0058 

7 

0-.0118 

4 

0.0102 

0.0138 

8 

0.0005 

0.0115 

The  questions  of  the  efficient  solution  of  the  singular  equations 
(29.21)  by  the  mechanical  quadrature  method  using  interpolation 
polynomials  are  studied  in  the  work  of  Yu.  D.  Kopeikin,  M.  I. 
Alyautdinov  and  Yu.  L.  Bormot  [1]. 

Consider  the  specific  features  of  the  solution  of  integral  equations  in 
elasticity  when  Poisson’s  ratio  is  close  to  0.5.  If  we  set  v  =  0.5  in  the 
integral  equations,  the  equations  obtained  are  identical  with  those 
for  a  linearized  flow  of  viscous  incompressible  fluid  derived  and 
investigated  by  F.  K.  G.  Odqvist  [1].  It  is  shown  that  these  equa- 
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tions  have  the  same  spectral  properties  as  Eqs.  (29.1)  and  (29.3)  and, 
in  addition,  the  point  A-  =  1  is  a  simple  pole  of  the  resolvent.  The 
eigenfunction  for  the  equation  of  the  second  exterior  problem  is  known; 
this  is  a  vector  function  directed  along  the  normal  to  the  surface  and 
having  a  constant  length  q)*(g)  ^  Cn. 

It  should  be  borne  in  mind  that  a  direct  study  of  elasticity  prob¬ 
lems  for  an  incompressible  medium  cannot  be  adequately  made  on 
the  basis  of  the  integral  equations  (29.1)  and  (29.3)  if  v  =  0.5  is 
substituted  in  them,  but  it  seems  advisable  to  use  the  properties 
of  these  equations  to  study  the  behaviour  of  the  solution  for  values 
of  Poisson’s  ratio  close  to  0.5. 

Since  the  point  =  1  is  a  pole  of  the  resolvent  for  an  incompressi¬ 
ble  medium,  it  is  natural  to  expect  that  as  Poisson’s  ratio  tends  to 
0.5,  the  convergence  of  the  foregoing  algorithms  (based  on  successive 
approximations)  becomes  worse  (since  the  second  pole  of  the  resolvent 
tends  to  unity).  There  is  no  difficulty  in  obtaining  a  convergent 
representation  in  the  case  of  the  problem  It  is  sufficient  to  use 
the  method  of  elimination  of  the  pole  of  the  resolvent  by  remultipli¬ 
cation  (see  Sec.  10).  For  v  —  0.5,  the  following  series  is  then  con¬ 
vergent: 

<P  {q)  =  0 . 5(po  {q)  -i-  0 . 5  [<Po  (?)  —  <Pi  (?)1  —  0 . 5  [cpi  (?)  —  (?)]  + 

+  0.5  [<P2(?)-<P3  (?)]-...  .  (33.12) 

Naturally,  the  series  is  also  convergent  for  values  of  v  close  to  0.5. 
It  is  therefore  apparent  that  the  construction  of  the  solution  on  the 
basis  of  (33.12)  requires  for  its  implementation  a  much  more  coarse 
discretization  than  would  be  the  case  if  one  proceeded  directly  from 
series  (10.2). 

In  the  work  of  P.  I.  Perlin,  A.  V.  Novikov  and  S.  F.  Stupak  [1] 
a  procedure  is  suggested  for  the  solution  of  the  integral  equation  for 
the  problem  II"  when  v  =  0.5.  At  the  first  stage  the  integral  equa¬ 
tion  is  solved  by  successive  approximations;  the  number  of  iterations 
is  established  from  the  following  considerations.  Since  series  (33.12) 
is  convergent,  we  have  the  equality 

lim  (p„_i(?')  =  liin<p„(?')  =  lim  l[ri(?',  ?)  <f)„_  i  (?)  (33.13) 

n-*-oo  n-*-oo  n->oo  ^ 

Consequently,  the  recurrence  process  must  lead  to  the  eigenfunction, 
which  is  known.  With  a  fairly  fine  discretization  and  an  appropriate 
number  of  iterations,  we  therefore  arrive  at  the  modulus  of  the 
eigenfunction  (C).  Further  the  equation  is  solved  by  successive  ap¬ 
proximations  with  boundary  conditions  for  which  the  solution  of 
the  problem  in  terms  of  stresses  is  known.  In  this  case  we  also  arrive 
at  a  certain  value  of  the  constant  Cj.  At  the  last  stage  the  problem  is 
considered  with  a  boundary  condition  obtained  from  the  original 
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one  by  subtracting  the  condition  of  the  auxiliary  problem  multiplied 
by  the  ratio  CIC^.  It  is  obvious  that  the  algorithm  will  now  converge. 

In  solving  the  problem  11“  for  a  medium  approximating  an  in¬ 
compressible  one,  it  is  therefore  recommended  that  the  boundary 
conditions  should  be  transformed  as  indicated  (i.e.,  using  the  equa¬ 
tions  for  V  —  0.5).  The  algorithm  will  then  converge  for  a  more  coarse 
discretization  than  in  the  direct  solution  of  the  problem. 


34.  Problems  of  the  Theory  of  Elasticity 
for  Bodies  Bounded  by  Several  Surfaces 

Let  the  region  D  be  bounded  by  several  surfaces,  5o,  .  .  ., 

and  let  the  surface  Sq  (which  may  be  absent)  enclose  all  the  rest 
lying  outside  each  other.  It  is  required  to  solve  the  elasticity  prob¬ 
lem  for  the  region  D  when  certain  conditions  are  prescribed  over 
the  surfaces  Sj. 

If  displacements  are  prescribed  over  all  surfaces,  the  solution  is 
sought  in  the  form  of  a  double  layer  potential  of  the  first  or  second 
kind,  and  if  stresses  are  prescribed,  the  solution  is  sought  in  the 
form  of  a  simple  layer  potential.  We  arrive  at  integral  equations 
that  may  be  symbolically  represented  in  the  same  form  as  Eqs.  (29.1) 
to  (29.3)  if  by  S  is  meant  a  union  of  all  surfaces  and  the  equations 
are  considered  on  each  surface.  Thus,  a  system  of  integral  equations 
is,  in  fact,  constructed  for  all  densities  q)^  (g)  (the  subscript  of  the 
function  corresponds  to  that  of  the  surface).  The  parameter  v  is  equal 
to  1  in  the  problem  I,  and  to  —1  in  the  problem  II. 

Note  that  Betti’s  formulas  proved  in  Sec.  16  are  automatically 
generalized  to  the  regions  under  consideration,  which  leads  to  the 
extension  of  some  results  pertaining  to  the  spectral  properties  of 
these  equations  (see  Sec.  31)  (all  eigenvalues  are  real  and  not  less 
than  unity  in  magnitude).  The  applicability  of  the  Fredholm  alter¬ 
natives  in  the  case  of  singular  equations  is  also  obvious  since  the 
additional  operators  are  totally  continuous.  The  main  difficulty  is 
due  to  a  more  complex  structure  of  the  resolvent  in  the  neighbourhood 
of  V  =  dz  1. 

To  carry  out  the  corresponding  analysis  of  the  equations,  which 
will  be  further  referred  to  as  (29.1)  to  (29.3),  we  introduce  into 
consideration  an  auxiliary  (companion)  problem,  a  problem  for 
a  region  D'  composed  of  the  regions  D\,  .  .  .,  D^rn-  Though  this 
problem  can  be  divided  into  a  number  of  independent  elementary 
boundary  value  problems,  its  consideration  by  assigning  the  densities 
of  certain  potentials  on  all  surfaces  simultaneously  is  of  interest 
since  it  leads  to  companion  integral  equations. 

Let  displacements  be  prescribed  over  the  surfaces  Sj.  Then  there 
exist  non-trivial  solutions  of  the  homogeneous  problems  both  for 
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Eq.  (29.1)  and  Eq.  (29.2).  They  are  of  the  form 

<Po(9)  =  0.  =  (/■==  1,  2,  . .  m)  (34.1) 

Avhere  Cj  are  constant  vectors; 

From  the  uniqueness  theorems  it  follows  that  there  can  be  no 
other  (linearly  independent)  solutions.  Thus,  Eqs.  (29.1)  and  (29.2) 
are  in  general  unsolvable. 

To  construct  solvable  regular  equations,  D.  I.  Sherman  [10] 
suggested  a  modification  of  the  representation  of  displacements, 
which  develops  the  procedure  previously  devised  by  him  for  studying 
the  Dirichlet  problem  (see  D.  I.  Sherman  [8]).  The  author  introduced 
the  following  terms  into  the  representation  for  displacements: 

r  (p,  Pi)  [  f(j{q)dSq,  (34.2) 

where  the  points  pj  are  chosen  arbitrarily  in  the  regions  D].  The 
equation  uniquely  solvable  is  of  the  form 

m  m 

— v  2  \  dSq’-r^  T{q,  Pj)  f  <jp^-(g')c?5,-  =  0 

i=o  Sj  j==i  Sj 

(qeSi)  (j  =  0,  1,  2,  ...,  m).  (34.3) 

It  follows  from  the  uniqueness  theorem  that  the  solution  of  (34.3) 
[denote  it  by  q)*  (g)]  satisfies  the  homogeneous  functional  equation, 
which  should  be  written  as 

m 

V  (  r”  (p,  q)  <P*  (g)  dSq^x'2,  (  r”  (p,  q)  <jp|  (g)  dSq  + 

j=i  s). 

m 

+  2  L  (P,  Pi)  (  (q)  dSq  ip  6  D).  (34.4) 

i=l  Sj 

The  positive  sense  of  the  normal  in  Eqs.  (34.4)  is  chosen  out  of  the 
body.  Let  the  expression  on  the  left-hand  side  be  denoted  by  (/?), 
and  the  expression  on  the  right-hand  side  by  U2  (p)-  Either  of  them 
may  also  be  considered  in  the  region  Dq.  The  displacements  (p) 
have  a  discontinuity  on  the  surface  Sq,  and  the  limiting  values  of 
the  7V-operator  coincide.  The  surface  Sq  is  not  a  singular  surface  for 
the  displacements  U2  (p).  Since  the  limiting  (from  the  inside)  values 
of  the  iV-operator  oi  Ui  (p)  and  U2  (p)  coincide,  according  to  (34.4), 
it  follows  that  the  limiting  values  from  the  outside  also  coincide, 
and  this  leads  to  coincidence  of  the  displacements  (p)  and  U 2  (p) 
in  the  region  From  the  continuity  of  the  displacements  (p) 

across  Sq  it  follows  that  the  function  cpo  (q)  is  zero. 
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Taking  this  into  account,  we  rewrite  the  functional  equation  (34.4) 
for  an  arbitrarily  chosen  subscript  i  as 


m 

j=l,  HiSj 
m 

—  2  r,(p,  p;)  J  (p60).  (34.5) 

;=1 1  Sj 


The  expression  on  the  left-hand  side  may  be  considered  in  the 
whole  region  Di,  and  the  expression  on  the  right-hand  side  in  the 
regions  D  and  Dt.  Since  these  expressions  coincide  in  the  region  Z>, 
they  can  be  continued  into  each  other  and  represent  a  unique  func¬ 
tion  satisfying  Lame’s  equations  in  the  entire  space  and  therefore 
equal  to  zero.  We  rewrite  the  equality  proved  above: 


J  r”  (p,  q)  (ft  (q)  dSg + r  (p,  pt)  J  <py  (?)  =  o  (p  e  A") • 

s)  s, 

The  first  term  decreases  at  infinity  as  and  the  second  as 
Both  terms  are  therefore  zero,  i.e., 


J  r'.^p,  q)ift{q)dS, 


=  Jq)r(?)c/5,  =  o 


(peD-).  (34.6) 


Consider  now  the  potential  j  (p,  g)  q)*  (q)  dSq  in  the  region  Di. 

From  the  continuity  condition  for  the  iV-operator  it  follows  that  this 
potential  can  take  only  a  constant  value,  which  must  be  zero  by  (34.6). 
It  appears  from  the  above  discussion  that  the  function  (p|  (q)  van¬ 
ishes.  Because  of  the  arbitrariness  in  the  choice  of  subscript  this 
proves  that  the  function  q)*  (q)  is  identically  zero.  Consequently, 
the  integral  equation  (34.3)  is  always  solvable. 

Let  us  consider  the  solution  of  the  problem  I  with  the  aid  of  the 
singular  integral  equation  (29.2).  In  the  work  of  T.  V.  Burchu- 
ladze  [1],  which  is  a  generalization  of  the  approach  to  the  solution  of 
the  Dirichlet  problem  developed  by  V.  D.  Kupradze  [1],  it  is  sug¬ 
gested  that  the  displacements  should  be  sought  in  the  form 


m 

f^(p)  =  2  j  {r2(p,  S')  — r(p,  (7)}cp;(^)d5g,  (.34.7) 
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this  leads  to  the  singular  integral  equation 

m 

(9)  —  ■v  2  \  {rl  ip,  q')  —  r  {q,  q'))  <p;  {q')  dS^.  =  F  (g) 

j=0  s'j 

(qeSt)  (j  =  l,  2,  m).  (34.8) 

This  equation  differs  from  Eq.  (29.2)  only  hy  the  regular  term,  and 
hence  the  Fredholm  alternatives  remain  applicable. 

To  analyze  Eq.  (34.8),  we  now  turn  to  the  so-called  fifth  (in  the 
terminology  of  the  work  of  V.  D.  Kupradze  and  T.  G.  Gegelia  [11) 
fundamental  problem  of  the  theory  of  elasticity  when  the  following 
relation  is  prescribed  on  the  bounding  surfaces: 

T..U  (q)  +  oiq)U  (q)  =  f  (g),  (34.9) 

where  o  =  \\  ||  {k,  j  =  1,  2,  3),  and  the  form  ^  posi¬ 

tively  definite. 

The  solution  of  this  problem  is  sought  for  the  region  D'  by  repre¬ 
senting  the  displacements  as  a  simple  layer  potential.  In  the  case  of 
the  homogeneous  boundary  conditions  we  arrive  at  a  singular  equa¬ 
tion  companion  to  (34.8).  Let\|?*  {q)  be  its  non-trivial  solution  and  let 
V  (p,'vf*)  be  the  corresponding  potential.  From  the  uniqueness  theo¬ 
rem  for  the  fifth  fundamental  problem  it  follows  that  this  potential 
must  vanish  in  the  regions and  Df.  From  the  continuity  of  the 
simple  layer  potential  we  conclude  that  it  is  zero  in  the  region  Z), 
and  this  proves  the  absence  of  non-trivial  solutions  for  the  homoge¬ 
neous  companion  equation.  Thus,  Eq.  (34.8)  is  ahvays  solvable. 

As  a  special  case,  the  above  approaches  enable  us  to  consider  the 
problem  I~  (w^hen  there  is  a  single  surface  Sf). 

It  should  be  noted  that  the  question  of  the  convergence  of  the 
method  of  successive  approximations  for  the  modifications  consid¬ 
ered  above  is  left  open  since  we  virtually  deal  wuth  new^  integral 
equations  in  general. 

In  the  work  of  N.  I.  Muskhelishvili  [21  a  method  is  proposed  for 
constructing  integral  equations  for  the  Dirichlet  problem,  which  can 
easily  be  extended  to  elasticity  problems.  Instead  of  the  original 
problem,  a  modified  problem  is  considered  when  the  displacements 
on  the  boundaries  are  determined  to  within  an  arbitrary  rigid  dis¬ 
placement  of  each  surface  Sj.  The  representations  of  displacements 
are  supplemented  by  terms  of  the  form  T  (/?,  p^)  wdth  the  con¬ 
stant  vectors  to  be  determined.  The  additional  integral  operators 
introduced  into  the  resulting  equations  are  such  that  their  kernels 
vanish  w^hen  the  points  p  and  q  belong  to  different  surfaces.  When  the 
arguments  are  on  the  same  surface,  the  kernels  represent  a  constant 
matrix.  The  integral  equations  thus  obtained  are  ahvays  solvable. 
At  the  final  stage  the  constants  must  be  determined  so  that  the 
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modified  problem  coincides  with  the  original  one;  this  leads  to 
a  system  of  algebraic  equations  that  is  always  solvable.  The  struc¬ 
ture  of  the  added  terms  is  such  that  every  solution  of  the  modified 
equation  is  the  solution  of  the  original  equation.  In  the  same  work 
of  N.  I.  Muskhelishvili  [21  it  is  shown  that  the  eigenvalues  are  great¬ 
er  than  unity  in  magnitude,  and  in  consequence  the  equations  can 
be  solved  by  the  method  of  successive  approximations. 

We  now  turn  to  the  consideration  of  the  second  fundamental  prob¬ 
lem.  The  homogeneous  equation  companion  to  Eq.  (34.3)  is  an 
integral  equation,  which  can  be  obtained  by  solving  the  first  funda¬ 
mental  problem  simultaneously  for  the  regions  of  the  system  D' 
proceeding  from  the  representations  of  displacements  as  a  double 
layer  potential  of  the  first  kind  with  zero  displacements  on  the  boun¬ 
daries.  Obviously,  the  displacements  themselves  are  zero,  and  it 
follows  from  the  continuity  of  the  stress  operator  that  the  displace¬ 
ments  in  the  region  D  generated  by  these  potentials  can  correspond 
to  a  rigid-body  displacement.  Consequently,  a  non-trivial  solution 
of  the  companion  equation  exists  and  it  is  elementary.  It  can  also 
be  shown  that  no  other  non-trivial  solutions  exist  (see  T.  V.  Burchu- 
ladze  [1]).  Thus,  the  integral  equations  (34.3)  are  solvable  if  the 
orthogonality  conditions  are  fulfilled,  which,  as  in  the  problem  IP, 
express  the  fact  that  the  resultant  vector  and  the  resultant  moment  of 
the  external  forces  are  zero.  Note  that  in  the  absence  of  the  sur¬ 
face  Sq  the  problem  is  always  solvable. 

Equation  (34.3)  can  be  solved  by  the  method  of  successive  approx¬ 
imations  in  a  modified  form  [for  example,  (10.7)]  by  reexpanding  in 
a  power  series  in  the  v  plane  around  a  point  situated  between  v  =  0 
and  V  =  —  1.  To  answer  the  question  of  the  possibility  of  direct 
solution  [i.e.,  in  the  form  of  series  (10.1)1,  it  is  necessary  to  examine 
Eq.  (34.3)  when  v  1,  i.e.,  when  solving  the  problems  for  the  re¬ 
gions  of  the  system  Z)'.  It  is  obvious  that  the  integral  equations  corres¬ 
ponding  to  these  problems  have  eigenfunctions,  which  are  found  in 
an  elementary  way  since  they  correspond  to  an  independent  rigid- 
body  displacement  of  the  surfaces  Sj  (j  =  I,  m).  To  eliminate 
the  poles  of  the  resolvent  at  the  point  v  =  1,  it  is  necessary  to  re¬ 
quire  the  fulfilment  of  the  orthogonality  conditions  for  each  of  these 
eigenfunctions,  which  is  equivalent  to  the  condition  that  the  resul¬ 
tant  vector  and  the  resultant  moment  of  the  external  forces  applied  to 
each  surface  should  be  zero.  This  restriction  on  the  generality  of 
boundary  conditions  is  purely  apparent  since  a  simple  transforma¬ 
tion  leads  to  their  fulfilment  (by  superimposing  the  solution  for 
concentrated  forces  and  moments  applied  at  points  of  the  re¬ 
gions  D'j). 

A  generalization  of  the  approach  to  the  solution  of  the  Neumann 
problem  proposed  in  the  work  of  N.  I.  Muskhelishvili  [2]  to  include  the 
theory  of  elasticity  leads  to  similar  conclusions  concerning  the  pos- 
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sibility  of  solving  Eqs.  (34.3)  directly  by  the  method  of  successive 
approximations.  The  integral  equations  suitably  modified  can  also 
be  solved  by  the  method  of  successive  approximations  if  the  condi¬ 
tions  on  the  load  specified  above  are  fulfilled. 

Naturally,  the  solution  of  three-dimensional  problems  of  elasti¬ 
city  in  the  presence  of  several  bounding  surfaces  can  be  carried  out  in 
the  same  way  as  for  a  single  surface  (using  regular  representations). 
Of  course,  the  computer  resources  must  be  greater  in  this  case.  The 
lack  of  calculations  using  this  kind  of  procedure  prevents  an  asses¬ 
sment  of  the  efficiency  of  these  approaches  at  present.  It  might  be 
expected  that  if  the  (local  or  global)  distance  between  the  surfaces 
is  decreased,  it  will  be  necessary  not  only  to  increase  the  number  of 
iterations,  but  also  to  use  a  progressively  finer  discretization  of  the 
surface. 

The  construction  of  integral  equations  when  boundary  conditions 
of  different  kind  are  prescribed  on  the  surfaces  Sj  is  obvious. 

Let  us  now  consider  a  method  of  solving  problems  for  bodies  bounded 
by  two  surfaces  which  has  been  proposed  by  P.  I.  Perlin  [2,  5] 
as  a  generalization  to  the  three-dimensional  case  of  the  method  due  to 
D.  I.  Sherman  [12].  It  is  required  to  solve  a  problem  when  the  region 
is  bounded  by  surfaces  Sq  and  Si  over  which  stresses  (q)  and  fi  (q) 
are  prescribed.  For  one  of  the  additional  regions,  say  Dq,  we  then 
solve  a  problem  with  the  same  boundary  condition  (q).  Let  the 
resulting  displacements  on  the  surface  Sq  be  denoted  by  Xq  (q). 
Next,  an  auxiliary  function  k  (q)  is  introduced  on  this  surface,  equal 
to  the  required  displacement.  It  can  be  shown  that  the  displacement 
Ui{p)  =  U  {p)  -4-  W  (/?,  iLi),  where  ii  (q)  =  0,5  [1  (q)  —  Iq  (^)],  sat¬ 
isfy  Lame’s  equations  in  the  region  D~i.  We  solve  this  problem 
[with  an  assumed  function  jit  (q)  and  determine  displacements  on  the 
surface  Sq,  by  equating  which  to  the  function  %  (q)  we  arrive  at 
a  singular  integral  equation  for  it. 

If  displacements  or  displacements  and  stresses  are  prescribed  on 
the  bounding  surfaces,  the  procedure  remains  virtually  the  same. 

In  the  works  of  P.  I.  Perlin  [4]  and  P.  I.  Perlin  and  S.  F.  Stu- 
pak  [1]  solutions  have  been  obtained  for  the  first  and  second  problems 
for  regions  bounded  by  an  ellipsoid  and  a  sphere.  All  constructions 
have  been  performed  by  using  the  series  technique. 

35.  Three-dimensional  Problems  of  the  Theory 
of  Elasticity  for  Bodies  with  Cuts 

In  the  preceding  sections  of  this  chapter  we  have  considered  meth¬ 
ods  of  solving  three-dimensional  problems  of  elasticity  for  bodies 
bounded  by  smooth  surfaces.  We  now  turn  to  the  study  of  a  special 
case  when  there  is  a  cut  in  the  form  of  an  unclosed  Lyapunov  surface 
iS  in  a  finite  or  an  infinite  elastic  body.  This  surface  must,  in  gener- 
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al,  be  considered  two-sided  denoting  one  of  its  sides  by  S'^  and  the 
other  by  S~,  whose  points  are,  respectively,  q'^  and  q~  (the  positive 
direction  of  the  normal  is  chosen  towards  S~).  The  smooth  contour 
bounding  the  surface  S  is  denoted  by  L. 

Below  is  given  the  formulation  of  the  second  fundamental  problem. 
It  is  required  to  determine,  in  the  whole  space,  an  elastic  displace¬ 
ment  vector  U  {p)  satisfying  the  limiting  conditions 

lim  T,JJ  (p)  =  t(q^),  lim  TnU  {p)=f~{q~),  (35.1) 

p^q+  p-*q- 

assuming  that  the  functions  (g'*')  and  /"  {q~)  are  given  and  belong 
to  the  class  H-L.  Assume  also  that  the  stresses  vanish  at  infinity. 
If,  however,  the  stresses  at  infinity  are  different  from  zero,  it  is 
easy  to  come  to  the  case  under  consideration  by  superimposing 
a  trivial  solution  for  the  continuous  body. 

We  form  a  simple  layer  potential  V  (p,  fi)  with  density  /i  (q)  = 
0.5  [/^  (g"^)  —  f~  (g")].  It  can  be  shown  that  the  displacement 
Uj  (p)  =  U  (p)  —  V  (Pj  /i)  satisfies  the  same  (stress)  boundary  con¬ 
ditions  on  the  surface  S.  Suppose  that  this  transformation  has  already 
been  made  and  solve  the  boundary  value  problem  when  the  func¬ 
tions  (g"^)  and  f~  (g“)  coincide,  omitting  the  superscript  in  con¬ 
ditions  (35.1). 

The  displacement  is  now  sought  in  the  form  of  a  double  layer  po¬ 
tential  of  the  first  kind  distributed  over  the  surface  S:* 

J7i  (p)  =  TF  (p)  =  j  (p,  q)  (p  (q)  dSg.  (35.2) 

is 

As  is  known,  the  potential  W  (p)  satisfies  Lame’s  equations  in  the 
whole  elastic  body,  and  the  limiting  stress  values  generated  by  it 
from  the  two  sides  of  the  surface  coincide**  (see  Sec.  28).  Thus,  the 
solution  of  the  elasticity  problem  reduces  to  the  solution  of  the 
functional  equation 

lim  Tn  {  Tlip,  q)(f>{q)dSq  =  f(q^).  (35.3) 

P-*Q-  S 

Note  that  the  unknown  density  (jp  (g)  is  equal  to  half  the  jump  in 
the  displacements  on  the  surface  S. 

The  discretization  of  the  surface  S  is  performed  by  dividing  it 
into  small  triangles  5;  (7  =  1,  2,  .  .  .,  ^Y).  We  choose,  in  each  region 
Sj,  a  point  located  in  the  central  part,  which  (according  to  the  ter¬ 
minology  introduced  in  Sec.  33)  will  be  referred  to  as  pivotal  and 
denoted  by  pj.  Assume  the  density  to  be  constant  (within  each  small 


*  This  procedure  is  a  generalization  of  the  method  proposed  by  F.  G.  'iri- 
comi  [1]  for  the  solution  of  similar  harmonic  problems. 

**  Assuming  that  these  limiting  values  exist. 
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region  Sj)  and  equal  to  its  value  at  the  point  pj  (q)  (pj)  =  (py).  Let 
us  now  calculate  the  left-hand  side  of  Eq.  (35.3)  at  each  pivotal 
point.  The  corresponding  integral  sum  must  he  of  the  form 

k=i 

Each  term  of  this  sum  is  the  product  of  the  third-order  matrix 
ajh  and  the  vector  q)/^.  In  practice,  this  sum  must  be  constructed  as 
follows.  At  the  point  pj  we  assign  a  vector  q)}  having  the  first  com¬ 
ponent  of  unit  magnitude  and  the  remaining  two  equal  to  zero. 
All  components  of  the  vector  q)  at  all  other  points  are  assumed  to 
be  zero. 

After  corresponding  calculations  (to  be  discussed  below)  we  find 
the  first  rows  of  the  matrices  ajj^  (/t  =  I,  2,  .  .  .,  N).  Assuming  next 
only  the  second  component  of  the  vector  (denoted  by  q)f)  to  be 
different  from  zero  (and  equal  to  unity),  we  arrive  accordingly  at 
the  second  row  in  these  matrices,  and  finally  at  the  third  row  by 
means  of  the  vector  q)j.  It  is  obvious  that  the  calculations  must 
be  carried  out  successively  for  all  points  pj. 

The  fundamental  difficulties  arise  only  in  determining  the  matrices 
ajj  (with  the  same  indices)  because  of  the  impossibility  of  putting 
the  operator  T„  under  the  integral  sign.  All  other  matrices  can  be 
constructed  by  using  a  quadrature  formula.  True,  it  should  be  remem¬ 
bered  that  if  the  indices  /  and  k  are  such  that  the  distance  between 
the  points  pj  and  p^  is  comparable  with  the  diameter  of  the  region 
Sj,  then,  to  improve  the  accuracy,  we  must  make  a  second  (finer) 
subdivision  of  the  region  Sj  so  as  to  apply  the  same  quadrature 
formulas  to  smaller  elements  with  the  density  held  constant,  of 
course,  within  the  regions  of  the  initial  division.  The  size  of  these 
small  elements  is  established  in  the  course  of  calculations  by  attain¬ 
ing  the  required  accuracy  in  the  values  of  the  coefficients  being 
determined. 

Let  us  now  turn  to  the  consideration  of  the  central  feature  of  the 
computational  scheme,  namely  the  construction  of  the  matrices  ajj, 
and  discuss  the  procedures  for  determining  these  coefficients  pro¬ 
posed  by  different  authors. 

One  of  the  recommendations  (see  P.  I.  Perlin,  V.  N.  Samarov  [1,  21) 
is  to  erect  a  perpendicular  to  the  surface  at  each  pivotal  point  pj 
and  to  lay  off  several  points  along  it  near  the  cut,  which  are  denoted 
by  Pj  (the  superscript  I  indicates  the  distance  from  the  point  p\  to 
the  point  pj). 

It  is  not  difficult  to  construct,  at  each  of  the  auxiliary  points  p], 
a  matrix  a\j  due  to  a  potential  extended  over  Sj  and  having  a  unit 
density  (for  each  component  in  succession).  Naturally,  if  the  value 
of  I  is  small,  the  application  of  the  simplest  quadrature  formulas 
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involves  a  significant  error.  To  achieve  the  required  accuracy,  it 
is  necessary  to  use  the  method  described  above  and  subdivide  the 
region  Sj  into  small  elements.  After  a  set  of  such  matrices  is  con¬ 
structed  (witli  warranted  accuracy),  it  is  suggested  that  the  required 
matrix  ajj  should  be  determined,  say,  by  polynomial  extrapolation 
(over  the  lengths  Z). 

Naturally,  if  the  matrices  ajj  are  to  be  determined  within  the 
required  accuracy,  the  points  p]  must  be  chosen  sufficiently  close 
to  the  point  pj  and  their  number  and  position  must  be  such  as  to 
ensure  the  validity  of  extrapolation.* 

The  authors  give  the  results  of  calculations  for  a  model  example. 
A  plane  square  of  unit  side  is  taken,  and  a  vector  function  is  pre¬ 
scribed  over  it  whose  two  tangential  components  are  zero  and  the 
normal  component  is  unity.  This  function  is  regarded  as  the  density 
of  a  double  layer  potential.  Next  the  stresses  generated  by  this 
potential  are  determined  at  points  located  along  a  normal  through 
the  centre  of  the  square.  For  the  chosen  points  specified  by  the  dis¬ 
tance  Zfrom  the  plane  of  the  square,  the  calculations  are  performed  for 
different,  progressively  finer  auxiliary  subdivisions  (into  equal 
parts)  of  the  basic  square.  The  results  of  the  corresponding  calcula- 


Table  6 

Normal  Stress  Component  as  a  Function  of  the  Distance  from 
the  Surface  for  Different  Auxiliary  Subdivisions 


0.4  0 

0.20 

0. 15 

0.  10 

0.05 

30 

1.78139 

1.66073 

1.63240 

1.60990 

1.51901 

90 

1.78159 

1 .66085 

1.63255 

1.61014 

1.57513 

120 

1.78159 

1.66093 

1.63260 

1.61023 

1.59691 

180 

— 

— 

— 

— 

1.59615 

tions  are  given  in  Table  6.  It  follows  from  these  data  that  stable 
stress  values  can  be  obtained  by  using  an  auxiliary  (sufficiently 
fine)  subdivision,  however  small  the  distance  of  the  point  from  the 
surface. 

Further  the  process  of  extrapolation  itself  is  studied  by  choosing 
different  combinations  and  a  different  number  of  points  (It).  The 
values  of  the  normal  stress  component  thus  obtained  are  given  in 
Table  7. 


*  The  points  p]  are  chosen  on  normals  only  for  ease  of  calculation. 
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Table  7 

Limiting  Stress  Values  as  a  Function  of  the  Number  and 
Position  of  Auxiliary  Points  for  Different  Auxiliary  Subdivisions 


0.4,  0.3,  0.2 

0.4,  0.3,  0.2,  0.1 

0.4,  0.3,  0.2.  0.1. 
0.05 

30 

1.55197 

1.59238 

60 

1.55195 

1.59315 

1.54165 

120 

1.55200 

1.59388 

1.59138 

180 

1 

1 

1.59205 

By  analysing  these  data  it  may  be  concluded  that  the  proposed 
algorithm  is  stable  if,  of  course,  the  stress  values  used  are  those 
supported  by  calculations  with  a  finer  subdivision. 

Of  course,  the  corresponding  calculation  at  each  pivotal  point 
(particularly  if  the  regions  Sj  are  different)  is  very  laborious,  but  it 
might  be  well  to  point  out  that  in  practice  the  choice  of  auxiliary 
points  should  be  made  once  and  for  all  from  analysis  of  model  cases 
(such  as  the  square  element  considered  above). 

Thus,  at  the  final  stage  the  problem  reduces  to  the  solution  of 
a  system  of  algebraic  equations: 

S  aA<Pft  =  /(P.-)  (7  =  1,  2,  iV).  (35.4) 

As  established  in  some  special  cases,  system  (35.4)  is  a  fairly  well- 
conditioned  system,  which  can  apparently  be  solved  by  the  method 
of  successive  approximations. 

In  the  work  of  B.  M.  Zinov’ev  [1]  a  different  procedure  is  suggested 
for  constructing  system  (35.4).  The  author  considers  a  plane  square 
in  space  and  prescribes  a  uniformly  distributed  load  over  it.  By 
integrating  the  Kelvin-Somigliana  solution,  he  obtains  an  expression 
in  explicit  closed  form  for  the  stresses  in  the  whole  space,  and  in 
particular  for  the  limiting  stress  values  from  the  two  sides  of  the 
square  at  its  centre.  By  summing  the  solutions  obtained  in  the  case 
of  two  closely  spaced  squares,  and  applying  a  limiting  process  as  the 
distance  between  the  squares  tends  to  zero  and  the  forces  tend  to 
infinity  (so  that  the  product  remains  constant),  the  author  virtually 
finds  an  exact  value  of  the  operator  when  the  density  is  a  unit 
vector  and  the  surface  Sj  is  a  plane  square.  As  an  example,  the  initial 
cut  is  taken  in  the  form  of  a  plane  rectangle  with  a  side  ratio  of  2  :  1. 
Figure  i?>a  gives  values  of  the  density  (i.e.,  of  the  displacements)  at 
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the  points  of  the  cut*,  andFFig.  186  values  of  the  normal  stresses  at 
points  of  the  elastic  body  situated  on  the  prolongation  of  the  cut. 

H.  Nisitani  and  Y.  Murekami  [1]  also  consider  the  case  of  a  cut  of 
plane  shape,  and  the  authors’  reasoning  is  as  follows.  Suppose  that 
there  is  a  plane  cut  in  the  form  of  an  ellipse.  The  solution  of  the 
problem  for  a  space  with  an  elliptical  cut  under  hydrostatic  pressure 


Fig.  18.  Space  with  a  cut  in  the  form  of  a  rectangle 

(a)  displacements  on  the  surface  of  the  cut;  (6)  normal  stresses  in  the  plane  of  the  cut 


is  known  (see  A.  I.  Lur’e  [1]).  Let  us  solve  the  problem  numerically 
for  a  given  arbitrary  normal  pressure  (since  there  is  a  plane  of  sym¬ 
metry  it  follows  that  the  tangential  components  of  the  vectors  cpj  are 
zero).  The  surface  of  the  cut  is  divided  in  some  way  and  then  sys¬ 
tem  (35.4)  is  constructed.  To  find  the  diagonal  matrices  ajj,  the 
authors  proceed  as  follows.  The  problem  is  considered  in  an  approxi¬ 
mate  manner  for  the  case  where  the  solution  is  known  in  explicit 
form,  and  these  diagonal  elements  are  found  on  the  basis  that  all 
off-diagonal  terms  of  the  matrix  are  calculated  without  difficulty 
and  the  values  of  the  numbers  q)^  are  taken  from  the  exact  solution. 

It  is  natural  to  expect  that  the  proposed  algorithms  lead  to  a  readi¬ 
ly  practicable  computational  scheme  when  the  densities  may  be 
assumed  constant  within  sufficiently  large  elementary  regions.  Such 
an  assumption  is  considered  logical  only  in  the  interior  regions  if  it 
is  supposed  that  the  curvature  of  the  surface  and  the  load  vary  rath- 


*  By  the  formulatin  of  the  problem,  the  density  must  vanish  at  the  points 
of  the  contour  L, 
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er  slowly.  In  a  narrow  strip  adjacent  to  the  contour  L  the  solution 
varies  considerably. 

We  use  the  well-known  result  in  elasticity  (see  Sec.  17)  to  the  effect 
that  the  state  of  stress  in  the  neighbourhood  of  the  edge  of  a  wedge- 
shaped  region  is  satisfactorily  described  by  asymptotic  solutions  de¬ 
rived  from  the  corresponding  plane  and  torsion  problems.  Let  an 
annular  strip  S^^he  isolated  from  the  surface  S  in  which  the  solution 
is  represented  by  the  above  solutions  introduced  in  a  local  co-ordi¬ 
nate  system  along  the  normal  and  tangent  to  the  contour  of  the  cut 
with  a  certain  factor  of  proportionality  varying  along  the  length  of 
the  contour  (see  P.  I.  Perlin,  V.  N.  Samarov  [1,  21).  This  factor  is 
defined  so  that  at  the  nearest  (along  the  normal  to  the  contour  piv¬ 
otal  point  from  the  remainder  of  the  region  5*  —  5  —  S ^  the  jump 
in  the  displacements  determined  from  the  analytic  solution  coincides 
with  an  arbitrarily  assumed  value  O.Sq)^-.  All  calculations  are  then 
performed  only  at  the  pivotal  points  situated  in  the  zone  5*,  but 
the  integration  is  extended  over  the  entire  region  S.  After  system 
(35.4)  (or,  more  precisely,  its  modification)  is  solved,  the  displace¬ 
ments  in  the  strip  are  determined  analytically. 

As  an  example,  consider  an  axially  symmetric  problem  for  a  cir¬ 
cular  cut  of  radius  R.  The  surface  is  divided  into  small  regions  by 
a  system  of  equidistant  rays  and  concentric  circles,  and  the  pivotal 
points  are  taken  at  the  centres  (using  a  polar  co-ordinate  system). 
The  solution  in  the  ring  ^5  is  chosen  in  the  form  q)  (p)  =  (fk  V {R — 
— p)/{R — pft),  where  k  is  the  subscript  of  the  outer  pivotal  point  situ¬ 
ated  in  the  region  5*,  and  p  and  are  the  distances  of  the  current 
points  p  and  p/j  from  the  centre  (because  of  axial  symmetry  all  con- 


Values  of  the  Normal  Displacement  Component 
on  the  Surface  of  a  Circular  Cut 


Table  8 


p 

1 

1/30 

5/30 

10/30 

15/30 

^exact 

1.10864 

1.09645 

1.10203 

1 .09430 

1.09527 

1 .08020 

1.05008 

1.06370 

0.95484 

0.96118 

20/30 

25/30 

28/30 

29/30 

Teal 

Texact 

0.82501 

0.82030 

0.58735 

0.59326 

0.35894 

0.36148 

0.20987 

0.21051 
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structioiis  are  performed  in  one  sector).  As  the  calculation  data  show* 
(see  Table  8),  the  value  of  the  intensity  factor  increases  in  accuracy 
from  5  to  1.5  per  cent  when  using  asymptotic  solutions  with  the  same 
discretization  of  the  surface. 

We  now  turn  to  the  study  of  problems  involving  a  finite  elastic 
body.  Here  two  cases  may  be  distinguished.  In  the  first  the  surface 
of  a  cut  is  assumed  to  lie  inside  the  elastic  body,  and  in  the  second 
it  approaches  the  outer  surface  Slower  a  certain  portion.  It  is  obvious 
that  although  the  solution  demands  considerable  labour  in  these 
cases,  the  significance  of  the  fundamental  difficulties  involved  should 
not  be  exaggerated.  In  contrast  to  the  problem  considered  above  for 
the  whole  space,  the  representation  of  the  displacement  is  now  of 
the  form 

t/  (p)  =  [  (p,  g)  <p  (q)  dS,  +  H(p),  (35.5) 

s 

where  the  term  H{p)  is  a  simple  layer  or  double  layer  potential  on 
the  surface  (depending  on  the  nature  of  the  boundary  condition  on 
it).  Supposing  in  the  following  discussion  that  stresses  /j  (q)  are  pre¬ 
scribed,  we  represent  the  boundary  condition  on  the  surface  in 
terms  of  the  function  (p  (q)  assumed  to  be  given: 

<Pi(?)+  g')ftiiq')dSg>  = 

s\ 

=  fi  (q)  -  j  T..TI  {q,  q')  q)  {q')  dS,,  (q  6  S,).  (35.6) 

s 

If  N  small  regions  Sj  are  introduced  on  the  surface  5,  it  is  neces¬ 
sary  to  solve  3 A  boundary  value  problems  (i.e.,  equations  of  the 
form  of  (29.3))  for  the  uncut  region  setting  only  one  component  of 
one  of  the  vectors  q)y  different  from  zero  in  succession.  Further  the 
reasoning  used  in  the  first  part  of  the  present  section  should  be  re¬ 
peated  adding  the  regular  terms  H  (/?)  in  constructing  the  matrix. 

We  may  also  propose  a  method  based  on  the  approach  of  P.  I.  Per- 
lin  [2,  3].  For  simplicity,  the  boundary  conditions  are  assumed  to 
be  zero  on  the  surface  where  an  auxiliary  function  (p2  (g)  is 
introduced  equal  to  half  the  displacement  on  this  surface.  We  form 
a  double  layer  potential  W  (p,  q)2)  and  consider  a  displacement 
^1  {p)  —  ^  {p)  —  {P’>  ^2)1  which  satisfies  the  equations  of  elastic 

equilibrium  in  the  entire  space,  excluding  the  surface  S.  We  thus 
arrive  at  the  problem  considered  above.  The  corresponding  function¬ 
al  equation  has  additional  terms  depending  on  the  particular  form 
of  representation  of  the  function  q)2  (g)  on  the  surface  In  general, 
a  piecewise  constant  representation  of  this  function  can  be  used. 


♦ 


Hydrostatic  load. 
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Note  that  in  the  case  when  the  elastic  body  occupies  a  half-space 
the  prohlem  can  be  treated  in  a  special  way.  In  constructing  the 
functional  equation,  it  is  well  to  proceed  not  from  the  Kelvin- 
Somigliana  solution,  but  from  Mindlin’s  solution  for  a  concentrated 
force  in  a  half-space  (see  R.  D.  Mindlin  [1]).  The  boundary  conditions 
on  the  outer  surface  (which  must  be  set  equal  to  zero)  are  satisfied 
exactly.  This  has  been  used  to  obtain  a  solution  of  the  problem  for 


Fig.  19.  Half-space  with  an  external  cut  in  the  form  of  a  rectangle 

(a)  displacements  on  the  surface  of  the  cut;  (6)  normal  stresses  in  the  plane  of  the  cut^ 


a  half-space  with  a  cut  in  the  form  of  a  rectangle  (see  B.  M.  Zinov’ev 
[1]).  Figure  19  gives  values  at  points  of  the  elastic  body  situated  on 
the  prolongation  of  the  cut. 

Let  us  now  consider  the  problem  when  the  cut  approaches  the  outer 
surface.  The  part  of  the  contour  L  situated  on  the  surface  is 
denoted  by  Lj.  By  introducing  an  auxiliary  potential  on  the  sur* 
face  S,  w^e  pass  to  a  problem  for  the  uncut  region  and,  solving  it  in 
some  way  or  other  (assuming,  for  example,  the  jump  in  the  displace¬ 
ments  on  S  to  be  arbitrarily  given),  we  arrive  at  an  equation  for  the 
jump  at  the  final  stage.  The  first  serious  difficulty  arises  from  the 
fact  that  we  have  to  solve  the  auxiliary  problem  for  the  uncut  body 
with  a  discontinuous  boundary  condition  along  the  line  Lj.  More¬ 
over,  as  noted  in  Sec.  17,  there  is  no  information  of  the  asymptotic 
behaviour  of  the  solution  in  the  neighbourhood  of  the  ends  of  this 
line. 

A  large  number  of  works  relate  to  the  case  when  a  cut  differs  only 
slightly  (in  a  sense)  from  a  circle.  The  methods  of  constructing  and 
solving  the  corresponding  integral  equations  will  be  discussed  in 
greater  detail  in  Sec.  38  with  reference  to  contact  problems. 


35] 


PIECEWISE  HOMOGENEOUS  BODIES 


253 


Let  us  consider  an  approximate  method  of  solving  problems  for 
bodies  with  cuts  (V.  Z.  Parton,  P.  I.  Perlin  [2]).  The  cut  is  replaced 
by  a  sufficiently  thin  cavity  with  the  same  boundary  conditions 
prescribed  on  its  surface.  Suppose  that  the  solution  of  this  problem 
has  been  obtained.  Let  us  try  to  derive  information  from  it  regarding 
the  solution  of  the  original  problem,  and  in  particular  to  determine 
the  stress  intensity  factor.*  It  will  be  recalled  that  the  asymptotic 
behaviour  of  the  stresses  on  the  prolongation  of  the  cut  in  a  local  co¬ 
ordinate  system  in  a  plane  perpendicular  to  the  edge  of  the  cut  is 
as  follows: 


0^2 


K 

Vp- 


(35.7) 


It  is  suggested  that  the  constant  K  (depending  on  the  position  of  the 
point  of  the  edge  under  consideration)  should  be  determined  from  the 
condition  that  the  stresses  obtained  from  the  solution  for  a  cavity 
are  fairly  well  approximated  by  formula  (35.7).  If  this  approach  is 
followed,  it  is  necessary  to  allow  arbitrariness  in  the  position  of  the 
origin  of  the  local  co-ordinate  system  used  in  the  asymptotic  expan¬ 
sion  (35.7).  This  arbitrariness  seems  natural  since  in  passing  to 
a  cavity  one  must  assume  small  changes  in  size  of  the  cut  in  plan. 
The  approximation  used  is,  in  fact,  of  the  form 

-’■  =  17=.  (35.8) 

where  e  defines  the  change  mentioned  above. 

If  on  performing  several  calculations  (with  decreasing  thickness  of 
the  cavity)  the  stability  of  values  of  the  constant  K  is  observed  (for 
small  values  of  e),  we  may  speak  of  a  sufficiently  valid  solution  of 
the  problem  for  a  body  with  a  cut. 

In  the  work  cited  above  the  solution  of  the  auxiliary  problem  was 
obtained  by  using  the  singular  integral  equations  (29.3).  It  is  obvi¬ 
ous  that  the  convergence  of  the  algorithm  becomes  worse  with  decreas¬ 
ing  thickness  of  the  cavity,  but,  as  calculations  show,  a  sufficient 
degree  of  accuracy  can  "be  achieved  for  the  stress  intensity  factor  K, 


36.  Piecewise  Homogeneous  Bodies 

We  first  assume  that  there  is  a  cavity  filled  with  an  elastic  medium 
having  Lame’s  constants  'Kq  and  Uq  in  an  infinite  elastic  body  with 
different  constants,  and  The  surface  of  contact  between  the 
media  is  denoted  by  5,  and  Poisson’s  ratio  of  these  media  is  assumed 
to  be  the  same;  we  have  the  following  equality:  == 

*  In  the  plane  case  the  required  result  can  be  obtained  by  using  Stern’s 
approach  (see  Sec.  25). 
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Let  the  displacement  in  the  region  D~  be  denoted  by  (p),  and  in 
the  region  D'^  hy  Uq  (p). 

Suppose  that  the  following  conditions  are  fulfilled  on  the  sur¬ 
face  S: 

(g)  -  u,  (q)  =  F,  (q),  (36.1) 

T^nU^  (q)  -  TonU,  (q)  =  F,  (q),  (36.2) 

where  the  functions  Fj  (q)  and  Fg  (q)  belong  to  the  class  H-L.  The 
additional  subscript  in  the  stress  operator  corresponds  to  the  subscript 
on  Lame’s  coefficients.  In  the  terminology  of  V.  D.  Kupradze, 
T.  G.  Gegelia  et  al.  [1],  this  problem  is  called  the  principal  contact 
problem. 

In  accordance  with  the  work  of  P.  I.  Perlin  [7]  we  modify  the  for¬ 
mulation  of  the  problem  by  making  use  of  the  fact  that  Poisson’s 
ratio  for  the  elastic  media  is  the  same.  Let  the  elastic  medium  in 
either  of  the  regions,  say  in  be  replaced  by  a  body  with  the  same 
constants  as  in  the  region  D~  keeping  the  displacements  unchanged. 
Such  a  replacement  is  permissible  since  homogeneous  Lame’s  equa¬ 
tions  contain  only  Poisson’s  ratio.  Equation  (36.2)  then  becomes 

(g)  -  {q)  =  F,  (q),  (36.3) 

while  Eq.  (36.1)  remains  unaltered. 

To  simplify  the  problem,  we  first  form  a  double  layer  potential 
W  (p,  V2  Fi)  and  consider  the  displacements  Ui  =  Ui  {p)  — 
W  (p,  V2  Fj)  and  Uq  (p)  =  Uq  (p)  —  W  (p,  V2  Fj).  It  is  obvious 
that  these  displacements  satisfy  Eq.  (36.1)  identically,  and  Eq.  (36.3) 
takes  the  form 

T,nUi  (g)  -  kT.^Uo  (g)  =  F,  (q)  +  kT{^W  -  T'.^W  =  F,  {q).  (36.4) 

Thus,  the  new  displacements  Ui  {p)  and  (p)  are  continuous  func¬ 
tions  in  the  entire  space,  and  the  limiting  values  of  the  stress  oper¬ 
ator  of  these  functions  are  related  by  Eq.  (36.4). 

We  introduce  an  auxiliary  function  q?  (g)  on  the  surface  S  defined 
as  follows: 

Fi„f/i(g)  — Fi„t/o(g)  =  2(p(g).  (36.5) 

If  the  function  (p  {q)  were  known,  the  solution  of  the  problem  would 
be  represented  in  the  form  of  a  simple  layer  potential,  namely 

V  {p,  <?)=  [r(p,  q)f^{q)dSq.  (36.6) 

s 

This  function  is  arbitrarily  assumed  to  be  given.  By  determining  the 
limiting  values  of  the  stress  operator  from  the  two  sides  of  the  sur¬ 
face  5,  and  substituting  them  in  the  true  relation  (36.4),  we  arrive  at 
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an  integral  equation  for  the  function  q)  (p): 

=  (36.7) 

s 

Equations  of  this  class  have  been  investigated  in  Sec.  29.  Since 
Vo  =  (1 — A:)/(l  +  A:)  <C  1,  Eq.  (36.3)  is  always  solvable,  and  its  solu¬ 
tion  can  be  obtained  by  using  the  method  of  successive  approxima¬ 
tions  (see  V.  D.  Kupradze  [3]).  The  method  can  be  implemented  by 
means  of  the  regular  representations  introduced  in  Sec.  31.  The  fact 
that  the  parameter  Vq  <[  1  ensures  rapid  and  stable  convergence  of 
the  algorithm. 

Suppose  that  the  elastic  body  with  the  constants  Ki  and  jLij  does  not 
extend  to  infinity,  but  is  bounded  by  a  certain  surface  Si  (it  may 
equally  be  assumed  that  the  elastic  body  with  the  parameters  Xq  and 
Po  is  bounded  from  the  inside  by  a  certain  surface  Sq).  By  repeating 
the  reasoning  used  above  (and  taking  into  account  the  results  of 
Sec.  29),  we  arrive  at  a  system  of  singular  integral  equations: 

— Vo  j  Ti{q,  q')(p(q')dSq'  + 
s 

H - J  r,((7,  q')q>i{q')dSg>-=  F3  (;?) 

Si 

^>^(q)+  j  ri(9,  q')((>(q')dSq'  + 

s 

+  j  r,  (q,  q')  q)j  (q')  dSg-  =  F4  (q) 

Si 

It  has  been  assumed  above  that  stresses  F4  {q)  are  prescribed  over 
the  surface  Si,  and  in  consequence  the  representation  of  the  solution 
is  chosen  as  a  simple  layer  potential.  Equations  (36.8)  and  (36.9) 
resemble  those  obtained  in  Sec.  31  for  a  body  bounded  by  two  sur¬ 
faces. 

We  may  approach  the  integral  equation  (36.7)  on  the  basis  of 
the  general  functional  equations  for  a  piecewise  homogeneous  medi¬ 
um,  which  are  also  suitable  in  the  case  of  different  Poisson’s  ratios 
(see  V.  D.  Kupradze  [3]).  Proceeding  from  these  equations,  the  au¬ 
thor  has  proved  the  solvability  of  the  original  physical  problems. 

We  now  turn  to  the  consideration  of  the  general  case  (with  different 
Poisson’s  ratios)  and  assume  that  there  is  a  region  D  bounded  by 
smooth  surfaces  S^  {n  =  0,  2,  .  ,  m)  one  of  which,  S^,  encloses 

all  the  others.  The  region  D  is  filled  with  an  elastic  medium  having 
Lame’s  constants  Xq  and  [Iq,  and  the  regions  Dn  contained  within  the 
surfaces  S^  are  filled  with  media  having  Lame’s  constants  X^  and 
{n  =  I,  2,  .  .  .,  m).  The  conditions  on  the  surfaces  of  contact 


(qeS),  (36.8) 


(qeSi).  (36.9) 
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between  the  media  are  of  the  type  of  (29.1)  and  (29.2),  and  the  con¬ 
ditions  on  the  surface  Sq  are  those  for  the  first  or  second  fundamental 
problem.  Let  the  stress  vectors  on  the  surfaces  be  denoted  by 
(q),  and  the  displacement  vectors  by  (q).  Following  F.  J.  Rizzo 
and  D.  J.  Shippy  [1],  we  apply,  to  each  of  the  regions  rela¬ 
tion  (31.5)  derived  from  Betti’s  formula  (in  its  original  form  and  in 
the  modified  form  for  the  case  of  several  surfaces).  The  result  is 

If  nig)  -  \  r^(?,  q')Ul(q’)dS,-=  J  T{q,  q')  tl{q')  dS,- 

Sn  Sn 

UZig)  +  f  Tliq,  q')U-{q')dSg.- 

Sn 

m 

-E'  J  q')U-i{q')dS,.-  J  Tliq,  q')U\{q')  dS,.  = 

i=l  Sj  So 

m 

=  E  (r(g,  + 

i=i 

+  J  T{q,  q’)tl(q')dS^.  2,  m),  (SG.IO) 

m 

utiq)  +  2  ( g')Uj{q')dSg- 

i=l  s'j 

—  j  r2(g,  q')U*{q)=  j  r(9,  q')  tl(q')dSq>. 

Sq  Sq 

A  prime  on  the  summation  denotes  the  omission  of  the  /zth  term. 

Let  the  above  system  be  supplemented  by  two  equations  of  the 
form  of  (36.1)  and  (36.2).  We  finally  obtain  a  system  of  order  Am  -f-1, 
which,  because  of  the  simplicity  of  relations  (36.1)  and  (36.2),  is 
simplified  at  once  and  reduces  to  a  system  of  order  2m  +1-  It  is 
obvious  that  the  order  of  unknowns  can  be  lowered  in  various  ways, 
giving  regular  equations  of  the  first  kind  or  singular  equations  of 
the  second  kind. 

In  the  same  work  the  case  of  the  plane  problem  is  considered  in 
detail  using  representation  (29.19).  A  scheme  of  numerical  imple¬ 
mentation  is  described  as  a  development  of  the  work  of  F.  J.  Riz¬ 
zo  [1].  Below  are  given  some  results  of  this  work.  The  authors  have 
considered  the  problem  of  determining  the  state  of  stress  in  a  plane 
with  an  elliptical  hole  into  which  an  elliptical  disk  of  the  same  materi¬ 
al  is  inserted  with  negative  allowance  (Fig.  20).  The  figure  shows  the 
division  of  the  contour  into  elementary  arcs  and  the  choice  of 
centre  points  for  the  twelve  sections  shown. 
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Table  9  gives  values  of  the  relative  error  for  the  displacement 
component  (Ai)  and  the  stress  component  (Ag)  normal  to  the  contour 
at  the  point  1  and,  respectively,  at  the  points  4,  7,  13  when  the  num¬ 
ber  of  divisions  is  n  =  12,  24,  48.  The  error  is  determined  by  com¬ 


parison  with  the  exact  solution 
as  fractions  of  the  maximum  displacement  and  the  maximum 
stress.  In  calculations,  Poisson’s  ratio  is  taken  to  be  v  =  1/3.  The 
negative  allowance  is  specified  by  an  increase  of  the  semiaxes  in 
proportion  to  their  size.  The  ratio  of  the  semiaxes  is  alb  —  2. 


Table  9 

Error  in  Displacements  and  Stresses  for  a  Plane  with 
an  Elliptical  Inclusion 


Points 

A2 

12 

24 

48 

12 

24 

48 

1 

0.0220 

0.0115 

0.0055 

0.1560 

0.0426 

0.0113 

4 

0.0160 

— 

— 

0.0266 

— 

— 

7 

— 

0.0095 

— 

— 

0.0133 

— 

13 

— 

— 

0.0005 

— 

0.0066 

Fig.  20.  Infinite  plate  with  an  ellipti¬ 
cal  inclusion 

(see  D.  I.  Sherman  [51)  and  expressed 


The  authors  have  also  considered  the  problem  of  an  elliptical  in¬ 
sert  in  a  matrix  bounded  externally  by  a  circumference  R  (Fig.  21). 
Both  the  insert  and  the  matrix  are,  as  before,  of  the  same  material. 
Table  10  gives  values  of  the  components  of  the  displacements  and 
stresses  at  the  interface  and  on  the  outer  boundary.  These  values  are 
given  in  non-dimensional  form  as  fractions  of  the  maximum  displace¬ 
ments  and  stresses  corresponding  to  the  case  when  the  outer  contour 
is  absent  {R/a  =  oo).  All  other  parameters  correspond  to  the  preced¬ 
ing  problem. 

Besides,  the  authors  have  considered  the  problem  of  an  infinite 
plane  with  a  square  hole  and  an  insert  fitted  into  it  with  negative 
allowance  when  the  insert  is  of  the  same  material  or  of  a  material 
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with  an  elastic  modulus  three  times  that  of  the  matrix  (Fig.  22). 
The  contour  is  divided  into  arcs  of  equal  length  so  that  the  first  centre 
point  is  nearest  the  axis  of  symmetry  (but  lies  off  the  axis).  More¬ 
over,  the  corner  point  must  not  be  a  centre  point.  Table  11  gives  val¬ 
ues  of  the  normal  and  tangential  components  of  the  contact  stresses 


Fig.  21.  Circular  plate  with  an  elliptical  inclusion 

and  also  of  the  tangential  component  in  both  the  inclusion  (oe)  and 
the  matrix  (a'e)  when  the  elastic  moduli  are  the  same.  All  quantities 
are  given  in  non-dimensional  form  (divided  by  the  normal  stress 


Fig.  22.  Plate  with  a  square  inclusion 


component  at  the  point  1  determined  from  the  analytic  solution). 
The  negative  allowances  are  taken  to  be  the  same  in  both  directions. 
Numbers  in  parentheses  indicate  a  relative  error  determined  from 
the  exact  solution  (as  fractions  of  the  same  normal  stress  component). 
Poisson’s  ratio  is  v  =  0.25. 
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Table  10 


Displacements  and  Stresses  for  a  Circle  with 
an  Elliptical  Inclusion 


Points 

Ui 

W2 

Points 

111 

a  2 

^71 

^71 

Rla  = 

2 

Rla  =  . 

5 

1 

0.623 

0.000 

0.9115 

0.0000 

1 

0.627 

0.000 

0.9581 

0.0000 

2 

0.577 

0.421 

0.7396 

0.3414 

7 

0.000 

0.669 

0.0000 

0.6369 

3 

0.481 

0.718 

0.4911 

0.4650 

4 

0.368 

0.920 

0.3239 

0.5065 

R/a  —  cc 

5 

0.249 

0.048 

0.1983 

0.5243 

6 

0.125 

1.121 

0.0968 

0.5338 

1 

0.634 

0.000 

0.9660 

0.0000 

7 

0.000 

1.146 

0.0000 

0.5341 

7 

0.000 

1.014 

0.0000 

0.6574 

25 

0.217 

0.044 

0.0000 

0.0000 

26 

0.255 

0.154 

0.0000 

0.0000 

27 

0.281 

0.288 

0.0000 

0.0000 

1  Exact  solution  (7?/fl  =  co) 

28 

0.256 

0.488 

0.0000 

0.0000 

29 

0.178 

0.585 

0.0000 

0.0000 

1 

0.615 

0.000 

1.0000 

0.0000 

30 

0.064 

0.632 

0.0000 

0.0000 

7 

0.000 

1.000 

0.0000 

0,6677 

Stresses  in  a  Plate  with  a  Square  Inclusion 
(Material  of  the  Plate  and  Inclusion  Is  the  Same) 


Table  11 


Points 

“^71 

^0 

1 

0.987  (0.012) 

0.061  (0.000) 

1.831  (0.005) 

1.005  (0.005) 

2 

0.992  (0.011) 

0.185  (0.000) 

1.827  (0.003) 

1.008  (0.005) 

3 

0.998  (0.013) 

0.327  (0.000) 

1.819  (0.0005) 

1.016  (0.005) 

4 

1.009  (0.013) 

0.501  (0.002) 

1.808  (0.003) 

1.027  (0.005) 

5 

1.026  (0.011) 

0.726  (0.027) 

1.805  (0.008) 

1.028  (0.008) 

6 

0.988  (0.065) 

0.525  (0.256) 

1.810  (0.028) 

1.024(0.030) 

Table  12  gives  the  results  of  similar  calculations  when  the  elastic 
modulus  of  the  inclusion  is  three  times  that  of  the  matrix.  For 
convenience  in  comparing  the  results,  all  quantities  are  given  in  non- 
dimensional  form  (using  the  same  quantity  as  in  the  preceding  table). 

The  case  where  there  is  one  interface  in  a  finite  region  is  specially 
considered  in  the  work  of  M.  0.  Basheleishvili  and  T.  G.  Gege- 
lia  [1],  where  it  is  assumed  that  stresses  are  prescribed  on  the  outer* 
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Table  12 


Stresses  in  a  Plate  with  a  Square  Inclusion 
(Material  of  the  Plate  and  Inclusion  Is  DifTcrent) 


Points 

^0 

^0 

Points 

^0 

1 

1.142 

0.092 

2.531 

1.738 

4 

1.225 

0.765 

2.618 

1.691 

2 

1.153 

0.285 

2.541 

1.732 

5 

1.307 

1.100 

2.765 

1.623 

3 

1.177 

0.400 

2.505 

1.719 

6 

1.659 

2.405 

2.776 

1.541 

surface.  By  a  suitable  choice  of  representations  for  displacements  in 
each  region,  a  system  of  singular  integral  equations  for  four  unknown 
functions  is  obtained  and  the  applicability  of  the  Fredholm  alterna¬ 
tives  to  it  is  proved. 

In  cases  where  the  interface  extends  to  the  boundary  the  problems 
are  essentially  more  complicated.  The  foregoing  methods  can  appar¬ 
ently  be  used  (with  certain  assumptions)  to  solve  these  problems, 
but,  of  course,  with  due  analysis  of  singularities  for  the  state  of  stress 
and  strain  in  the  neighbourhood  of  the  lines  of  intersection  of  the 
outer  surface  ^nd  the  surface  of  the  cut. 

Consider  a  special  but  very  important  case  for  applications,  namely 
the  case  where  all  elastic  constants  are  the  same.  For  simplicity, 
we  assume  that  there  is  only  one  inclusion.  We  proceed  from  the 
conditions 

u,  (q)  -  u,  (q)  =  F,  (q)  ^  (36.11) 

T„Uo  (q)  -  T„Ui  (q)  =  0 

It  may  now  be  assumed  that  the  surface  is  not  closed  and  ap¬ 
proaches  the  surface  S.  Problems  of  this  kind  arise,  in  particular,  in 
engineering  applications  when  one  body  (of  somewhat  larger  size) 
is  inserted  into  a  cavity  of  another. 

We  form  a  simple  layer  potential  W  {p,  VoFi).  Obviously,  it  fol¬ 
lows  from  (28.10)  that  the  displacements 

U  (P)  =  Uo  (p)  -  W  (p,  VjF,)  (p  6  D) 

(36.12) 

u  ip)  =  ip)  -  W  (p,  i/^F,)  ip  6  D\) 


satisfy  Lame’s  equations  in  the  entire  region.  The  boundary  condi¬ 
tions  for  the  displacement  U  (p)  are  determined  both  by  those  (specified 
in  the  formulation  of  the  problem  and  by  the  potential  W(p,  V2F1). 
After  solving  this  problem  in  some  way  or  other,  it  is  necessary  to 
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return  to  the  displacements*  (p)  and  (p)  according  to  (36.12). 
Some  difficulty  in  implementing  the  foregoing  method  occurs  when 
determining  the  stresses  on  the  contact  surface  since  in  this  case  we 
have  to  evaluate  the  stress  operator  of  a  double  layer  potential.  We 


B 

F 

1650 

^ — 

^  5540 

z,mm 

Fig.  23.  Section  of  a  quarter 
of  a  compound  roll  (a)  and 
profiling  of  the  spindle  (b) 


may  determine  displacements  using  the  regular  representations  (31.17) 
and  transform  to  stresses.  We  may  also  use  the  extrapolation  proce¬ 
dure  discussed  in  detail  in  Sec.  35. 

V.  P.  Polukhin,  V.  G.  Kostylev  and  N.  F.  Andrianov  [1]  have 
obtained  the  solution  of  an  axially  symmetric  problem  arising  in 
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Q  Qg  Jg  ^^77  Fig.  24.  Contact  stresses 

the  analysis  of  the  state  of  stress  in  a  sleeved  roll  of  a  rolling  mill, 
which  occurs  when  a  hollow  cylinder  (sleeve)  is  shrinked  on  a  solid 
cylinder  of  variable  diameter  (spindle).  The  jump  in  the  normal 

*  It  might  be  well  to  point  out  the  resemblance  between  this  procedure  and 
the  approach  used  in  the  plane  problem  (see  Sec.  22). 
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displacement  component  is  determined  by  the  original  dimensions 
of  the  bodies.  If  there  is  full  cohesion  on  cooling,  it  is  not  difficult 
to  calculate  the  jump  in  the  tangential  displacement  companent  from 
the  value  of  the  linear  expansion  coefficient:  the  amount  of  the  jump 
in  uniform  heating  is  a  linear  function  of  the  axial  coordinate.  How¬ 
ever,  as  experiments  show,  slipping  may  occur  on  the  contact  surface. 
It  is  therefore  assumed  in  the  cited  work  that  the  jump  is  a  linear 
function  (as  in  the  case  of  cohesion),  but  of  half  its  amount. 

Figure  23a  and  b  shows  the  section  of  compound  roll  and  the 
profiling  of  its  spindle  (i.e.,  the  amount  of  the  jump  in  the  normal 
displacement  component).  Figure  24  gives  contact  stress  diagrams, 
and  Fig.  25  stress  diagrams  for  the  spindle  and  sleeve  at  four  sec¬ 
tions:  at  the  central  section  and  at  sections  distant  650,  1150  and 
1450  mm  from  it. 

Note  that  if  the  surface  of  contact  between  the  bodies  is  cylindri¬ 
cal  and  there  is  a  jump  (of  constant  amount)  only  in  the  normal  com¬ 
ponent  of  the  displacement,  we  can  pass  to  the  problem  for  a  solid 
body  directly  by  superimposing  the  solutions  of  Lame’s  problem. 

37.  Solution  of  Problems  of  the  Theory  of  Elasticity 
for  Bodies  Bounded  by  Piecewise  Smooth  Surfaces 

So  far  it  has  been  assumed  that  the  surfaces  bounding  elastic 
bodies  are  Lyapunov  surfaces.  This  fact  has  been  used,  in  particular, 
in  the  derivation  of  integral  equations. 

Let  us  now  discuss  in  greater  detail  some  general  questions  of  the 
formulation  of  boundary  value  problems  in  the  case  of  irregular  bound¬ 
aries.  Suppose  that  the  surface  contains  edges,  conic  points,  vertices 
of  polyhedral  angles.  The  complete  surface  can  then  be  represented 
as  a  set  of  sufficiently  smooth  unclosed  surfaces,  which  intersect 
forming  edges  and  vertices.  In  the  formulation  of  the  first  boundary 
value  problem  the  initial  data  may  be  prescribed  over  the  entire 
boundary.  In  the  case  of  the  second^problem  the  boundary  conditions 
must  bt  prescribed  only  at  the  interior  points  of  each'of  the  smooth 
pieces  of  the  surface  (since  the  formulation  of  the  problem  involves 
the  direction  cosines  of  a  normal).  The  irreguar  points  of  the  bound¬ 
ary  can  be  considered  only  as  the  limiting  points  of  a  particular  piece 
of  the  smooth  surface.  In  this  approach  each  point  of  an  edge,  for 
example,  must  be  considered  twice,  namely  as  belonging  to  one  sur¬ 
face  and  another  (which  influences  the  direction  of  a  normal). 

The  questions  of  applying  the  potential  method  to  the  solution  of 
harmonic  problems  for  regions  bounded  by  irregular  boundaries 
have  been  discussed  in  the  works  of  T.  Carleman  [1],  J.  Radon  [1], 
Yu.  D.  Burago,  V.  G.  Maz’ya  and  V.  D.  Sapozhnikova  [1]  and  others. 
Similar  questions  in  reference  to  equations  among  which  are  the 
equations  of  the  theory  of  elasticity  have  been  studied  in  the  work  of 
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G.  1.  Kresin  and  V.  G.  Maz’ya  [1].  It  should  be  noted,  however,  that 
no  use  has  been  made  of  the  above  approach  for  the  actual  solution 
of  boundary  value  problems  in  elasticity. 

On  the  other  hand,  the  question  of  the  behaviour  of  the  solutions 
of  boundary  value  problems  (in  terms  of  displacements  and  stresses) 
in  the  neighbourhood  of  irregular  points  of  the  boundary  has  been 
fairly  well  studied  (see  Sec.  17).  It  seems,  therefore,  justifiable  to  try 
to  extend  formally*  the  algorithms  described  in  Sec.  33  to  the  case 
of  these  surfaces  with  a  proper  control  based  on  the  known  information 
about  the  properties  of  the  solution  (known  before  the  construction 
of  the  solution  itself). 

In  the  work  of  N.  F.  Andrianov  and  P.  I.  Perlin  [1]  the  solution 
has  been  constructed  by  successive  approximations  using  both  piv¬ 
otal  and  nodal  points  in  their  implementation.  In  this  case  the  dis¬ 
cretization  of  each  of  the  smooth  pieces  of  the  surface  must  be  made 
separately  to  avoid  the  appearance  of  elementary  regions  with  irre¬ 
gular  points  inside.  All  pivotal  points  are  therefore  situated  in  the 
smooth  portions  of  the  boundary,  and  hence  the  evaluation  of  cuba- 
tures  can  be  performed  by  the  same  formulas  as  in  the  case  of  smooth 
surfaces  (including  the  use  of  regular  representations).  The  difference 
is  that  the  functions  (pn  (g)  at  nodal  points  situated  at  an  edge  (each 
of  them  is  considered  twice)  are  determined  by  extrapolation  (and 
not  by  interpolation  as  in  the  case  of  nodal  points  situated  in  smooth 
portions)  using  the  values  at  the  nearest  pivotal  points  both  on 
the  one  surface  and  the  other.  Naturally,  different  values  will  result. 
Thus,  the  edge  is  a  line  of  discontinuity  for  the  unknown  density  of 
the  simple  layer  potential. 

If  we  proceed  from  a  simpler  computational  scheme  using  the 
rectangular  formula  (only  pivotal  points  are  employed  in  the  imple¬ 
mentation),  no  question  of  extrapolation  arises.  In  this  case  the 
discretization  must  be  made  as  described  above.  The  discontinuity 
in  density  across  an  edge  occurs  automatically  here. 

Of  course,  the  presence  of  irregular  ponts  of  the  boundary  gives 
rise  to  an  abrupt  increase  in  the  density  (p  (g)  in  their  neighbourhood, 
and  hence  the  construction  of  a  convergent  computational  scheme 
may  require  a  much  finer  discretization  than  in  the  case  of  smooth 
surfaces.  Note  that  a  fine  discretization  is  also  needed  for  smooth 
portions  when  the  curvature  changes  considerably. 

Calculations  show  that  with  an  appropriate  discretization  the 
algorithms  described  in  Sec.  33  become  convergent,  and  the  stabil¬ 
ity  of  values  of  the  density  is  observed  at  points  at  a  small  distance 
from  irregular  points.  This  leads  to  stable  stress  values  everywhere 
except  in  a  small  neighbourhood  of  these  points. 


♦  Without  rigorous  mathematical  proof. 
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The  availability  of  information  on  the  behaviour  of  the  solution 
of  a  boundary  value  problem  in  the  neighbourhood  of  irregular  points 
must  be  utilized  to  study  the  asymptotic  behaviour  and,  in  general, 
to  estimate  the  error  of  the  approximate  solution. 

The  foregoing  considerations  will  be  illustrated  by  an  analysis  of 
the  solution  of  a  model  problem. 

Let  the  surface  be  formed  by  revolving  a  square  of  unit  side  about 
its  diagonal.  There  are  a  conic  point  and  an  edge  on  the  surface. 
The  solution  of  the  (exterior  and  interior)  problems  is  obtained  for 
a  unit  hydrostatic  pressure.  The  discretization  of  the  contour  (the 
problem  is  axially  symmetric)  is  specified  by  the  position  of  pivotal 
points  (the  nodal  points  are  midway  between  them).  Table  13  gives 
values  of  the  distances  of  ten  pivotal  points  nearest  the  vertex,  and 
Table  14  the  distances  of  ten  pivotal  points  nearest  the  edge. 


Table  13 


Points 

1 

3 

4 

5 

6 

D 

8 

9 

10 

P 

0.0003 

0.0015 

0.0020 

0.0040 

Table  14 


Points 

1 

B 

B 

fl 

8 

9 

B 

0.0001 

0.0002 

0.0003 

0.0004 

0.0005 

0.0007 

0.0025 

0.0030 

The  values  of  the  density  obtained  in  the  analysis  are  given  in 
Tables  15  and  16.  The  data  of  Table  15  refer  to  the  points  near  tha 
vertex,  and  the  data  of  Table  16  to  those  near  the  edge. 

Table  15 


Points 

B 

B 

4 

5 

6 

7 

8 

9 

10 

0.957 

0.798 

0.727 

0.659 

'ft 

10.41 

8.03 

6.88 

6.16 

5.64 

4.95 

4.30 

3.67 

3.27 

2.51 

'ft 

5.28 

4.44 

3.96 

3.78 

3.61 

3.39 

3.17 

2.94 

2.80 

2.49 

^7 

1.59 

1.43 

1.29 

1.21 

1.18 

1.11 

1.05 

0.988 

0.989 

0.823 
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Table  16 


Points 

1 

2 

3 

4 

5 

6 

7 

8 

‘  9 

10 

2.78 

2.30 

1.95 

1.85 

1.71 

1.58 

1.45 

1.31 

1.26 

•fz 

0.53 

0.53 

0.51 

0.50 

0.47 

0.45 

0.44 

0.43 

0.686 

1.17 

0.91 

0.84 

0.78 

0.73 

0.675 

0.647 

0.62 

•Pz" 

31.94 

22.67 

18.67 

16.33 

14.75 

12.67 

10.81 

9.05 

7.24 

6.69 

The  final  results  of  the  calculation,  viz.  the  stresses,  are  presented 
in  Tables  17  and  18.  Table  17  gives  stress  values  at  points  on  the 
axis  of  revolution  (as  a  function  of  the  distance  from  the  vertex). 
Also  given  are  the  values  of  the  function  obtained  from 


Fig.  26.  Stress  on  the  axis  of  re¬ 
volution 


Eq.  (17.16)  according  to  Fig.  8  for  v  =  0.3  (then  y  =  0.8).  In  the 
last  lines  of  the  table  are  the  ratios  of  the  calculated  components  of 
the  stress  tensor  to  the  function  The  results  of  the  calculation 

for  the  component  Oj,  are  given  in  Fig.  26.  Table  18  is  arranged  in 
a  similar  way.  Here  are  given  the  stress  components,  the  function 
p-0.466  obtained  according  to  representation  (17.7)  from  Eq.  (17.10) 
for  7  =  0.545,  and  the  ratios  of  all  stresses  to  this  function. 

The  results  of  the  calculation  for  the  component  are  given 
in  Fig.  27. 

It  follows  from  the  data  given  above  that  each  of  the  ratios  ob¬ 
tained  has  a  maximum,  and  this  suggests  a  procedure  for  establishing 
the  asymptotic  properties  (the  coefficients  of  the  eigenfunctions). 
We  first  consider  Table  17.  Let  Cr  (0.59)  and  Cz  (0.50)  be  the  values 
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Table  17 


p 

0.00001 

0.00002 

0.00004 

0.00006 

0.00010 

Oz  =  oe 

5.86 

5.07 

4.22 

3.79 

3.33 

4.96 

4.29 

3.28 

2.72 

2.23 

p-0.2 

10 

OrP®-* 

0.586 

0.557 

0.542 

0.527 

a^pO.2 

0.496 

0.493 

0.428 

0.389 

0.353 

of  the  corresponding  maxima.  The  points  at  which  the  maximum  is 
reached  are  considered  to  be  the  points  determining  the  transition 
from  the  solution  obtained  in  an  approximate  manner  (in  the  pre¬ 
sent  case  on  the  basis  of  the  integral  equation)  to  the  asymptotic 


Fig.  27.  Stress  in  the  middle  plane 


solution;  the  factors  multiplying  the  eigenfunctions  are  the  ratios 
Cf  and  Cz  established  above.  This  choice  of  transition  points  and 
coefficients  ensures  a  smooth  transition  from  one  solution  to  the 

other.  11. 

Consequently,  it  may  be  stated  on  the  basis  of  the  calculations 

that 

Qe  =  =  0.59p“0.2^  =  0 . 5p-  o*  2.  (37.1) 

By  using  Eqs.  (17.17),  it  is  not  difficult  to  obtain  the  asymptotic 
solution  in  an  arbitrary  direction. 
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Table  18 


p 

0.00001 

0.00002 

0.00004 

0.00008 

0.00010 

'  0.00015 

17.88 

14.10 

11.41 

15.09 

12.71 

10.11 

8.38 

46.46 

38.46 

28.92 

23.92 

18.97 

15.77 

p-0.456 

188.4 

137.4 

100.2 

83.35 

66.07 

54.94 

0.131 

0.178 

0.208 

0.214 

0.2134 

0.208 

a0po.455 

0.115 

0.137 

0.151 

0.152 

0.1530 

0.1525 

0.247 

0.280 

0.289 

0.287 

0.2870 

We  now  turn  to  the  analysis  of  the  solution  in  the  neighbourhood 
of  the  edge  (Table  18).  Here,  too,  there  are  maxima  for  the  correspond¬ 
ing  ratios,  which  will  be  denoted  by  Cr  (0.214),  Cq  (0.153),  and 
Cz  (0.287).  It  is  possible  to  make  a  check  on  the  values  of  the  coeffici¬ 
ents  Cr,  Ce,  and  Cz  obtained  independently.  Indeed,  as  noted  in 
Sec.  17,  the  solution  in  the  neighbourhood  of  a  smooth  edge  has  the 
same  asymptotic  properties  as  in  plane  strain.  Hence,  there  must  be 
a  relationship  among  the  coefficients  Cr,  Cq,  Cz  (see  Sec.  15),  namely 

CQ  =  v(Cr  +  C,)  (37.2) 

Note  that  this  equality  is  fulfilled  to  within  2  per  cent  for  the 
values  of  the  coefficients  obtained.  There  is  one  more  relationship 
among  the  coefficients.  According  to  (17.8),  the  eigensolutions  for 
a  wedge  (which  form  the  asymptotic  terms)  may  be  expressed  in 
terms  of  one  constant.  In  the  present  case  (when  a  =  0.75  :i)  we 
obt-^in  the  relation 

Cz  =  1.483  Cr.  (37.3) 

Here  the  difference  between  the  exact  value  and  the  value  obtained 
by  calculation  is  9  per  cent. 

Consider  the  results  of  the  solution  of  the  interior  problem.  Here 
the  solution  of  the  boundary  value  problem  itself  (and  not  of  the 
integral  equation)  is  trivial,  namely  all  normal  stress  components  are 
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equal  to  unity,  and  the  tangential  components  are  zero.  Table  19 
gives  stress  values  at  points  of  the  axis  of  revolution  at  a  specified 
distance  from  the  vertex.  Table  20  gives  stress  values  in  the  middle 
plane  at  a  specified  distance  from  the  edge. 


Table  19 


p 

0.002 

0.003 

0.005 

0.020 

Or  =  CT0 

1.0048 

1.011 

1.005 

Oz 

1.0041 

1.026 

1.040 

0.9997 

Table  20 


p 

0.0004 

0.0007 

0.0050 

0.020 

Or 

0.7277 

0.7424 

0.9249 

0.9603 

0^0 

0.8775 

1.0062 

0.9744 

0.9673 

1.0352 

1.0154 

It  follows  from  the  results  obtained  that  the  solution  differs  from 
the  exact  one  only  in  a  very  small  neighbourhood  of  irregular 
points. 

Note  that  in  the  cases  under  consideration  the  question  of  asymp¬ 
totic  properties  does  not  arise  since  the  corresponding  equations 
{see  Figs.  7  and  8)  have  no  solutions  in  the  range  from  0  to  1  for 
the  angles  involved. 

In  conclusion  it  may  be  noted  that  the  method  of  V.  G.  Maz’ya 
and  B.  A.  Plamenevskii,  which  has  been  mentioned  in  Sec.  25,  for 
determining  the  coefficients  of  eigenfunctions  is  automatically  extend¬ 
ed  to  the  case  of  a  conic  point.  The  same  authors  [3]  have  consid¬ 
ered  the  case  when  the  surface  has  an  edge. 

38.  Mixed  (Contact)  Problems 

Let  iSi  be  a  part  of  the  surface  S  bounding  an  elastic  body  D  and 
let  S  2  he  the  remainder.  The  closed  smooth  line  that  is  the  boundary 
between  Si  and  S2  is  denoted  by  L. 
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The  solution  of  the  mixed  problem  of  the  theory  of  elasticity  con¬ 
sists  in  determining  the  displacement  field  U  {p)  in  the  region  D 
subject  to  the  boundary  conditions 

U{q)=fAq)  TJJ(q)^fAq)  (q  E  S,).  (38.1) 

Problems  of  this  kind  are  called  mixed  (or  contact).  Though  these 
problems  are  extremely  important  in  applications,  they  are  not 
adequately  studied  in  general  terms  because  of  their  complexity. 
The  proof  of  the  existence  of  the  solution  to  the  physical  problem  is 
given  by  G.  Fichera  [1],*  but  the  construction  and  investigation  of 
the  integral  equations  for  these  problems  cannot  be  considered  com¬ 
pleted. 

The  integral  equations  for  mixed  problems  are  not  difficult  to 
construct.  Indeed,  if  the  displacement  is  sought  in  the  form  of  a  sim¬ 
ple  layer  potential,  then,  by  applying  a  limiting  process  and  passing 
to  the  points  of  the  surface  (for  displacements)  and  to  the  points 
of  the  surface  (for  stresses),  we  arrive  at  an  integral  equation  with 
discontinuous  coefficients  and  kernels.  The  question  of  the  solva¬ 
bility  of  such  equations  is  left  open. 

In  the  work  of  A.  Ya.  Aleksandrov  [7]  it  is  suggested  that  the 
equation  in  question  should  be  solved  by  the  mechanical  quadrature 
method  using  the  results  of  this  work  [1]  to  evaluate  the  singular 
terms.  In  the  work  of  T.  A.  Cruse  [1]  the  mechanical  quadrature 
method  has  been  used  to  solve  integral  equations  obtained  by  applying 
a  suitable  limiting  process  in  Betti’s  formula  (14.27). 

Note  that  the  singular  integral  equations  of  the  second  kind  with 
discontinuous  kernels  can  be  obtained  by  using  the  representation  of 
displacements  in  the  form  of  the  sum  of  two  potentials,  namely  a  sim¬ 
ple  layer  potential  (with  density  on  the  surface  and  a  double  layer 
potential  (with  density  on  the  surface  S^,  The  consideration  of  mixed 
problems  on  the  basis  of  Green’s  matrix  may  be  found  in  the  work 
of  V.  D.  Kupradze  [3]. 

The  approximate  method  for  the  solution  of  the  fundamental  prob¬ 
lems  (see  V.  D.  Kupradze  and  M.  A.  Aleksidze  [1])  is  used  by 
M.  A.  Aleksidze  and  K.  N.  Samsoniya  [2]  for  solving  mixed  problems. 
The  authors  construct  a  set  of  particular  solutions  of  Lame’s  equa¬ 
tions,  r  (p,  pft)  q)  (pft),  using  a  set  of  points  situated  outside  the 
region  D,  The  corresponding  coefficients  q)  (p^)  are  found  by  the 
method  of  least  squares. 

It  is  also  possible  to  implement  the  following  computational  scheme. 
On  the  surface  S-^  or  (depending  on  which  surface  is  the  smaller) 
the  unknown  conditions  (stresses  for  the  surface  S^)  are  represented 
in  some  constructive  manner,  e.g.  as  a  series  expansion  (introducing 
a  certain  co-ordinate  system).  For  each  harmonic,  the  solution  of  the 


♦  For  a  harmonic  problem,  the  proof  has  been  obtained  by  S.  Zaremba  [1]. 
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corresponding  boundary  value  problem  must  be  constructed,  after 
which  the  unknown  coefficients  are  determined  from  the  condition  of 
minimum  mean  discrepancy  for  the  known  boundary  conditions  on 
the  surface  under  consideration. 

This  method  appears  to  have  considerable  promise  in  problems  where 
the  tangential  stress  component  and  the  normal  displacement  com¬ 
ponent  are  known  on  the  surface  since  in  this  case  the  unknown  is 
a  scalar,  and  not  a  vector,  function.  It  is  precisely  this  case  that  is 


Fig.  28.  Contact  stresses  for  different 
penetrations  (H/a) 

Daslied  line  shows  contact  stresses  for 
H  =  0  (exact  solution) 


considered  in  the  work  of  V.  M.  Likhovtsev  and  P.  I.  Perlin  (see 
V.  M.  Likhovtsev  [1]),  with  reference  to  the  problem  for  a  half¬ 
space  with  a  cylindrical  cutout.  The  force  P  is  transmitted  through 
a  smooth  flat  punch  occupying  the  whole  end.  Tbe  normal  stress 
component  is  taken  in  the  form  of  a  series,  namely 


oo 

a(p/a)  =  [l-(p/a)*]"^'®[  S  a„(p/ar]. 

71=0 


The  structure  of  the  multiplying  factor  follows  from  Eq.  (17.7) 
when  a  =  1.5  jt.  The  calculations  are  carried  out  retaining  one  or 
two  coefficients  for  different  values  of  the  ratio  of  the  height  H  of 
the  cylinder  to  its  radius  a.  Figure  28  shows  contact  stress  diagrams 
for  Hla  =  0.2  and  3.5.  The  exact  solution  for  J?"  =  0  is  shown  by 
a  dashed  line. 
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Table  21  gives  values  of  the  coefficients  (with  a  different  number 
of  terms  retained  in  the  series),  the  corresponding  error  in  displace¬ 
ment,  and  the  contact  stresses  o'  =  na^o  (p/a)/P  {H/a  =  0*2). 

Table  21 


Coeflicients  of  the  Function  a(p/^.  Error  in  Displacement, 
and  Contact  Stresses  with  a  Different  Number  of  Terms 
Retained  in  the  Series 


OCo 

ai 

CC2 

A  (%) 

(p/a^=  0.0) 

(p/a  =  0.5) 

(p/a  =  0.9) 

1.000 

4 

0.678 

0.822 

2.038 

1.276 

-0.357 

— 

1 

0.866 

0.972 

2.010 

1.266 

-0.408 

0.120 

0.6 

0.856  ' 

0.960 

2.005 

We  now  turn  to  the  consideration  of  problems  for  some  specific 
regions.  Naturally,  we  shall  be  concerned  with  specialized  methods 
taking  account  of  the  structure  of  these  regions.  Contact  problems 
for  a  half-space  appear  to  be  the  most  studied. 

In  cases  where  all  displacement  components  are  given  on  the  sur¬ 
face  (so-called  cohesion  with  the  punch)  the  integral  equation  can 
be  obtained  from  Cerruti’s  solution  (see  W.  Nowacki  [1])  for  a  con¬ 
centrated  force  applied  to  the  boundary  of  a  half-space.  By  summing 
the  displacements  due  to  all  three  components,  we  can  obtain  a  re¬ 
presentation  of  displacements  on  the  surface  in  integral  form. 

Let  us  discuss  in  greater  detail  the  most  studied  case  when  the 
shearing  stresses  are  absent,  using  for  this  purpose  Boussinesq’s  solu¬ 
tion.  According  to  this  solution,  the  displacement  component  normal 
to  the  boundary  due  to  the  action  of  a  concentrated  force  P  applied 
at  a  point  g]  takes  an  extremely  simple  form  on  the  surface: 


P(l  — ya)  1  _  _ 

nE  r{p,  q)  r 


The  integral  equation  following  immediately  from  this  formula  is 
a  =  (qeS,).  (38.2) 

Si 

We  shall  mention  the  well-known  analogy  between  the  mixed  prob¬ 
lem  for  a  half-space  in  the  absence  of  shearing  stresses  on  its  surface 
and  the  problem  for  a  space  with  the  same  plane  cut  loaded  only  by 
normal  pressure  (equal  on  both  sides).  Since  there  is  a  plane  of  sym- 
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rnetry,  the  latter  problem  may  be  regarded  as  a  mixed  one  when  pres¬ 
sures  are  given  on  the  surface  of  the  cut  and  zero  normal  displace¬ 
ments  outside  the  cut.  By  superimposing  the  solution  of  the  second 
fundamental  problem  for  a  balf-space  with  the  same  stress  values  on 
the  surface  we  arrive  at  a  mixed  problem  when  the  stresses  on  the 
surface  S-^  are  zero  and  displacements  are  given  outside 

Thus,  the  solution  of  the  mixed  problem  of  elasticity  theory  is 
reduced  to  the  solution  of  the  mixed  problem  of  potential  theory, 
which  (by  symmetry)  is  equivalent  to  the  Dirichlet  problem  for  the 
whole  space  when  a  value  of  the  functioin  is  given  on  the  surface  iSj. 
According  to  F.  Tricomi  [1],  the  solution  of  the  last  problem  can  be 
sought  in  the  form  of  a  simple  layer  potential,  which  leads  to  the 
same  equation  (38.2). 

It  follows  from  the  results  of  S.  Zaremba  [1]  that  there  exists  a  har¬ 
monic  function  representable  in  tbe  form  of  a  simple  layer  potential 
(naturally,  if  the  function  /  (q)  is  sufficiently  smooth).  Equa¬ 
tion  (38.2)  is  therefore  solvable,  and  moreover  in  a  unique  manner. 
S.  G.  Mikhlin  [4]  indicates  the  possibility  of  applying  to  the  integral 
equation  (38.2)  (as  to  an  equation  with  a  symmetrical  kernel)  of  the 
Hilbert-Schmidt  theorem  concerning  the  representability  of  the 
solution  as  a  series  in  eigenfunctions.  True,  we  can  speak  only  of 
the  convergence  in  the  mean.  The  implementation  of  this  approach 
has  been  illustrated  by  V.  I.  Dovnorovich  (see  S.  G.  Mikhlin  [41) 
by  considering  an  axially  symmetric  problem. 

A  large  number  of  works  are  devoted  to  the  derivation  of  some 
particular  results  for  the  solution  of  Eq.  (38.2),  and  an  account  of 
many  of  these  works  dealing  with  the  cases  of  a  circular  and  an  ellip¬ 
tical  punch  may  be  found  in  the  monographs  of  I.  Ya  Shtaer- 
man  [1],  L.  A.  Galin  [1]  and  A.  I.  Lur’e  [1]. 

Let  us  now  consider  approximate  methods  of  solving  Eq.  (38.2) 
when  the  surface  is  close  (in  a  sense)  to  a  circle.  In  the  work  of 
A.  B.  Efimov  and  V.  N.  Vorob’ev  [31  it  is  suggested  that  the  region 
Sj  should  be  mapped  into  a  circle  .by  introducing  a  certain  parame¬ 
ter,  which  is  considered  to  be  sufficiently  small,  into  the  mapping 
function.  The  integral  equation  is  accordingly  transformed  (the 
kernel  is  represented  as  a  series  in  terms  of  the  parameter).  Let  us 
write  this  equation  symbolically  in  the  form  Kp  =  f  and  repre¬ 
sent  it  as 

K,p=i-(K-  K^)  p,  (38.3) 

where  the  operator  corresponds  to  a  zero  value  of  the  parameter 
(i.e.,  when  the  surface  is  a  circle,  and  therefore  the  inverse  opera¬ 
tor  K~l  is  known).  Equation  (38.3)  is  solved  by  tbe  method  of  succes¬ 
sive  approximations,  which  leads  to  recurrence  relations: 

Pn=-  Po  —  K'^  (K  —  Ko)  Pn~i  (»=1,  2,  ...) 

18-015  34 
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It  is  obvious  that  if  the  value  of  the  parameter  is  sufficiently  small, 
the  process  converges.  Note  that  in  the  case  of  a  flat  elliptical  punch 
the  process  converges  for  all  values  of  the  eccentricity. 

We  shall  also  mention  a  procedure  suggested  by  M.  Ya.  Leonov 
and  K.  T.  Chumak  [1].  The  authors  divide  the  region  into  an  in¬ 
scribed  circle  and  the  remaining  annular  region.  The  stresses  in  the 
annular  region  are  represented  in  analytic  form  (by  using  local  co¬ 
ordinates  in  the  direction  of  the  normal  (p)  and  the  tangent  (s) 
to  the  contour  L):  p(p,5)  The  factor  P(5)  is  deter¬ 

mined  as  follows.  The  contact  problem  is  solved  for  a  circular 
punch  with  the  load  p  (p,  5),  and  then  an  equation  for  the  function 
P  (s)  is  obtained  from  the  conditi  n  that  the  stresses  on  the  contour 
of  the  circle  should  be  finite.  This  scheme  can  be  improved  if  it  is 
assumed  that  the  coefficient  P  (s)  depends  linearly  (or  in  a  more  com¬ 
plex  manner)  on  the  co-ordinate  p. 

Let  us  consider  the  solution  of  the  contact  problem  for  a  sphere 
with  axial  symmetry  (see  V.  F.  Bondareva  [21).  In  this  work  the 
author  uses  the  previously  obtained  expression  (see  V.  F.  Bondare¬ 
va  [1])  for  the  radial  component  of  displacement  under  axially  sym¬ 
metric  normal  pressure.  As  a  result,  the  author  arrives  at  an  inte¬ 
gral  equation  of  the  first  kind  on  a  spherical  segment  Si.  It  is  possible 
to  separate  terms  in  the  kernel  of  the  integral  (by  a  suitable  change 
of  the  variables)  that  are  identical  with  the  terms  in  the  equation  for 
the  axially  symmetric  contact  problem  for  a  half-space  (see 
M.  Ya.  Leonov  [21)  (in  the  same  work  the  solution  of  this  equation  is 
obtained  in  closed  form).  The  separated  terms  are  transposed  and  all 
the  other  terms  are  considered  as  the  right-hand  side  of  an  auxiliary 
equation  whose  solution  leads  to  an  integral  equation  of  the  second 
kind  with  a  regular  kernel.  It  is  shown  that  the  resulting  equation 
can  be  solved  by  the  method  of  successive  approximations. 


Conclusion 

The  material  presented  in  the  book  demonstrates  convincingly  the 
possibilities  inherent  in  the  solution  of  elasticity  problems  using 
the  integral  equation  techniques.  Because  of  lack  of  space  and  lim¬ 
ited  scope  of  the  book,  the  authors,  naturally,  have  left  out  of  con¬ 
sideration  some  directions  where  these  techniques  are  also  used  and 
which  are  an  obvious  generalization  of  the  approaches  considered 
above.  Among  these  are  the  problems  of  the  theory  of  periodic  vibra¬ 
tions  (see,  for  example,  V.  D.  Kupradze,  T.  G.  Gegelia  et  al.  [1]), 
of  the  theory  of  the  deformation  of  anisotropic  media  (see,  for  exam¬ 
ple,  S.  M.  Vogel  and  F.  J.  Rizzo  [1],  M.  D.  Snyder  and  T.  A.  Cruse 

[II). 
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Some  methods  involving  integral  equations  of  the  second  kind  as 
an  intermediate  stage  also  fall  out  of  the  authors’  view. 

The  integral  transformation  methods,  which  have  received  much 
recognition  (see,  for  example,  Ya.  S.  Uflyand  [11),  provide  a  means 
for  finding  efficient  solutions  of  problems  for  regions  of  a  special 
kind.  Mixed  problems  and  problems  for  regions  with  cuts  can  be 
reduced  to  integral  equations  of  the  first  kind  with  a  discontinuous 
kernel  (so-called  dual  or  paired  equations),  which  are  reduced  to 
integral  equations  of  the  second  kind  by  a  special  representation  of 
the  unknown  function.  Note  that  when  using  paired  series  equations 
we  arrive  at  the  same  equations  (see,  for  example,  V.  Z.  Parton 
and  E.  M.  Morozov  [11). 

A  large  number  of  problems  are  solved  by  so-called  approximate 
factorization  of  the  functional  relation  resulting  from  the  applicati¬ 
on  of  the  integral  transformation  to  a  class  of  integral  equations  of 
the  first  kind  (see,  for  example,  B.  Noble  [1]). 

The  book  does  not  cover  the  methods  of  solving  integral  equations 
of  the  first  kind  to  which  some  elasticity  problems  can  be  reduced 
without  difficulty.  As  is  known  (see,  for  example,  A.  N.  Tikhonov 
and  V.  Ya.  Arsenin  [1]),  the  solution  of  these  equations  by  con¬ 
ventional  approximate  methods  leads  to  unstable  algorithms,  and 
therefore  recourse  is  made  to  special  procedures  (so-called  regulariz¬ 
ing  algorithms). 

The  investigators’  attention  is  also  attracted  by  problems  for 
stiffened  bodies,  i.e.  piecewise  homogeneous  bodies  in  which  the 
extent  of  the  region  with  a  large  elastic  modulus  is  much  less  than 
that  of  the  matrix.  Hence,  it  is  not  advisable  to  determine  the  state 
of  stress  in  these  regions  using  general  methods  (see  Secs.  22,  36). 
There  are  approximate  procedures  available  for  the  solution  of  prob¬ 
lems  of  this  kind  when  the  state  of  stress  in  stiffeners  is  found  by 
the  methods  of  structural  mechanics,  which  enables  one  to  pass  to 
a  special  auxiliary  boundary  value  problem  for  the  matrix.  At  this 
stage  the  possibility  exists  of  making  efficient  use  of  integral  equa¬ 
tions  (see,  for  example,  G.  N.  Savin  and  V.  I.  Tul’chii  [11,  G.  N.  Sa¬ 
vin  and  N.  P.  Fleishman  [11). 

It  is  known  that  some  methods  of  solving  problems  of  continuum 
mechanics  lead  at  intermediate  stages  to  problems  of  linear  elasti¬ 
city.  We  shall  mention  the  elastic  solution  method  employed  in 
plasticity  theory  (deformation  theory)  (see  A.  A.  H’yushin  [1]). 
In  the  work  of  J.  L.  Swedlow  and  T.  A.  Cruse  [1]  a  similar  approach 
is  extended  to  the  flow  theory.  Of  course,  the  solution  of  these  prob¬ 
lems  can  be  obtained  (under  certain  restrictions)  by  the  integral 
equation  method,  and  this  has  been  proposed  in  the  cited  work. 

It  is  obvious  that  the  elastic  solution  method  can  also  be  used 
(in  a  certain  form)  for  media  with  more  complex  rheology. 

Of  great  practical  importance  are  elasticity  problems  for  media 
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with  continuously  varying  Lame’s  coefficients.  Note  that  with  some 
restrictions  on  the  behaviour  of  these  coefficients  the  solution  can  be 
reduced  to  a  consideration  of  successive  auxiliary  problems  for  the 
homogeneous  medium. 

Attempts  are  made  to  develop  certain  general  approaches  to  a  di¬ 
rect  solution  of  problems  for  non-homogeneous  media  on  the  basis  of 
integral  representations  (see  Furuhashi  Rozo  and  Kataoka  Maso- 
haru  [1]). 

It  is  hoped  that  the  numerical  methods  of  solving  integral  equa¬ 
tions  opening  up  great  possibilities  for  an  efficient  study  of  many 
problems  of  continuum  mechanics  will  receive  ever  increasing  atten¬ 
tion  of  investigators. 
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